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Dynamic Analysis of Axisymmetric Shells in the Laplace Domain
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Abstract

In this study, an alternative method for dynamic analysis of axisymmetric shell problems
subjected to axisymmetric loading is theoretically investigated. The solutions of damped
response of axisymmetric shells have been obtained by finite elements method in
conjunction with Laplace transform method using the two dimensional plane elements.
Materials of the shells are assumed to be isotropic, linear elastic and/or viscoelastic. In the
viscoelastic material case, the Kelvin model is employed. According to the correspondence
principle the material constants are replaced with their complex counterparts in the Laplace
domain. The governing equations of motion of the problem are first obtained in the time
domain. Laplace transform is then applied and the set of simultaneous linear algebraic
equations are solved numerically in the Laplace domain. The solutions obtained are
transformed to the time domain using the modified Durbin’s inverse numerical Laplace
transform method. For the suggested model, a finite element analysis computer program is
coded in Fortran. Verification of the program is performed by comparing the results of the
present method with other numerical methods available in the literature. This procedure has
been proved to be highly accurate and efficient compared to various other numerical
methods available in the literature.

Keywords: Axisymmetric Shells, Finite Element Method, Inverse Laplace Transform, Kelvin
Damping Model

1. INTRODUCTION

There have been several studies on axisymmetric shells, and some of them are, transient response of a
thin elastic cylindrical shell to a moving shock wave (Bhuta, 1963), numerical methods in finite
element analysis (Bathe & Wilson, 1976), thin shells computing and theory (Gibson, 1984), finite
elements for dynamic analysis of shells (Weaver & Johnston, 1984), static and transient response of
cylindrical shells (Bhimaraddi, 1987), theory and design of plate and shell structures (Jawad, 1994), thick
shells of revolution ; derivation of stiffness matrix of continuous elements and application to a tested
cylinder (Casimir et al., 2007) and transient analysis of orthotropic, viscoelastic thick plates in the
Laplace domain (Temel & Sahan, 2013).

This paper aims to investigate the dynamic behavior of elastic and viscoelastic shells theoretically in
Laplace domain by finite element method. Equations of motion of axisymmetric shells are obtained by
Langrangean and Hamilton’s principle. The governing equations of motion are obtained in the time
domain by using the 8-node quadrilateral finite elements with two degrees of freedom per node. Stiffness
matrices, mass matrices and load vectors of the finite elements are computed with three-point Gaussian
numerical integration method. The obtained equations of motion of the system are transferred to linear
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algebraic equations by Laplace Transform. These simultaneous equations are solved numerically in
Laplace domain by Gaussian elimination method for a series of Laplace parameters. Owing to Laplace
Transforms the dynamic problems turn into static forms, furthermore the damping effect can be easily
addressed in transformed domain. Materials of the shells are assumed to be linear elastic or viscoelastic.
The results, obtained in the Laplace domain, are transformed to the time domain with the help of modified
Durbin’s numerical inverse Laplace transform method (Durbin, 1974, Temel et al.., 2004). For the
verification of the presented method, the results are compared with those obtained from ANSYS finite
element software which uses the Newmark time integration method to solve the equations of motion.

2. GOVERNING EQUATIONS

Problems involving three-dimensional axisymmetric solids or solids of revolution, subjected to
axisymmetric loading, reduce to simple two-dimensional problems. Because of total symmetry about the
z-axis, as seen in Fig.1, all deformations and stresses are independent of the rotational angle 6. Thus, the
problem needs to be looked at as a two-dimensional problem in r-z, defined on the revolving area (Fig.
1b). Gravity forces can be considered if acting in the z direction. Revolving bodies like flywheels can be
analyzed by introducing centrifugal forces in the body force term. We now discuss the axisymmetric
problem formulation (Chandrupatla, Belegundu, 2002.)

z

s )
/ \f\$~/§\/ \

-

(b)

Figure 1: Axisymmetric problem

Displacements of a point are defined as

u=u(r, z),v=v(r z) 1)

Gravity forces and boundary loads are correspondingly defined as

=103 At ={tn e} )

we can write the relationship between strains e and displacements u as
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The stress vector is defined as
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Stress-strain relations
Or (1-v)p vp vp 0] (&
oz | _ 1=v)p vp 0]) & (5)
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Where
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3. FINITE ELEMENT FORMULATION

