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In this dissertation floating-point arithmetic circuits for multimedia processing are
designed. The arithmetic operations floating-point add, floating-point multiply, floating-
point multiply-add and floating-point division are researched and specific hardware de-
signs for them are implemented. The multimedia instructions are single instruction multi
data (SIMD) type instructions. Hardware designs that perform operations on packed data
increase the speed of the execution of floating-point multimedia instructions. In this dis-
sertation, multiplication, addition, subtraction and reciprocal operations are speed up and
additional functionalities are added using packet floating-point numbers.
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Yrd.Doç.Dr Mutlu AVCI
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Bu tezde çoklu ortamlarda için kayan-nokta aritmetik devreleri tasarımları yapılmıştır.
Bu amaçla kayan-nokta toplama, kayan-nokta çarpma, kayan nokta çarp-topla ve kayan-
nokta bölme aritmetik işlemleri araştırıldı ve özel donanım tasarımları gerçekleştirildi.
Çoklu ortam yönergeleri tek yönerge çoklu veri tipi (SIMD) yönergeleridir. Paketlenmiş
veri üzerinde işlem gerçekleştiren donanımlar kayan nokta çoklu ortam yönergelerinin
işletilme hızını artırır. Bu tezde de çarpma, toplama çıkartma ve bire bölme işlemlerinde
paketlenmiş kayan-nokta sayılar kullanılarak çoklu ortam işlemlerin gerçekleştirilmesinin
hızlandırılması ve beraberinde fonksiyonel geliştirmeler sağlanmıştır.

Anahtar Kelimeler: çoklu-ortam, kayan-nokta, donanım, tasarım, SIMD.
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1. INTRODUCTION Metin MeteÖZBİLEN

1. INTRODUCTION

Multimedia can be defined as multiples of media integrated together (Buford, 2007).

The term media can be text, graphics, audio, animation, video or data. Other than media

integration, multimedia sometimes used for interactive types of media like video games.

Multimedia has become an important in industry, education and entertainment. The infor-

mation from televisions, magazines, web pages to movies canbe thought as multimedia

streams. Advertising may be one of the largest industry using multimedia to convey their

messages to people (Buford, 2007). Another popular use of multimedia is interactive ed-

ucation. Human beings can learn with their senses, especially with sight and hearing. A

lecture that uses pictures and videos can help an individuallearn and retain information

much more effectively. Online learning applications replaces the physical contact of the

teacher by multimedia content and offers more accessible learning environment.

One of the most popular multimedia application area is the graphics. At the beginning

2D graphics applications were considered quite satisfying. However new applications

raised the bar to 3D graphics(Hillman, 1997). Engineering CAD(Computer Aided De-

sign)/CAM(Computer Aided Manufacturing), scientific visualization and 3D animation

becomes important aspects of multimedia. Graphic processing requires large computa-

tions that can be performed via specialized hardware in general purpose microprocessors

extensions. Graphics processing applications are supported via extensions. These exten-

sions consist of instructions that operate on packets of data. This type of instructions

perform a single operation on all the data in the packet, which is known as SIMD.

SIMD instructions entered to personal computing world withIntel’s

MMX(Multimedia Extension) instructions added to the x86 instruction set (Lem-

pel, Peleg, Weiser, 1997). Motorola introduces the Altivecinstructions to PowerPC G3

and later a better version to PowerPC G4 processor (Diefendorff, Dubey, Hochsprung,

Scale, 2000).

The term SIMD(Single Instruction Multiple Data) is a processor structure which a

single instruction manipulates multi data structure. As itcan be seen from the Figure

1.1, a SIMD processor uses a property of the data stream called data parallelism. When

large amount of uniform data, that needs same instruction performed on it, requires data

parallelism. For example an application which fit to SIMD operation is applying a filter

1



1. INTRODUCTION Metin MeteÖZBİLEN

to an image. When a raster-based image has to filtered, the same filter has to be applied to

all pixels of image. The computation of filter equations for each pixel is the same. That

means there is single operation to be performed on multiple data.
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Figure 1.1 SSID vs SIMD Structure.

Today, many general-purpose processors have multimedia extensions that increase

the performance for 3D applications. Processors from AMD(Advanced Micro Devices)

support 3DNow! and 3DNow!+ (AMD, 2000). These extensions have additional 21

instruction for supporting packed floating point arithmetic and packed floating point com-

parison (Oberman, Favor, Weber, 1999). Intel has implemented SSE (Streaming SIMD

Extension) since the Pentium 3 processor with support to SIMD single precision floating

point operations, 64 bit integer SIMD operations also cacheability control, prefetch and

instruction ordering operations The SSE2 and SSE3 were introduced with the Pentium

4 processor (Singhal, 2004) with support to on packed double-precision floating oper-

ations and packed byte,word doubleword and quadword operations and the SSE4 were

introduced with the Core platform (Varghese, 2007), givingsupport to packed double-

word multiplies, floating-point dot products, simplify packed blending, packed integer

operations, integer format conversions (Intel, 2007).

Another trend to increase the performance of graphics processing is the use of graph-

ical processing units’(GPU) computational power (Macedonia, 2003). With the intro-

duction of GeForce 256 processor from NVIDIA in 1999, graphics card’s processor can

be used as co-processor in graphics calculations. Since these cards are designed to exe-

cute fast graphics operations, they have high performance parallel processing units. The

GeForce 3 has the first programmable vertex processor executing vertex shaders, along

2



1. INTRODUCTION Metin MeteÖZBİLEN

with a configurable 32-bit floating-point fragment pipeline, programmed with Microsoft

DirectX8 and OpenGL. The Radeon 9700, introduced in 2002, featured a programmable

24-bit floating- point pixel-fragment processor programmed with Microsoft Direct X9

(Charles, 2007) and OpenGL (Open Graphics Library) (Cole, 2005). The GeForce FX

added 32-bit floating-point pixel-fragment processors. These GPUs has has a register-

based instruction set including floating-point, integer, bit, conversion, transcendental, flow

control, memory load/store,and texture operations. Floating-point and integer operations

include add, multiply, multiply-add, minimum, maximum, compare, set predicate, and

conversions between integer and floating-point numbers. (Lindholm, Nickolls, Oberman,

Montrym, 2008). Recently, Nvidia has introduced CUDA(Compute Unified Device Ar-

chitecture), which is a general purpose parallel computingarchitecture that leverages the

parallel compute engine in NVIDIA graphics processing units (GPUs) to solve many

complex computational problems in a fraction of the time required on a CPU (Garland,

Le Grand, Nickolls, Anderson, Hardwick, Morton, Phillips,Yao, Volkov, 2008).

This dissertation presents multi precision and multi functional floating point units

that can be efficiently used in graphics processing. The cited previous work shows

that there is a considerable research effort on increasing the performance of multime-

dia applications. Leading chip manufacturers introduces anew extension almost ev-

ery year. The presented units also support dot product modes, which have never been

implemented on any FPMAF(Floating Point Multiply Add Fused) design. The quad-

precision FPMAF has two dot product modes: One of these modesperforms two double-

precision floating-point multiplications and adds their products with another double-

precision floating-point operand; the other mode performs four single-precision floating-

point multiplications and adds their products with an othersingle-precision floating-point

operand. The double-precision FPMAF has only one dot product mode that performs

two single-precision floating-point multiplications and adds their products with another

single-precision floating-point operand. The proposed designs achieve significant hard-

ware savings by supporting these functions in one unit instead of using a separate circuit

for each mode.

The Dot product is also called scalar product. It takes to real number vectors and

generate a real scalar value. It is inner product of orthonormal Euclidean space (Arfken,

3



1. INTRODUCTION Metin MeteÖZBİLEN

1985). From the definition, dot product is very useful in geometric and physics calcula-

tion. Two and Three dimension computer graphics deal with both of them. Our design

simplifies and also speed up these type of calculation. Thereexists instruction making

similar calculation in todays popular processor multimedia extensions. The Intel Pentium

4 has single precision dot product instruction begin from the SSE 4 (Intel, 2007). The

AMD processor has an accumulate multiplication in its 3Dnowmultimedia extension

which also do similar computation. (Amd, 2007)

A multi-precision floating-point adder design that overcomes the performance degra-

dation caused by format conversion operations. The proposed multi-precision floating-

point adder design can perform four half-precision (in NVIDIA format)(NVidia, 2007)

floating-point additions or two-single precision floating-point additions or a single double-

precision floating-point addition. In low-precision operation modes, the results are gener-

ated in parallel. A floating-point adder with the proposed functionality is not reported in

the literature. Floating point addition is used in many places hence it is one of the most

common operation. Packed floating point can speed up filtering operation of images by

accessing multiple data. Both popular general purpose processors have packed single pre-

cision floating point addition instructions in their multimedia extension instructions sets

(AMD and INTEL, 2007).

The following contributions are made by this dissertations:

• A multi-precision floating point adder/subtractor is designed that support half, sin-

gle and double precision floating-point additions (Ozbilen, Gok, 2008). Compared

to a single-precision floating point adder the proposed multi-precision design can

compute four half precision or two single precision addition simultaneously. There-

fore the performance of a single-precision addition can be doubled and half preci-

sion addition can be quadrupled with the proposed design. Inaddition to these ad-

vantages, to our best of knowledge, the proposed adder is theonly multi-precision

adder that supports half precision addition reported in theliterature.

• A floating point multiplier design method that supports single and double preci-

sion multiplication is designed (Gok and Ozbilen, 2009b). Beside double precision

multiplication, the proposed multiplier can simultaneously perform two single pre-

cision multiplication within the delay of a standard doubleprecision multiplication.
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One of the main advantage of the proposed design method is it can be applicable to

all kind of floating point multipliers.

• A multi-precision floating point multiply add fused design method is introduced

and using this method a double precision multiply add and a quadruple precision

multiply add designs are implemented (Gok and Ozbilen, 2008). The proposed dou-

ble precision multiply add fused supports single and doubleprecisions multiply-add

operations and single precision dot-product operation. The proposed quadruple pre-

cision multiply add fused supports single, double, and quadruple precision multiply

add fused operations and single and double dot product operations. Compared to

the previous state of the art double-precision multiply-add fused designs presented

in (Huang, Shen, Dai, and Wang, 2007) and (Jessani and Putrino, 1998) and the

proposed double-precision designs have the following advantages: The dot product

operation mode which may double the performance of a matrix multiplication. An-

other novelty of this design is in dot product mode the rounding error is decreased

since only one rounding operation is performed whereas a dotproduct operation

with a multiply add design requires rounding as much as the number of iterations.

• The quadruple precision multiply add fused design is very rare in academic research

though there exist recent designs by main chip manufacturers. Therefore the design

is compared with a quadruple multiplier presented in (Akkas, Schulte, 2006) the

proposed quad-MAF has 3% more area and approximately the same delay com-

pared to the reference design however the functionality of the design far exceeds

it.

• A floating point reciprocal unit design method that is based on the previous design

methods is presented (Ozbilen, Gok, 2008). The double precision reciprocal units

designed with this method supports two single precision reciprocal operation with

nearly same delay. This unit can be also enhanced by couplingwith proposed dou-

ble precision multiply add fused unit to support division operation, divide and sum

or divide by subtract. This design is compared with the design presented in (Ku-

cukkabak, Akkas, 2004). Compared to the reference design the proposed design

can perform two reciprocal operation in the same critical delay.

5
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• In general, all the proposed designs overcomes the additional delay due to the for-

mat conversion. Format conversion adds extra delay to computation if a smaller

precision operation is performed using a larger precision unit. In that case smaller

precision operands are converted to the larger precision and after the operation the

large precision result is converted back to the small precision format.

6
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2. PREVIOUS RESEARCH

This section explains floating point number formats, floating point addition, subtrac-

tion, multiplication, multiplication-add fused, division and reciprocal operations and de-

scribes basic implementation methods for those operation.This section also presents

some of the significant previous work on floating point circuits described for multimedia

operations based on patents and/or research papers.

2.1 Floating Point Description

The floating point format is used to represent very big or verysmall real numbers

in computers or calculators. A floating point number consists of three parts: A sign bit

that shows whether the number is positive or negative, an exponent which represents the

position of the radix point, and a mantissa which representsthe digits of the number’s

magnitude. The sign, exponent and mantissa are placed as shown in Figure 2.1 where

sign is the most significant bit. This placement makes comparison of the numbers easier.

Sign Exponent Mantissa

Figure 2.1 Floating Point Number Parts.

Since the acceptance of the IEEE standard in late 80s, floating point hardware in

modern processors abide the rules dictated by IEEE-754 standard (IEEE, 1985). This

has increased the portability of the floating-point applications. Due to general demand

the standard is undergoing modifications (Microprocessor Standards Committee, 2006).

The current draft of the standard can be accessed from ANSI(American National Stan-

dards Institute) -IEEE Standard 754. The main differences between the current draft and

the IEEE-754 standard are the inclusion of decimal floating point number formats and

quadruple precision format and exclusion of extended precision formats. The single and

double precision formats are kept unchanged. The advantageof this notation is that the

point can be placed so that long strings of leading or trailing zeros can be avoided. The

specific place for the point is typically just after the leftmost nonzero digit. Because of

this the leftmost digit of the significant can’t be zero. Thisis callednormalization. So,

7
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there is no need to express the point explicitly which is hidden. Popular general purpose

processors such as, the Intel Pentium and the Motorola 68000series provide 80 bit ex-

tended precision format, which has 15 bit exponent and 64 bitmantissa, with no hidden

bit.

The IEEE-754 standard has two different precision types: the single, which has 32

bits data width, with 8 bit exponent and 23 bit mantissa and the double, which has 64 bits

data width, with 11 bit exponent and 52 bit mantissa. The single and double formats are

shown in Figure 2.2.

31

s

30

e

23 22

m

0

(a) Single Precision

63

s

62

e

52 51

m

0

(b) Double Precision

Figure 2.2 Single and Double Precision Formats

The exponent is biased by 28−1−1 = 127, so that exponent’s range is -126 to +127.

For the normalized numbers, the number has value

V = s×2e×1.m (2.1)

where

s= +1 for positive numbers when the sign bit is 0

s=−1 for negative numbers when the sign bit is 1

e= exponent−127 exponent is stored with 127 added to it, also called biased with 127.

m= the mantissa with leading one, where 1≤ 1.m< 2

Since both formats have finite area for representing real numbers, the numbers have to be

approximated while they are converted to floating-point representation. Through out the

text IEEE-754 format floating point numbers are referred as floating-point.

The single-precision format representation of 0.156255 isshown in Figure 2.3.
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0 0 1 1 1 1 01 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Mantissa (23 Bits)S

31 30 23 22 00

Exponents (8 Bits)

Figure 2.3 Single Precision Floating Point Representationof Real Number 0.15625

2.2 Floating Point Rounding

Floating point numbers is used to represent the real numbers, but sometimes these

numbers can not be represented exactly. In this case the floating point number is rounded.

For example the real number 0.1 can not be represented exactly in IEEE-754 format

(IEEE, 1985).

0.1 = 00011001100110011001100... (2.2)

When it is rounded to single precision format it is represented as

s= 10011001100110011001100e= 01111011(-4) s= 0 (2.3)

The exact decimal value after conversion is

s= 0.09999994 (2.4)

The difference between two consecutive floating-point numbers which have same expo-

nent is called unit in last place (ulp). For numbers which has exponent of 0, anulp is

exactly 2−23 or about 10−7 in single precision, and about 10−16 in double precision.The

IEEE-754 standard has four rounding modes: Round to nearesteven, round up or round

toward positive infinity, round down or round to negative infinity and round toward zero.

The IEEE-754 standard accepts round-to-nearest even as default rounding for all funda-

mental algebraic operations (IEEE, 1985). Consider a floating number,x is between to

real numbersR1 andR2, that meansR1≤ x≤ R2, has to be rounded.

2.2.1 Round to Nearest Mode

In this mode, the inexact result is rounded to the nearer of the two adajent values. If

the result is in the middle, then the even alternative is chosen. This rounding is also known

9
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asround to even. It can be formulated as

Rnd(x) =






R1 if |x−R1|< |x−R2|

R2 if |x−R1|> |x−R2|

Even(R1,R2) if |x−R1|= |x−R2|

(2.5)

For example, 0.016 is rounded to 0.02 because the next digit ’6’ is 6 or more; 0.013 is

rounded to 0.01 because the next digit ’3’ is 4 or less; 0.015 is rounded to 0.02 because

the next digit is 5, and the hundredths digit ’1’ is odd; 0.045is rounded to 0.04 because

the next digit is 5, and the hundredths digit ’4’ is even; 0.04501 is rounded 3.05 because

the next digit is 5, but it is followed by non-zero digits.

2.2.2 Round to Positive-Infinity

This mode rounds inexact results to the possible value closer to positive infinity. It

can be formulated as

Rnd(x) = R2 (2.6)

For example, 0.016 rounded to hundredths is 0.02; 0.013 rounded to hundredths is 0.02.

2.2.3 Round to Negative-Infinity

This mode rounds inexact results to the possible value closer to negative infinity. It

can be formulated as

Rnd(x) = R1 (2.7)

For example, 0.016 rounded to hundredths is 0.01; 0.013 rounded to hundredths is 0.01.