In this study, 8-node isoparametric quadrilateral finite element has been used. Coordinates of any point of
the quadratic quadrilateral element depending on shape functions are denoted as

8 8
r = z Niri ; zZ = Z NiZi (7)
i=1 i=1

Here r; and z; are the coordinates of a node, while N; denotes quadrilateral shape functions. For
displacements quadrilateral polynomials with 8 parameters are chosen.

u@m={PEm¥a , vEn={PEm¥{a (8)

{ui} displacement for the 8-node reference element can be shown as
{Uq} = [Py){a} (9)
u€m = PEMY [Pl " (U} (10)

Shape functions

(NG MY = {PEmY [Pl (11)

The Jacobian matrix, which provides the transformation of reference element to real element is as
follows
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8 8
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Z_T Z_Z I 50N, = aN, I
n oon o B G
L=1 07’] i=1 1 J
oN; dN; 0z 0z [ON;
Fr | _ | % (2L | o af[f]
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The element strain-displacement matrix [B] is given by

_aNi —
— 0

3

. . dN;
Ji1 Jiz 9 9 0 an 0
[B] = 0 0 Ja1 Jaz 0O aN.
i={o o o o 1/|]p %
51 B2 S Sz 0 515
0o —
an
[N, 0.

The element stiffness matrix by integration with respect to 8 over the domain of 0 to 2z is

+1 +1

= | Jor

-1 -1

Cl[B] r det[]] dédn

Gravity forces and boundary load vector of the element joint is calculated as
+1 +1

(f}=pg2n f f (NYT ()7 detlJ] dédn + 2n f YT () 2 g

-1 -1

Where g is the standard acceleration due to gravity and p is the density of the material.

The element mass matrix by integration with respect to 8 over the domain of 0 to 2z is

+1 +1

[m,] = p 21 j j (NY{N} r Det[J] dédn

-1 -1

(12)

(13)

(14)

(15)

(16)

(17)

Stiffness matrices, mass matrices and load vectors of the finite elements are computed with three-point
Gaussian numerical integration method. In this study the equations of motion of axisymmetric shells are

obtained by Hamilton’s principle. We define the Lagrangean by
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L=T- 1 =2{a} [M){d} - 2 {d}"[K]{a} (18)

Where M is the mass matrix. K is the stiffness matrix, {d} and {d} are vectors representing velocity and
displacement respectively.

Hamilton's principle - For an arbitrary time interval of <t1, t2>, the state of motion of a body extremizes
the functional (Chandrupatla, Belegundu, 2002.)

t2

I:det (19)

t1

L is a function of velocity and displacement thus the equation of the motion is obtained as

d(oLy oL _. 20
de\ad;) od; (20)

As a result of Eq. (20), the undamped equations of the motion can be obtained as

[M1{d} + [K]{d} = {F} (21)

4. LAPLACE TRANSFORMS OF THE GOVERNING EQUATIONS

The right side of the Eq. (21), {F} is the vector of various time-dependent external forces. The Laplace
transform of a time-dependent function F(t) is the function F(s).

LIF®)] = F(s) = j F() e=stdt @2)
0

where s is the Laplace variable also known as operator variable in the Laplace domain. The Laplace
transform of first and second derivatives with respect to time are as follows:

L[f(®)] = sF(s) = £(0) (23)
L[f®)] = s*F(s) — s £(0) = £(0) (24)

Application of Laplace transform to Eq. (21) reduces them to

(s2[M] + [KD{d} — s [M1{d(0)} — [M]{d(0)} = {F} (25)

Where {d} and {F} are the transformed absolute displacement vector and the transformed external force
vector, respectively. While {d(0)} is absolute initial displacement and {d(o)} is absolute initial velocity
vectors, which are taken to be zero.
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5. EFFECT OF DAMPING

The internal viscoelastic damping case is treated with the aid of the correspondence principle, as
described, for example, in Boley and Weiner (1960). The constitutive law of the Kelvin viscoelastic
model is

deij

where G is the shear modulus and g is the viscous damping coefficient. The deviatoric stress and strain
tensors Sijand e;j; are defined in terms of the stress and strain tensors s;; and ¢ij; respectively, by