2.2.4 Round to zero

This mode rounds inexact results to the possible value closer to zero. In other way the

result is truncated. It can be formulated as

Rnd(x) =





R1 if x≥ 0

R2 if x≤ 0
(2.8)

For example, 0.016 rounded to hundredths is 0.0;

10
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Examples for rounding modes are summarized in the Table 2.1.The real number

1.0016 is digitized to 40 bits and its rounded to single precision 23 bits versions are given

in binary and decimal.

Table 2.1 Rounding Modes Examples

No Round 100000000011010001101101110001011101011 1.0016
Round-to-Nearest 100000000011010001101110 1.0016
Round-to-Positive Infinity 100000000011010001101110 1.0016
Round-to-Negative Infinity 100000000011010001101101 1.0015999
Round-to-Zero 100000000011010001101101 1.0015999

2.3 Floating Point Special Cases

Following special are cases usually indicated by flags for floating-point operations:

Overflow, when the exponent is incremented during normalization androunding step. If

exponentE ≥ 255, the overflow flag is set and result is set to±∞. Underflow, when the

exponent is decremented during normalization and if exponent E = 0, the underflow flag

is set and fraction is left unnormalized.Zero, when the mantissa is zero,E = 0 andF = 0

then zero flag is set.Inexact, when the guard bits are all one than inexact flag is set. Not

a number (NAN), when one of the operand or both is a NAN, then result is set toNAN.

2.4 Floating Point Operations

2.4.1 Floating Point Addition and Subtraction

The most popular floating point operation is floating point addition. The addition of

two floating point numbersX = Sx ·2Ex ·Mx andY = Sy ·2Ey ·My can be formulated as

Mz =





(−1)Sx ·Mx±

(
(−1)Sy ·My×2(Ey−Ex)

)
if Ex≥ Ey(

(−1)Sx ·Mx×2(Ey−Ex)
)
± (−1)Sy ·My if Ex < Ey

(2.9)

Ez = max(Ex,Ey) (2.10)

11
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whereZ = Sz ·2Ez ·Mz is the result.

The floating point addition operation begins with equalization of the exponents of

operands. The number with small exponent is equalized by right shifting the mantissa

while increasing the exponent by one with each shift. This operation is known asalign-

ment. After alignment of the mantissas the effective operation takes place. The effective

operation base on the signs is shown in Table 2.2. The exponent of the result is chosen

Table 2.2 Effective Operation

Floating-Point Operation Signs of Operation Effective Operation(EOP)
Add equal add
Add different subtract

Subtract equal subtract
Subtract different add

from one of the equalized exponents. The sign of the result isdetermined by selecting

largest operand. After the operation the result might require normalization operation.

There results might be in one of these three forms:

1. The result is already normalized.

2. When the effective operation is addition, there might be an overflow in the mantissa.

3. When the effective operation is subtraction, there mightbe leading zeros.

For the second and third forms of result has to be normalized and according to the nor-

malization shift amount the exponent has to be updated. Leading One Dedector (LOD)

determines the position of the leading one in the result.

After normalization and exponent update, rounding takes place for the result. The

alignment of mantissa may increase the operand size of the result. To obtain correct result

only three additional fractional bits are sufficient. Thesebits are calledguard bits. They

are guard (G), round (R), and sticky (T), which are shown in Figure 2.4, whereF denotes

the fractional part of mantissa. InRound to nearest evenmode result is rounded up if

G = 1 andR andT are not both 0 and round to even ifG = 1 andR= T = 0. In Round

towards zeromode result is truncated. InRound toward positive infinitymode result is

12
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X XXXXXXXXXXX
R

F

LG T
1.XXX X

Figure 2.4 Additional Bits Used for Rounding

rounded up ifG,R, andT are not all zero. InRound toward positive infinitymode result

is rounded up ifG,R, andT are all zero.

The basic floating point adder is shown as a block diagram in Figure 2.5. The function

of each block is explained as follows. TheExponent Differenceunit computes difference

of the exponents. The sign bit of the difference is used to select the greatest exponent

which realizes Equation 2.10. This sign bit is also used by theSwapunit to decide which

number has to be aligned. TheEOPunit performs the effective operation given in Table

2.2. TheAlignmentunit right shifts byd digits. TheAdd/Subunit performs the effective

operation. TheNormalizationunit performs normalization based on the value generated

by LZAunit. TheLZAunit anticipates the number of leading zeros. The normalized result

is rounded by theRoundunit and the mantissa of the result is generated. Based on theovf

signalExponent Updateunit increments the exponent value and the exponent of the result

is generated. TheSignunit determines the sign of operation depending on input signs and

result of effective operation.

2.4.2 Floating Point Multiplication

Floating point multiplication is another popular operation used in floating point oper-

ations. The floating point multiplication is performed for floating point numbersx andy

and productz as

Mz = 1.Mx×1.My (2.11)

Ez = Ex +Ey (2.12)

Sz = Sx⊗Sy (2.13)

whereMx, My, andMz are mantissas,Ex, Ey, andEz are exponents andSx, Sy, andSz are

signs of the operandsX, Y, and the resultZ, respectively.
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The computation of Equations 2.11-2.13 can be performed in parallel. The addition

of the exponents in biased representation is performed by adding the exponents and sub-

tracting the extra bias that comes from second operand. The operation is expressed as

EB,z = EB,x+EB,y−B (2.14)

whereB is the bias value. Exponent addition can be performed by using fast carry propa-

gate adder (CPA) (Koren, 2002).

The sign of the result is evaluated with anXORgate. The mantissa multiplication is

usually performed by a fast parallel multiplier. Some of thepopular multipliers used in

mantissa multiplication are unsigned-radix-2, signed Baugh-Wooley (Baugh and Wooley,

1973) and signed Booth (Booth, 1951). These methods are usedfor generating multi-

plication matrix. Then these values are reduced to carry-save vectors using reduction

methods like Wallace (Wallace, 1964) or Dadda (Dadda, 1965)reduction. The final re-

sult is obtained by using a final CPA. The multiplication ofn-bit mantissas generates a

2n-bit product,P. But, only then-bits are needed in results, others are used in generation

of guard bits. The sticky-bit is computed in parallel with the multiplication. Then−2

least significant bits ofP are not returned as a part of the roundedP, but for rounding it

is important to know if any of the discarded bits is a one. The sticky-bit represents this

situation (Gok ve Ozbilen, 2008). The trivial method for generating sticky simply ORs

all the n−2 least significant bits ofP. The sticky-bit can also be determined from the

second half of the carry-save representation of the product(Bewick, 1994; Yu and Zyner,

1995). In Bewicks design a 1 is added into the partial producttree, and later is corrected

during the addition of sum and carry vectors by setting the carry-in input of the CPA to

one (Bewick, 1994). Yu and Zyner presented a method that determines whether the sum

of sum and carry vectors is a zero, without performing a carry- propagate addition (Yu

and Zyner, 1995).

After the multiplication step, normalization of the mantissa step is performed. When

Mx≥ 1 andMy < 2,the result is in the range[1,4) so a normalization by shifting right one

position might be needed. There is no left shift normalization is needed in floating point

multiplication. Mantissa is rounded as in the floating pointaddition.

The block diagram of a simple floating point multiplier can beseen in Figure 2.6.

In the figure, theExponent Additionunit computes the Equation 2.14. TheMultiplier
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Figure 2.6 Floating Point Multiplier.

generates the product of the mantissas in carry-save format. The sign of the multipli-

cation is computed by an XOR gate in theSignunit. (Gurkayna, Leblebicit, Chaouati,

McGuinness, 2000; Beaumont-Smith and Lim, 2001), Carry-Lookahead Adders (Yu-Ting

and Yu-Kumg, 2004; Fu-Chiung, Unger and Theobald, 2000; Wang, Jullien, Miller and

Wang, 1993) or Carry Skip Adder (Min and Swartzlander, 2000;Chirca, Schulte, Gloss-

ner, Horan, Mamidi, Balzola, Vassiliadis, 2004). At the same time these vectors are used

by theStickyunit for sticky bit computation. After the unnormalized results are normal-

ized in theNormalizationunit, theRoundunit performs rounding. TheExponent update

unit updates the exponent depending on the normalization and rounding operations (Even,

Mueller and Seidel, 1997; Gok, 2007; Even and Seidel, 2000; Quach, Takagi and Flynn,

2004).
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2.4.3 Floating-Point Multiply-Add Fused (FPMAF)

The FPMAF unit calculates

Z = (X×Y)+W (2.15)

whereX,Y, W and Z are the operands represented with (Mx,Ex),(My,Ey) and (Mw,Ew)

respectively and resultZ is represented with (Mz,Ez). All the mantissas are signed and

normalized. This reduces the number of interconnections between units and provides

accuracy more than separate multiply and add units. The accuracy comes from single

normalization and rounding step instead of two. The FPMAF can be also used to perform

addition and multiplication by settingY = 1.0 orW = 0.0, respectively (Ercegovac and

Lang, 2004).Floating-Point multiplication add fused operation is defined as

Mz = (−1)(Sx⊕Sy) ·1.Mx×1.My +(−1)Sw ·Mw ·2(Ex+Ey−B−Ew) (2.16)

Ez = max(Ex +Ey−B,Ew) (2.17)

where the operandsX = Sx ·2Ex ·Mx, Y = Sy ·2Ey ·My andW = Sw ·2Ew ·Mw. B is bias

value.

Mantissa multiplication ofMx andMy is performed by a fast parallel multiplier similar

to Floating-Point multiplication. Addition of exponentsEx andEy and determination of

alignment shift for operandMw for biased exponents can be expressed in Equation 2.18

d = Ex +Ey−Ew−B+m+3 (2.18)

whered is distance,B is bias value,m is 1+length of fractional part, 3 is for extra guard

bits.

The main part of FPMAF is the mantissa multiplier. After the generation of mul-

tiplication matrix and reducing them to carry and sum vectors. The final adder can be

modified to add a third floating point number(W). This addition can be realized with a

Carry-Save-Adder (CSA) and a Carry-Propagate-Adder (CPA)(Harris and Sutherland,

2003).

The alignment of theW can be performed in parallel with the multiplication of man-

tissas. The size of the shifter is 3m+2 bits. 2m comes from the result of multiplication

and 1m from the third floating point number. There are 2 more bits that can be used as
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guard-bits. To avoid bidirectional shift operation. The addend is positioned atm+3 bit

left to the product in the shifter. So, only right shifting isperformed when necessary.

The 3m+2-bit 3-2 Carry-Save-Adder (CSA) is used for addition of 2m-bit Carry and

Save vectors produced by multiplier with alignedMw. The unnormalized resultant man-

tissa is obtained after 2-1 carry propagate adder (CPA). Since the leftmostm+ 2 bits of

adder input are always 0, the adder can be divided into an adder and an incrementer. The

normalization of FPMAF is performed as in Floating- Point Addition. The leading one

detector locates the position of one. The left shifter can shift up to 2m position. Addi-

tionalmpositions comes form initial position of adder operands. The exponent is updated

based on the shift amount. Rounding of mantissa is performedafter normalization. The

rounding is performed as in Floating-Point Addition with out any change. The determi-

nation of special values of Floating-Point Addition with out any change is applicable to

FPMAF design.The FPMAFs are usually pipelined to increase the throughput. A typical

pipelined FPMAF design, which has 3 stages is shown in Figure2.7.

The description of the functional blocks is explained as follows: Themultiplication

matrix unit generates the products in parallel with the alignment of W. Distanceunit

computes the right shift amountd. Also the exponent with greater value is selected be-

tween sum of exponentsEx andEy, andEw in this unit. Then, the aligned additive and

vectors carry and sum are added in the unitCSA. The resultant sum is obtained after the

CPAunit, during this operation also sticky bit and leading zeros are generated by the units

LZA(Leading Zero Anticipator) andStickyrespectively. The resultant sum is normalized

with the value taken from theLZA unit, then rounded inRoundunit to its final value. The

exponent is also adjusted with the value fromLZAandRoundunit to final value. The sign

bit is determined inSignunit from the sum generated by theCPAunit

2.4.4 Floating-Point Division

Though, floating point division is not popular as much as floating point multiplica-

tion or floating point addition, this operation is also supported in hardware in modern

processors. The operation is expressed with

Q = X/D (2.19)
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where the operandsX = Sx · 2Ex ·Mx is dividend,D = Sd · 2Ed ·Md is divider andQ =

Sq · 2Eq ·Mq is quotient. All the mantissas are signed and normalized. The division of

mantissas and exponent subtraction is performed with the Equations

Mq = 1.Mx/1.Md (2.20)

Eq = Ex−Ed (2.21)

The division of the mantissas is realized with either Radix-2 or 4 Digit Recurrence

method or reciprocal of the divisord is multiplied by the dividendx. In the Digit Recur-

rence method increase of radix makes quotient-digit selection more complicated. Beside,

it reduces the number of iteration need for exact-quotient.For simplicity Radix-2 division

algorithm is demonstrated below.(Ercegovac and Lang, 2004)

1. Initialize

WS[0]← x/2; WC[0]← 0; Q[−1] = 0; q0 = 0;

2. Recurrence

for j = 0· · ·n+1; (n+2 iterations because of initialization and guard bit)

q j+1← SEL(ŷ);

(WC[ j +1] ,WS[ j +1])←CSA
(
2WC[ j] ,2WS[ j] ,−q j+1d

)
;

Q[ j]←CONVERT(Q[ j−1] ,qi);

end for;

3. Terminate

If w[n+2] < 0 thenq = 2(CONVERT(Q[n+1] ,qn+2−1))

else

q = 2(CONVERT(Q[n+1] ,qn+2));

where (WS) and (WC) represent sum and carry vectors in the residual redundant form,

i.e. w[ j] = (WC[ j] ,WS[ j]) wherew is residual of partial remainder,n is the precision in

bits, q j ∈ {−1,0,1} is the jth quotient digit,SELis the quotient-digit selection function

given in Equation 2.22 witĥy the value of truncated carry-save shifted residual (2w[ j])

with four bits. (three integer and one fractional bit). Because the range of̂y, 2w[ j] requires

also three integer bits and, therefore,w[ j] has two integer bits.CSAis carry- save adder,
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−q j+1d is in two’s complement form,CONVERTis the on-the-fly conversion function

producing the accumulated quotient in conventional representation.

q j+1 = SEL
(
Ŷ

)
=






1 if 0≤ ŷ≤ 3/2

0 if ŷ = 1/2

−1 if −5/2≤ ŷ≤−1

(2.22)

In the later method, Newton-Raphson iteration is used for computation of divisor re-

ciprocal. The main idea of this method is to find a zero point offunction. The derivation

can be carried out by Taylor series. It is shown in Figure 2.8.The Newton-Raphson

f(x)

f’(x )

xi

i

xi+1
x

i
f(x )

Figure 2.8 Newton-Raphson Iteration.

formula is

f (xi+1) = f (xi)+ f ′ (xi)(xi+1−xi) (2.23)

if f (xi+1) is approximate to 0, then

xi+1 = xi− f ′ (xi)/ f ′ (xi) (2.24)

wherexi is the value ofith iteration, f (xi) is the value of function atxi and f ′(xi) is the

derivative of function atxi .

A lookup is used to approximate the initial value of the iteration and fast multipliers

are used for getting closer to the result (Chen, Wang, Zhang,Hou, 2006). The division

operation is formulated with this method as

q = x/d = x× (1/d) (2.25)
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The reciprocal value of 1/d is formulated in Newton-Raphson method as

f (q) = 1/q−d (2.26)

qi+1 = qi× (2−qi×d) (2.27)

q0 = 1/d0 (2.28)

The subtraction of the exponents in biased representation is performed by subtracting

the exponents and adding the missed bias. The operation is expressed as

EB,q = EB,x−EB,d +B (2.29)

whereB is bias value.

The second step is normalization ofMq and update of exponents. After division the

quotient is in a range of
(1

2,2
)
, for the IEEE754 standard the range is[1,2), a normal-

ization might be required when the result is less than 1. Thatis a left shift and decrement

of exponent. In the third step rounding of Quotient is done. For digit recurrence method

the rounding take place with on-the-fly-conversion (Ercegovac and Lang, 1987). The last

step is determination of special values. The same situationof Floating-Point multiplica-

tion with out any change is applicable to floating point devision. The floating point divider

can be seen in Figure 2.9.

2.5 Floating-Point Packed Data

Floating-point operation that applied to the multimedia data are in a form of SIMD

type. This type of instructions uses multiple data in packedform. For example, two single

precision floating numbers can be packed as shown in Figure 2.10. In this figureR1 holds

A andC, R2 holdsB andD, andR3 holdsE andF.

The multimedia applications perform the same operation on multiple data for exam-

ple, while processing a 3D scene of a movie, the same lightingtransformation is applied

to the every pixel of the image or while processing a voice, the same filtering is a applied

to the every sample of voice. Generally multimedia data are packed in low precision for-

mat that means two or more of them can be stored in one higher precision data. Using

this advantage number of loops used for processing multimedia data might be reduced by
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Figure 2.9 Floating-Point Divider.
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Figure 2.10 SIMD Type Data Alignment.
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using vector structures. Using these vectors multiple addition, subtraction, multiplication

or division can be performed in once.
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Figure 2.11 SIMD Type Data Alignment Example.

2.5.1 Packed Floating Point Addition and Subtraction
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Figure 2.12 SIMD Addition Alignment Example.

Figure 2.12 demonstrates the operation of packed floating point addition operation on

single precision operands. The additions ofA to B andC to D ontoE andF respectively.