Sij = 01j = 0ij 30k » €y = &ij ~ Oy 3 Ek (27)

Here, ;i (Kronecker’s delta) indicates the components of the identity matrix. The correspondence
principle can be stated as follows: the Laplace transform of the viscoelastic solution can be obtained from
the Laplace transform of the elastic solution by replacing the elastic constants E and G by

E,=E(1+gs) , G,=G(1+ gs) (28)

Where Ey and G, are viscoelastic material constants, and s is the Laplace transform parameter (Boley and
Weiner, 1960 and Temel et al., 2004, Sahan, 2012).

6. NUMERICAL EXAMPLES AND DISCUSSION

In this study, a general-purpose computer program is coded in FORTRAN for static and dynamic analysis
of axisymmetric shells. The governing equations of motion of the axisymmetric shells are obtained by
using FEM. Applying the Laplace transform reduces the dynamic problem to a static one. Thus the
obtained simultaneous linear algebraic equations in the Laplace domain are solved numerically by Gauss
elimination method for a sequence of values of Laplace parameter. The solutions obtained in the Laplace
domain are transformed to the time domain by applying the modified Durbin’s inverse numerical Laplace
transform method (Durbin, 1974; Narayanan, 1979; Temel, 2003; Pekel et al., 2011).

Displacement and stress values, which are obtained with the presented method are compared with those
obtained from ANSYS finite element software, which uses the Newmark time integration method to solve
the equations of motion. Comparisons are shown in the graphics.

EXAMPLE 1.

A simply-supported isotropic circular plate, shown in figure 2.a, is now considered under uniformly-
distributed dynamic loads. Material and geometrical properties are radius of the plate, r = 1.00 m,
thickness, t = 0.10 m, Poisson's ratio, v = 0.3, density, p = 7850 kg/m* and modulus of elasticity, E = 2 x
10" N/m?. Two types of dynamic distributed loads, shown in figure 2.b, with the amplitude qo = 1 x 10°
N/m? are applied on the plate. The vertical displacements and o, stresses at the bottom surface of plate
midpoint are obtained by the present model with Laplace transform are compared with those obtained
from ANSYS finite element software which uses the Newmark time integration method to solve the
equations of motion.
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Figure 2: (a) Uniformly loaded circular plate; (b) Dynamic load; and (c) Finite element mesh

The vertical displacement of the plate midpoint under a step load is presented in Fig. 3. The problem has
been solved for various time increments as (dt=2.0E-6 sec, N = 128), (dt =1.0E-6 sec, N = 256) and (dt =
5.0E-5 sec, N = 512). It is apparent that results obtained for a coarse time increment along with fewer
Laplace transform parameters overlap the results obtained with finer increments and higher parameters.
This indicates the efficiency of the present method.

8.0E-04

— -a—- Present study (dt =2E-4) —-+—- Present study (dt=1E-4)
4.0E-04 1 oo Present study (dt=5E-5) Static

0.0E+00 x
E _4.0e-04 |
5 4 [y
g -8.0E-04 - i [ A
[«b]
8 -1.2E-03 A & { 1 f
3 {
3 -1.6E-03 -
-2.0E-03 . . . . . .
0.0E+00 4.0E-03 8.0E-03 1.2E-02 1.6E-02 2.0E-02 2.4E-02

Time(sec)

Figure 3: Vertical displacement versus time at the plate midpoint for step load.

Figure 4 shows the vertical displacement results which obtained via the finite element program ANSYS.
The comparison of proposed method and Newmark method for various time increments is shown in Figs.
5 and 6 show the displacement and o, stresses at the bottom surface of plate midpoint for a step load
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respectively. It can be seen that time increments of 5.0E-5 sec and finer had to be considered for
consistent results. An exact match is obtained by using a coarse time increment of 2.0E-6 sec in the
present model as opposed to much finer increment of 5.0E-5 in Newmark method. The proposed method
leads to considerable saving in computation time.

8.0E-04
—-a—- ANSYS (dt =2E-4) —-0—- ANSYS (dt=1E-4)
40E-04 { = - ANSYS (dt=5E-5) Static

o ?& 4 zﬂ% f y “*ﬂ A
IRVIRVIRVIRY.