Formulated as

Sx =





Sa if Ea > Ec

Sc if Ea < Ec

Sy =





Sb if Eb > Ed

Sd if Eb < Ed

(2.30)

Ex = max(Ea,Ec) , Ey = max(Eb,Ed) (2.31)

Mx = 1.Ma+1.Mc Mx = 1.Mb+1.Md (2.32)

Each addition member of the packed is added using standard floating point addition algo-

rithm as shown in Equations (2.9) and (2.10). The mantissas of each addition is aligned

in pairs simultaneously. Then the effective operation is performed on aligned mantissas

in once. The exponents are also handled in pairs. The greaterexponent is selected from
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each pair. Both additions are normalized, rounded and each exponent is updated simul-

taneously. Then each additions are packed with order sign,exponent and mantissa of first

addition than second addition like in the Figure 2.10 (Gök andÖzbilen, 2008). The com-

puted results and their layout in the resultant register canbe seen in Figure 2.13, where

the value in partE is 5.5 and in partF is 4.25

MES S E M

MES S E M

63 62 55  54 23 22 032 31 30

MES S E M

F0 10000001 00010000000000000000000R3 E
e e f f fe

0 10000000 01100000000000000000000

0 10000000 00000000000000000000000 0 10000001 00000000000000000000000

bb

D
d d d

0 10000000 11000000000000000000000 0 01111111 01000000000000000000000 CA
a a a ccc

b

B

R1

R2

Figure 2.13 SIMD Addition Numerical Example.

2.5.2 Packed Floating Point Multiplication
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Figure 2.14 SIMD Multiplication Alignment Example.

Figure 2.14 demonstrates the operation of packed floating point multiplication on data

packets that contain two single-precision floating point numbers. Each corresponding

member of the packets are multiplied independently as

Sx = Sa⊕Sc, Sy = Sb⊕Sd (2.33)

Ex = Ea+EC−B, Ey = Eb +Ed−B (2.34)

Mx = 1.Ma×1.Mc My = 1.Mb×1.Md (2.35)

Packed multiplication uses double precision multiplication matrix for multiplication

of both mantissas. The reduction of multiplication matrix is done by double precision
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matrix. The sum of exponents also handled in the extended exponent adder of double

precision multiplier in the same way subword integer addition. Signs are simultaneously.

The path-a-way of packed multiplication is same in originalfloating point multiplication.

That is normalization and rounding is done simultaneously.Then the results are packed

into one double-precision area as in the floating point addition. The results of the multi-

plication and their alignment in 64 bit can be seen in Figure 2.15, where the value of part

E is 7.0 and the value of partF is 5.0.
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Figure 2.15 SIMD Multiplication Numerical Example.

2.5.3 Packed Floating Point Division and Reciprocal

In modern processors the packed division operation is performed using multiplicative

division method. In this method, the reciprocal of packed divisors is multiplied with the

packed dividend using packed multiplication operation. Inpacked reciprocal, the recipro-

cal of floating point number in locationB is computed using Newton Rapson method that

explained before then result is duplicated toD location.

MS E

MS E MS E

MS E

a c

d

Y

D

C

023 2230313255  546263

R1

R2

R3 X

B b b

a

S E Mxx MS E yy

A

d

c c

d

yx

b

a

Figure 2.16 SIMD Division Alignment Example.

Figure 2.16 demonstrates the operation of packed floating point division on packets

that contains two single-precision floating point numbers.Each corresponding member

26



2. PREVIOUS RESEARCH Metin MetëOZBİLEN

of packets are multiplied with reciprocal of divisor independently as

Sx = Sa⊕Sc, Sy = Sb⊕Sd (2.36)

Ex = Ea−Ec +B, Ey = Eb−Ed +B (2.37)

Mx = 1.Ma× (1/1.Mc) Mx = 1.Mb× (1/1.MD) (2.38)

For example, in Figure 2.18, if the floating numbers in locations A andC on R1 are

divided to 2.0. The floating point number 2.0 is put inB on R2 then packed reciprocal

operation is executed inR2 register. The results of reciprocal operation can be seen in

Figure 2.17.
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63 62 55  54 23 22 032 31 30
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D
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BR2 0 01111110 00000000000000000000000 0 01111110 00000000000000000000000

Figure 2.17 SIMD Reciprocal Numerical Example.

Then, the packed multiplication operation is executed betweenR1 andR2 for com-

pleting division operation. The results of divisions are inlocationsX andY on R3, which

have values respectively 1.75 and 0.675 can be seen in Figure 2.18.
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Figure 2.18 SIMD Division Numerical Example.

2.5.4 Packed Floating Point Multiply Add Fused(MAF)

As mentioned before, multiplication and addition operations can be joined and re-

placed by a MAF circuit. A double precision FPMAF can be modified to work on two

packed single precision number. The packed form of FPMAF uses the main functions of
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the standard FPMAF. The exponent units are slightly modifiedto handle both multipli-

cations’ exponent addition and update operations. The rounding and normalization units

are modified for both single/double precision and multiple data operations. The Multi-

plication matrix used to multiply two multiplication of packed data. The packed form of

MAF can have an additional functiondot product. With dot productoperation, two pairs

of single precision multiplication can be executed and summed with a third single preci-

sion number, which might be previously computed multiplication. Multiplication matrix

and adders must be modified to handle this operation. A summery of a packed MAF can

perform is listed in Table 2.3 using the inputs in Figure 2.11. As in packed multipli-

Table 2.3 Operations of Packed MAF

Operation Description
A∗B+C∗D+F Dot product

A∗B+C∗D Sum of product by settingF = 0.0
A+C+F Triple adder by settingD andB to 1.0

A∗B||C∗D Dual multiplication by settingF = 0.0
A∗B+F Single MAF by settingD or B to 0.0

A∗B Single multiplication by settingD or B andF to 0.0
A+F Single addition by settingD or B to 0.0 andC to 1.0

cation, all other parts of standard MAF is shared. As an example, the single precision

dot product operation and its result is demonstrated in Figure 2.19. Here, the content of

single precision floating point numbers in locationA andC, andB andD are multiplied in

pairs and added to floating point number location inF with value 3.75. The result of dot

product operation is locationF with value 15.75.
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Figure 2.19 Packed Single Precision Floating Point Dot Product Results.
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2.6 Floating Point Packed Instruction Extensions

Today, many general purpose processors have multimedia extensions which includes

SIMD type instructions. AMD has 3DNow! extension. 3DNow! technology is a set of

new instructions providing single-precision floating-point packed data to x86 programs.

3DNow! architecture is an innovative extension of the x86 MMX architecture. It uses the

same registers and the same basic instruction formats supporting register-to-register and

memory-to-register instructions. 3DNow! technology introduces single-precision floating

point format to existing MMX register set, which is compatible with IEEE-754 single-

precision format shown in Figure 2.20. 3DNow! instructionssupport two-packed single-

precision floating point operations addition, subtraction, multiplication and reciprocal.

63 32 31 0

D1 D0

Figure 2.20 3DNow! technology floating-point data type: Twopacked IEEE single-
precision floating-point doublewords (32 bits×2)(AMD, 2000).

The Intel Corporation introduce SSE extensions with Pentium III processor family.

The SSE instructions operate on packed single-precision floating-point values contained

in the XMM registers and on packed integers contained in the MMX registers. The SSE

SIMD integer instructions are an extension of the MMX technology instruction set. Sev-

eral additional SSE instructions provide state management, cache control, and memory

ordering operations. The SSE instructions are targeted at applications that architecture

operate on arrays of single-precision floating-point data elements, including 3-D geom-

etry, 3-D rendering, and video encoding and decoding applications.The packed floating

point operations that SSE support are addition, subtraction, multiplication, division and

reciprocal with two packed operand. The SSE2 extensions were introduced in the Pentium

4 processors. The SSE2 instructions operate on packed double-precision floating-point

values contained in the XMM registers and on packed integerscontained in the MMX

and the XMM registers. Figure 2.21 shows a summary of the various SIMD extensions,

the data types they operated on, and how the data types are packed into MMX and XMM

registers(Intel, 2007). With the core architecture, Intelintroduces the SSE4 and SSE4.1,
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the SSE4.1 has also give support to packed floating point dot product in both double and

single precision data type.

Floating−Point Values

2 Packed Double−Precision

4 Packed Single−Precision
Floating−Point Values

XMM Registers

XMM Registers

SSE2

SSE

Figure 2.21 SIMD Extensions, Register Layouts, and Data Types.(Intel, 2007)

The PowerPC processor from Motorola instruction set is extended by Altivec technol-

ogy. Altivec is based on SIMD style parallel execution unitsthat operate on 128-bit vec-

tors. The Altivec technology supports 16-way parallelism for 8-bit signed and unsigned

integers, 8-way parallelism for 16-bit signed and unsignedintegers and 4 way parallelism

for 32-bit signed and unsigned integer and IEEE-754 floatingpoint numbers. The Altivec

data element can be seen in Figure 2.22. The Altivec ISA (instruction set architecture)

includes floating-point arithmetic, rounding and conversion, compare and estimate opera-

tion. In this set, it supports packed single precision floating point operations addition, sub-

traction, multiply-add, multiply-subtract and reciprocal on 4 way packed single-precision

floating point numbers. The target application for the AltiVec technology are IP(Internet

Protocol) telephony gateways, multi-channel modems, speech processing systems, echo

cancelers, image and video processing systems, scientific array processing systems, as

well as network infrastructure such as Internet routers andvirtual private network servers.

(Freescale, 2006)
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Figure 2.22 Motorola Altivec Vector Register (Motorola, 2000).
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2.7 Benchmarking SIMD

A benchmark is a test designed to measure the performance of one particular part of a

computer. For example, one benchmark might test your CPU (Central Processing Unit) is

at floating point calculations by performing billions of arithmetic operations and timing

how long it takes to complete them all.

There are very few benchmarking software especially focused on SIMD architecture

some of them are: DARPA, ALPBench, Multibench 1 and 2. DARPA(Defense Advanced

Research Projects Agency) is an image understanding benchmark and widely-accepted

platform for evaluation of parallel systems (Weems, Riseman, Hanson and Rosenfeld,

1991). MediaBench is a benchmark suite, that introduced in 1997, provides set of full

application-level benchmarks for studying video processing characteristics (Lee, Potkon-

jak and Mangione-Smith, 1997). ALPBench(All Levels of Parallelism for Multimedia) is

a suit that includes five complex media applications from various sources: speech recogni-

tion, face recognition complex media applications, ray tracing, MPEG-2(Moving Pictures

Experts Group) encode/decode.

Below there are some benchmarking suit results taken from the Mediabench suit tools:

JPEG(Joint Photographic Experts Group): This package contains C software to im-

plement JPEG image compression and decompression. Shade analyzer output:

#instruction count: 13905129

#alu op’s: 8171845

%alu op’s: 0.59

#immed op’s: 5219031

%immed op’s: 0.64

Stores

======

Total st08 st16 st32 stxx

========= ========= ========= ========= =========

709615 139912 54861 514841 1

0.20 0.08 0.73 0.00
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Alu op’s

========

Total op08 op16 op32 opxx

========= ========= ========= ========= =========

2208348 490216 255747 1462385 1

0.22 0.12 0.66 0.00

#op’s used for output: 2208348

%op’s used for output: 0.27

Analyzer: /u/gs3/leec/leec/Projects/MediaBench/SPIX/SHADE/src/alu

Version: 1.0 (10/Mar/97)

(shade version: 5.25 V8 SPARC ELF32 (14/Feb/95))

Uname: panther sun4u SunOS 5.5.1 Generic_103640-08

Start: Mon Jun 16 19:31:32 1997

Application:

./cjpeg -dct int -progressive -opt -outfile testout.jpg testimg.ppm

Application Instructions: 13905129

Stop: Mon Jun 16 19:32:07 1997

Instructions: 13905129

Time: 14.580 usr 0.010 sys 35.169 real 41.485%

Speed: 953.059 KIPS

MPEG: mpeg2play is a player for MPEG-1 and MPEG-2 video bitstreams. It is based

on mpeg2decode by the MPEG Software Simulation Group. Shadeanalyzer output:

#instruction count: 175505114

#alu op’s: 78655559

%alu op’s: 0.45

#immed op’s: 59915131

%immed op’s: 0.76

Stores
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======

Total st08 st16 st32 stxx

========= ========= ========= ========= =========

11126484 1544167 1057402 7003691 1521224

0.14 0.10 0.63 0.14

Alu op’s

========

Total op08 op16 op32 opxx

========= ========= ========= ========= =========

16247622 1998403 362264 13886546 1521224

0.12 0.02 0.85 0.00

#op’s used for output: 16247622

%op’s used for output: 0.21

Analyzer: /u/gs3/leec/leec/Projects/MediaBench/SPIX/SHADE/src/alu

Version: 1.0 (10/Mar/97)

(shade version: 5.25 V8 SPARC ELF32 (14/Feb/95))

Uname: cheetah sun4u SunOS 5.5.1 Generic_103640-08

Start: Tue Jun 17 02:21:22 1997

Application:

../src/mpeg2dec/mpeg2decode -b mei16v2.m2v -r -f -o0 tmp%d

Application Instructions: 175505114

Stop: Tue Jun 17 02:24:15 1997

Instructions: 175505114

Time: 122.930 usr 0.120 sys 173.355 real 70.982%

Speed: 1426.291 KIPS

Testing the performance effects of SIMD instructions on practical, needs special

benchmarking suits. To learn the how efficient SIMD instructions work, a program which

is suitable for SIMD operations must be written. An ideal program to show SIMD per-

formance must be repetitive in its method. An image or video processing application is a
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good candidate, which benchmark suits simulates. An investigation of SIMD instruction

set form University of Ballarat, uses a program to compute the approximate value of pi.

They use series give in Equation 2.39 for calculating pi.

1−
1
3

+
1
5
−

1
7

+
1
9
−

1
11
· · · ≈

π
4

(2.39)

This is an inefficient algorithm however, large number of iterations make it ideal candi-

date. To show the effectiveness of SIMD, the main loop of the program makes 128,000

iteration 1000 times, which gives an accurate pi value with single precision floating num-

bers. The algorithm is executed five times on :

1. A version that uses the CPU alone in a SISD manner.

2. A version optimized for Altivec on the PowerPC chip.

3. A version optimized for SSE2 on Intel (x86) chip.

In this study, 8 different configurations were used:Pentium4 with SSE3 at 2.80Ghz on

Ubuntu Linux, Pentium 4 with SSE3 at 2.80Ghz on OSX(Dev), Pentium 4 with SSE3 at

1.40Ghz on Ubuntu Linux, Pentium 4 with SSE3 at 1.40Ghz on OSX(Dev), Pentium 4

with SSE2 at 2.00Ghz on Ubuntu Linux, Quad Xeon with SSE3 at 3.10Ghz on Gentoo

Linux, Dual PowerPC G5 with Altivec at 2.7Ghz on OSX Version 10.4.3 and PowerPC

G5 with Altivec at 1.4Ghz on OSX Version 10.4.

The Figure 2.23 shows the score have while CPU’s working withbare instructions,

though in Figure 2.23 the CPU’s working with SIMD type instructions. These figures

shows SIMD type instruction has great impact on performanceif they are usable. It is

also seen that clock speed hight effective on overall performance.

2.8 Previous Packed Floating Point Designs

2.8.1 Packed Floating Point Multiplication Designs

A recent work in (Akkas and Schulte, 2006) presents a quadruple precision floating

point multiplier that supports two dual-precision floating-point multiplications in parallel.

The design is shown in Figure 2.24.

34



2. PREVIOUS RESEARCH Metin MetëOZBİLEN
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Figure 2.23 benchmark Result of with out SIMD and with SIMD.
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Figure 2.24 Dual Mode Quadruple Precision Multiplier (Akkas and Schulte, 2006).
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The same technique is also used for dual-mode double precision floating point mul-

tiplier that performs two single precision multiplications in parallel. The divide-and-

conquer technique (Beuchat, Tisserand, 2002) is used to multiply mantissas of high pre-

cision floating point numbers. This technique uses smaller multiplications and additions

to compute high precision multiplication. If twon bits numbers,X andY can be divided

into two parts, such as

X = X1 ·k+X0 (2.40)

Y = Y1 ·k+Y0 (2.41)

wherek = 2n/2. The product ofX ·Y is computed as

(X1 ·k+X0) · (Y1 ·k+Y0) = X1 ·Y1 ·k2+(X1 ·Y0+X0 ·Y1) ·k+X0 ·Y0 (2.42)

Figure 2.25 shows technique given with Equation 2.42.

x

+

Y1

X1 X0

Y0

X0*Y0

X0*Y1*k

X1*Y0*k

X1*Y1*k*k

n bits

Figure 2.25 The Divide-and-Conquer Technique(Akkas and Schulte, 2006).

2.8.2 Packed Floating Point Multiplier Add Fused Designs

One of the few multi functional MAF design is presented in (Heikes and Colon-

Boneti, 1996). That study describes two floating-point multiply-add units capable of

performing IEEE-754 compliant single and double precisionfloating-point operations.

Of course, it is possible to use a larger precision floating-point unit to operate on smaller

precision operands, however, this requires the conversionof smaller precision operands
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to the larger precision format and then conversion of the result back to smaller precision

format. The conversion operations might significantly reduce the performance.