0.0E+00 3.0E-03 6.0E-03 9.0E-03 1.2E-02 1.5E-02 1.8E-02 2.1E-02 2.4E-02
Time (sec)

Displacement (m)

Figure 4: Vertical displacement versus time at the plate midpoint for step load.

8.0E-04

Static

4.0E-04 - —-0—- Present study(dt =2E-4)  ----a---- ANSYS (dt=5E-5)

0.0E+00
-4.0E-04 E
-8.0E-04 -

-1.2E-03 A

Displacement (m)

A -1.6E-03 -

-2.0E-03 . . . — : :
0.0E+00 4.0E-03 8.0E-03 1.2E-02 1.6E-02 2.0E-02 2.4E-02
Time (sec)

Figure 5: Comparison of vertical displacement versus time at the plate midpoint for step load.
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Figure 6: Comparison of g, stress versus time at the bottom surface of plate midpoint for step load.
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The vertical displacement and o, stress of the bottom surface of plate midpoint under a sinusoidal load
for viscoelastic material are shown in Figs. 7 and 8, respectively. The figures include static, elastic—
dynamic and viscoelastic cases for various damping ratios.

1.5E-03
— -a—- Present Study (dt =2E-4), (g=8.3E-5)
106034 e ANSYS (dt=5E-5), (g=8.3E-5)
Static
g 5.0E-04 —o— Present Study (dt=2e-4), (g=1.6E-4)
S 0.0E+00 =
e
8 -5.06-04
2
a -1.0E-03 3
-1.5E-03 — . . . . .
0.0E+00 4.0E-03 8.0E-03 1.2E-02 1.6E-02 2.0E-02 2.4E-02
Time (sec)

Figure 7: Comparison of vertical displacement versus time at the plate midpoint for sinusoidal load.

1.5E+08
— -0 — - Present Study (dt =2E-4), (g=1.6E-4) —-a—- Present Study (dt =2E-4), (g=8.3E-5),

1.1E+08  ----@---- Present Study (dt =2E-4), (g=0) Static

— 7.0E+07

-9.0E+07
0.0E+00 3.0E-03 6.0E-03 9.0E-03 1.2E-02 1.5E-02 1.8E-02 2.1E-02 2.4E-02
Time (sec)

Figure 8: Comparison of o stress versus time at the bottom surface of plate midpoint for sinusoidal load.

EXAMPLE 2.

A simply-supported isotropic dome, shown in figure 9.a, is now considered under a point dynamic load,
applied to its midpoint. Material and geometrical properties are radius of the dome, r = 4.50 m, thickness,
t = 0.50 m, #=40°, Poisson's ratio, v = 0.3, density, p = 7850 kg/m* and modulus of elasticity, E = 2 x 10™
N/m?. Periodic sinusoidal-wave load, shown in figure 9.b, with the amplitude po = 1 x 10 N is applied at
the midpoint of the dome. The vertical displacements and o, stresses at the bottom surface of dome
midpoint are obtained by the present model with Laplace transform are compared with those obtained
from ANSYS finite element software which uses the Newmark time integration method to solve the
equations of motion.

The comparison of proposed method and Newmark method for various time increments is shown in Figs.
10 and 11 show the displacement and o stresses at the bottom surface of dome midpoint for a periodic
sinusoidal-wave load respectively. An exact match is obtained by using a coarse time increment of 2.0E-6
sec in the present model as opposed to much finer increment of 5.0E-5 in Newmark method.

9|1t International Mediterranean Science and Engineering Congress (IMSEC 2016), October 26-28, 2016, Adana/Turkey



A.R.Noori, B.Temel; An Alternative Solution Method For Dynamic Analysis Of Axisymmetric Shell Problems

z P(;)
i |
o= 40 Al 4 B
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Periodic sinusoidal-wave load

Figure 9: (a) Dome; (b) Dynamic load; and (c) Finite element mesh
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Figure 10: Comparison of vertical displacement versus time at the dome midpoint for a periodic
sinusoidal-wave point load at the center of the dome
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Figure 11: Comparison of o stress versus time at the bottom surface of dome midpoint for a periodic
sinusoidal-wave point load at the center of the dome