Another MAF design is presented in (Huang, Shen, Dai, and Wang, 2007). That study

proposes a new architecture for the MAF unit that supports multiple IEEE precisions

multiply-add operation with Single Instruction Multiple Data (SIMD) feature. The pro-

posed MAF unit can perform either one double- precision or two parallel single-precision

operations using about 18% more hardware and with 9% increase in delay than a conven-

tional double-precision MAF unit. The simultaneous computation of two single-precision

MAF operations is adapted by redesigning several basic modules of double-precision

MAF unit. The adaptation are either segmentation by precision mode dependent mul-

tiplexers or duplication of hardware. The proposed MAF unitcan be fully pipelined and

the experimental results show that it is suitable for processors with floating point unit

(FPU).

Figure 2.26.a shows the 64-bit double-precision register used to store two single-

precision number and Figure 2.26.b shows the generated results when performing two

single-precision MAF operations.

B B

C C

A A

S FE S FE

1

A

B

C

R R  = A  x B  + C1 1

3263

63 62 55  54 32 31 30
1

23 22
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2 2 2 1

2

2

2

222 1

1

1

1

2R  = A  x B  + C

(a) Two single packed in one double register

0

(b) Two single MAF operation result

Figure 2.26 Two Single-Precision Numbers Packed in One Double-Precision Register
(Huang, Shen, Dai, and Wang, 2007).

The MAF unit is considered as an exponent and a mantissa unit.From the Table 2.4, it

is seen that for exponent processing, the word-length of 13-bit double-precision exponent

should be extended to 20-bits for two single-precision computing. But for speed, two
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separated single precision exponent is used in this design.Below, the algorithm shows

Table 2.4 Word-lengths in Single/Double Precision MAF

modules single double
Multiply Array 24 53
3-2 CSA 48 106
Alignment-Adder-Normalization 74 161
Exponent Processing 10 13

mantissa datapath of the simplified multiple-precision MAFunit. In the algorithm,sa,

ea, fa denote sign, exponent and mantissa of the operand A respectively. The same rule

is applied for operands B and C. The control signaldoubleis used for double- precision

operation. The signalx[m : n] denotes the portion of x from n to m.s.sub, s.sub1 and

s.sub2 in Step 3 denotes the signs of the effective mantissa addition operations for one

double and two single-precision operations respectively.The proposed MAF unit derived

from algorithm is shown in Figure 2.27.

2.9 Previous Patented Packed Floating Point Designs

2.9.1 Multiple-Precision MAF Algorithm

The algorithm requiresA, B, C to be normalized numbers (Huang, Shen, Dai, Wang,

2007).

Step 1:Exponent Difference:δ[19 : 10]

if double= 1 then

δ[12 : 0] = ea[12 : 0]+eb[12 : 0]−ec[12 : 0]−967

else

δ[9 : 0] = ea[9 : 0]+eb[9 : 0]−ec[9 : 0]−100

δ[19 : 10] = ea[19 : 10]+eb[19 : 10]−ec[19 : 10]−100

end if

Step 2:Mantissa Product:f prod[105 : 0]
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if double= 1 then

f prod[105 : 0] = fa[52 : 0]× fb[52 : 0]

else

f prod[47 : 0] = fa[23 : 0]+ fb[23 : 0]

f prod[96 : 49] = fa[48 : 25]+ fb[47 : 24]

end if

Step 3:Alignment and negation:f ca[160 : 0]

if double= 1 then

f ca[160 : 0] = (−1)s.sub× fc[52 : 0]×2−δ[12:0]

else

f ca[73 : 0] = (−1)s.sub1× fc[23 : 0]×2−δ[9:0]

f ca[148 : 75] = (−1)s.sub2× fc[47 : 24]×2−δ[9:0]

end if

Step 4:Mantissa Addition:f acc[160 : 0]

f acc[160 : 0] = f prod[105 : 0]+ f ca[160 : 0]

Step 5:Complementation:f accabs[160 : 0]

if double= 1 then

f accabs[160 : 0] = | f accabs[160 : 0]|

else

f accabs[73 : 0] = | f accabs[73 : 0]|

f accabs[148 : 75] = | f accabs[148 : 75]|

end if

Step 6:Normalization: f accn[160 : 0]

if double= 1 then

f accn[160 : 0] = normshi f t( f accabs[160 : 0])

else

f accn[73 : 0] = normshi f t( f accabs[73 : 0])

f accn[148 : 75] = normshi f t( f accabs[148 : 75])

end if

Step 7:Rounding: f res[51 : 0]

if double= 1 then
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f res[51 : 0] = round( f accn[160 : 0])

else

f res[22 : 0] = round( f accn[73 : 0])

f res[45 : 23] = round( f accn[148 : 75])

end if

2.9.2 Shared Floating Point and SIMD 3D Multiplier

This is a multiplier that can perform multiplications of scalar floating point values

(X×Y) and packed floating points values (X1×Y1 andX2×Y2). The multiplier also can

be configured to computeX×Y−Z. The multiplier can be configured to compute two

versions of result: With Overflow or With out Overflow exception. The main functional

units of design is shown in Figure 2.28.

In Figure 2.28, the multiplexers at the input selects multiplier and multiplicand ac-

cording to state machine control signal. The selected inputs are routed to booth encoder

and adder. The outputs of booth encoders are routed to booth multiplexers for generat-

ing partial products. The selected partial products are reduced to carry and save vectors

in the adder tree. The pre-rounded results are generated at carry-save adders by adding

rounding constant and carry-save vectors. The parallel twice calculation of addition for

with or with out overflow condition is for reducing processing time. The outputs of carry-

save adders are passed to carry-propagate adders and stickyunit for rounding operation.

The normalization units performs corrections and then the rounded result selection unit

decides which result will be used.

The multiplier can operate on a maximum of 76-bit operands. It can be configured to

perform all AMD 3DNOW! (AMD, 2007) SIMD floating point multiplication. The adder

tree can multiply 76 by 76 bit operands or 24-32 bit packed floating point operands. It is

implemented as pipelined to increase the instruction throughput.

In the first stage, adder generates the 3X multiple of multiplicand. Booth encoders

generate signals to control booth multiplexers for generating signed multiples of multipli-

cand. In the second stage, partial products are reduced to two using adder tree. The first

portion of the multiplier’s rounding, which involves addition of rounding constants with
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Figure 2.28 Shared Floating Point and SIMD 3D Multiplier(Oberman, 2002).
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CSAs, is done in this stage. Because, the result is unknown the addition is performed

twice for overflow condition. The carry-save adders are alsoconfigured to perform back-

multiply and subtract operation which can be used as computation of remainder required

for division and square root operation. In the third stage ofpipeline, three versions of the

carry-assimilated results are computed. The sticky bit is also generated in parallel from

carry and save vectors. In the fourth stage, the normalization is done and rounding is

completed. The most significant bit of unrounded result determined which rounded result

will be used. For division and square root iterations, a result Ri is also computed.Ri is the

one’s complement of the unrounded multiplication result.

2.10 Method and Apparatus For Performing Multiply-Add Oper ation on Packed

Data

This is a design from Intel Corporation, which performs primarily multiply-add op-

erations on packed data. This design in a part of processor system. The design performs

various operations on first and second packed data to generate a third packed data. The

main functional blocks of design can be seen from Figure 2.29. The design can per-

form operations given in Table 2.5, Table 2.6 and Table 2.7. The packed data can

be in three form: packed byte, packed word and packed double word. Packed byte is a

storage 64-bit or 128-bit long and contains 8 or 16 elements.Packed word is a storage

64-bit or 128-bit long and contains 4 or 8 elements, which each element is 16-bit long.

Packed doubleword can be 64-bit or 128-bit long and contains4 or 8 elements. Each

doubleword element is 32-bit long. The design also supportspacked single and packed

double formats, which can contain floating point elements. Packed single can be 64-bit or

128-bit long and contains 2 or 4 single data element. Each single data element contains

32-bit. Packed Double also can be 64-bit or 128-bit long and contains 1 or 2 double data

elements. Each double data element contains 64-bit. The multiply-add and multiply-

subtract instructions can be executed on multiple data elements at the same time by a

single multiplication operation on unpacked data. Parallelism may be used to process
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Figure 2.29 Multiply-Add Design for Packed Data (Debes, Macy, Tyler, Peleg, Mittal,
Mennemeier, Eitan, Dulong, Kowashi, Witt, 2008).