1t International Mediterranean Science and Engineering Congress (IMSEC 2016), October 26-28, 2016, Adana/Turkey|]



7. CONCLUSION

In this study, problems involving three-dimensional axisymmetric solids or solids of revolution, subjected
to axisymmetric loading, reduce to simple two-dimensional problems. The static analysis and dynamic
response of axisymmetric shells made of linear elastic or viscoelastic materials are investigated in the
Laplace domain. Owing to Laplace Transform, a dynamic problem is reduced to a static one, which can
be solved numerically in the Laplace domain, furthermore the damping effect can be easily incorporated
in transformed domain. In the viscoelastic material case, the Kelvin model is employed. According to the
correspondence principle the material constants are replaced with their complex counterparts in the
Laplace domain.

The accuracy of the results of Newmark method (ANSYS - finite element software) depends on the
appropriate selection of the optimum time increment. By using the presented method, highly accurate
results can be obtained, even with a coarse time increment. It is manifest that the presented method is far
more efficient than the conventional step-by-step integration methods. The numerical examples has
proved that that the suggested procedure is highly accurate and efficient compared to various other
numerical methods available in the literature and it can be easily applied to the axisymmetric shell
problems.

REFERENCES

[1] ANSYS, Inc Release 15.0 (2013), Canonsburg, PA

[2] Bathe, K. J. And Wilson, E.L., (1976) “Numerical Methods In Finite Element Analysis”
Prentice Hall, Englewood Cliffs.

[3] Bhimaraddi, (1987) “Static And Transient Response Of Cylindrical Shells” Thin-Walled
Struct., 19:763 — 765

[4] Bhuta, P.G., (1963) “Transient Response Of A Thin Elastic Cylindrical Shell To A Moving
Shock Wave”, J.Acount.Soc.A., 35:25 — 30

[5] Boley, B.A. And Weiner, J.H., (1960), “Theory of Thermal Stresses. John Wiley & Sons” New
York.

[6] Casimir, J.B., Nguyen, M.C., Tawfig, I., (2007), “Thick Shells Of Revolution: Derivation
Of Stiffness Matrix Of Continuous Elements And Application To ATested Cylinder”, Comput.
Struc. 85:1845 — 1857.

[7] Chandrupatla, T.R. And Belegundu, A.D., (2002), “Introduction to  Finite Elements in
Engineering” Prentice Hall, New Jersey.

[8] Durbin, F., (1974), “Numerical Inversion of Laplace Transforms: An Efficient Improvement to
Dubner and Abate’s Method.” Comput. J., 17:371 — 376.

[9] Gibson, J.E., (1980), “Thin Shells Computing And Theory.” Pergamon Press, London.

[10] Jawad, M.H., (1994) “Theory and Design of Plate and Shell Structures.” Chapman & Hall, New
York — London.

[11] Noori,A.R., (2013) “An Alternative Solution Method For Dynamic Analysis Of Axisymmetric
Shell Problems”, Msc. Thesis, University of Cukurova, Adana.

[12] Pekel, H., Keles, I., Temel, B. And Tiitiincii, N., (2011). “Transient Response of FGM Pressure
Vessels”. In: Springer Proceedings in Physics 139. Vibration Problems Icovp, 315 — 320.

[13] Sahan, M.F., (2012) “Dynamic Analysis of Viscoelastic Composite Plates in the Laplace
Domain.” PhD Thesis, University of Cukurova, Adana.

[14] Temel, B., Calim, F.F. And Tiitiincti, N., (2004) “Quasi-Static and Dynamic Response of
Viscoelastic Helical Rods.”, J. Sounds Vib., 271:921 - 935.

[15] Temel, B. And Sahan, M.F., (2013). “Transient Analysis Of Orthotropic, Viscoelastic Thick
Plates In The Laplace Domain.” Eur. J. Of Mech. A/Solids, 37:96 — 105.

[16] Weaver, W. And Johnston, P., (1984). “Finite Elements for Structural Analysis”. Prentice Hall,
New Jersey.

11|15t International Mediterranean Science and Engineering Congress (IMSEC 2016), October 26-28, 2016, Adana/Turkey


https://www.researchgate.net/publication/316922251