45



2. PREVIOUS RESEARCH Metin MetëOZBİLEN

Table 2.5 Multiply-Accumulate

Multiply-Accumulate Source 1, Source 2
A1 Source 1
B1 Source 2

=
A1 ·B1+accumulated Value Result 1

Table 2.6 Packed Multiply-Add

Packed Multiply-Add Source 1, Source 2
A1 A2 A3 A4 Source 1
B1 B2 B3 B4 Source 2

=
A1 ·B1+A2 ·B2 A3 ·B3+A4 ·B4 Result 1

Table 2.7 Packed Multiply-Subtract

Packed Multiply-Subtract Source 1, Source 2
A1 A2 A3 A4 Source 1
B1 B2 B3 B4 Source 2

=
A1 ·B1−A2 ·B2 A3 ·B3−A4 ·B4 Result 1

data at the same time. Figure 2.29 shows the details of packedmultiply-add/subtract op-

eration. The operation control unit enables the circuit. The packed multiply-add/subtract

circuit contains 16 by 16 multiplier circuits and 32-bit adders. The first 16 by 16 multiplier

contains a booth encoder, which has inputs Source1[63:48] and Source2[63:48]. Booth

encoder selects partial products depending on its inputs. The second 16 by 16 multi-

plier also contains a booth encoder, which has inputs Source1[47:32] and Source2[47:32].

This booth encoder also selects partial products dependingon its inputs. The booth en-

coders are used to select a partial products. For example, partial product of zero, if

Source1[47:45] are 000 or 111; Source2[47:32], if Source1[47:45] are 001 or 010; 2

times Source2[47:32], if Source1[47:45] are 011; negative2 times Source2[47:32], if

Source1[47:45] are 100; or negative 1 times Source2[47:32], if Source1[47:45] are 101
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or 110. Like this, Source1[45:43], Source1[43:41], Source1[41:39], etc can be used to

select respective partial products.

Partial products are routed to compression array. Here partial products are aligned

in according to Source1. The compression array may be implemented as a Wallace tree

structure of carry-save adders or a sign-digit adder structure. The results are then routed to

adder. Depending on operation, compression array and adders do addition or subtraction.

The results routed to result register for formating output.

2.11 Multiplier Structure Supporting Different Precision Multiplication

Operations

This is a multiplier design that can perform operation on both integer and floating

point operands. The multiplier is design as sub-tree form, so it can be configure as single-

tree structure for non-SIMD or partitioned into 2 or 4 for SIMD operation. The design

can be seen from Figure 2.30. The figure also shows various ways of multiplier partition

structure.

When multiplier is configured for 4 partitions, 4 multiplications executed simultane-

ously on independent data. When multiplier is configured for2 partitions, two 32-bit

similar structures Tree AB in Figure 2.30 is multiplied. When multiplier is not parti-

tioned then combined 64-bit structure TreeABCD in Figure 2.30 is multiplied. Various

partitioning tree structures can be formed in order to support different multiplier struc-

tures.

The data flow can be summarized as: First, partial products are generated by Wallace

tree structure for each bit in the multiplier, then partial products are summed with carry-

save adders (CSA). In binary number system, the multiplier can be either one or zero, that

means the product is either 1×multiplicant or 0×multiplicant. The number of partial

product that is going to be added is related with non-zero bits in the multiplier. Booth

encoding is used to reduce the number of partial products. Booth encoding uses two side

by side bits as well as MSB(Most Significant Bit) of the previous two bits to determine

the partial product.
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Figure 2.30 Multiplier Structure Supporting Different Precision Multiplication Opera-
tions(Jagodik, Brooks, Olson, 2008).
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2.12 Method and Apparatus for Calculating:Reciprocals andReciprocal Square

Roots

The design is a part of microprocessor design from AMD Inc. The design gives pro-

cessor capability of evaluating reciprocal and reciprocalsquare root of operand. The

processor has a multiplier that can be used to perform iteration operations needed. The

design uses two path one, assumes that overflow has occurred,other assumes that no-

overflow has occurred. The intermediate results are stored for next iteration. The general

form of design is shown in Figure 2.31.

The design utilities division operation over reciprocal and multiplication operation.

The operation is formulated asA×B−1 whereA is dividend andB is divisor. The recipro-

cal of divisor is realized using a version of Newton and Raphson iteration. The iteration

Equation used for calculation of reciprocal of B is

X1 = X0× (2−X0×B) (2.43)

The iteration needs an initial estimationX0, which can be determined from a ROM(Read

Only Memory). OnceX0 is determined, it is multiplied byB. After multiplication, the

term (2−X0×B) is formed, by inverting the term(X0×B). One’s complement is used

to speedup the calculation. The corresponding sign and exponent bits are also computed

along the mantissa computation. The approximations for(2−X0×B) are performed in

parallel by each path. Using double path may be save time in normalization by without

needing normalization bits. After this step, the result is passed back to multiplier to

complete the iteration by multiplying withX0. If the desired accuracy is reached, the

results are output. If desired accuracy is not reached, the iteration is repeated. The results

of the multiplication are once passed down the paths in parallel. The accuracy is depended

on initial guessX0.
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etëO
Z

B
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3. THE PROPOSED FLOATING POINT UNITS

This section presents the floating point designs for multimedia processing. The

following designs are discussed in detail: Multi-Precision Floating Point Adder, Dou-

ble/Single Floating Point Multiplier, Multi-Functional Double Precision Floating Point

MAF, Multi-Functional Quad Precision Floating Point MAF and Multi-Precision Float-

ing Point Reciprocal Unit.

3.1 The Multi-Precision Floating-Point Adder

The proposed multi-precision adder can operate on double, single and half precision

numbers. In single precision addition mode two simulteneous floating point additions are

performed. In half-precision addition mode four simultanous floating point additions are

performed.

The input operands for the multi-precision adder are packedbased on the operation

mode. Figure 3.1 presents the alignments of double, single,and and half precision

floating-point numbers and their sums in three 64-bit registersR1, R2, R3. The regis-

ters are used for demonstration purpose they are not a part ofthe actual implementation.

In Figure 3.1.a, three double precision floating-point numbersX, Y and their sums are

shown. In Figure 3.1.b, four single-precision floating-point numbersA, B, C, D and their

sums,E, andF are shown. In Figure 3.1.c, eight half-precision floating-point numbers

K, L, M, N, P, R, S, T, and their sumsI , O, Q, andV are shown in NVIDIA half-precision

format (Nvidia, 2007). The half-precision format described by NVIDIA is not included

in the IEEE-754 standard, however, it is widely used in graphics processing applications.

Figure 3.2 presents the block diagram for the proposed multi-precision floating point

adder. The design of this adder is based on a modified version of the single-path floating

point adder presented in (Ercegovac and Lang, 2004). The mode of operation is selected

by using a control signal,M. WhenM = 01 (Mode 1), a double-precision floating-point

addition is performed. WhenM = 10 (Mode 2), two parallel single-precision floating-

point additions are performed. WhenM = 11 (Mode 3), four parallel half-precision

floating-point additions are performed. EOP represents theeffective operation. To reduce
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the complexity of the figure, the inputs of the units in Figure3.2 are plainly designated

asR1 andR2. In the actual implementation only the parts of the vectorsthat are used in

the unit are connected. The location of these parts can be observed from Figure 3.1. The

functionality of the main units and data flow are explained asfollows:

Theexponent subtracterunit computes the differences of the operands’ exponents in

all modes. These differences are used to align the operands.The signs of the differences

are used in theSwapunit for decision of small operand. TheSwapunit changes the places

of the mantissa if the sign of the difference is negative. By this way only the mantissa with

the smaller exponent is right-shifted. Based on the operation mode, theswapunit oper-

ates on different operands. TheCompareunit compares the magnitudes of the operands

when the difference or differences between the exponents are zeros. Then informs the

swapunit for smaller operand. TheBit Invertunit inverts the mantissa (or mantissas) with

the smallest exponent so that the result (or results) is always positive. The addition of

1 ulp required for twos complement conversion is performed in the mantissa adder. The

Mantissa Generatorunit prepares the mantissa bits for operation in all modes. The man-

tissas are converted into two’s complement format and they are also shifted for alignment.

Themantissa adderis a two’s complement adder that can perform an addition on 53-bit

operands or two parallel additions on 24-bit operands, or four parallel additions on 10-bit

operands. The signs of the results are generated in theMantissa Adder. TheLeading One

Detector (LOD)units compute the number of right-shifts to normalize the result when

theEOP is a subtraction. LOD 1 operates in all modes, LOD 2 operates in Modes 2 and

3, and LOD 3 operates only in Mode 3. LOD 3 operates on two half-precision operands

in Mode 3. TheNormalizeunits are normalizing shifters. The mantissas are either left

shifted with the amount determined in LOD units or right shifted by one digit when ad-

dition overflow occurs. TheFlag units determine the rounding flags with respect to the

rounding mode that is selected. Since all IEEE-754 roundingmodes are supported a flag

for each rounding mode is generated. TheRoundingunits perform the addition of 1 ulp

when it is necessary to perform rounding. These cases are indicated by the flags generated

by theFlag Units. The overflow due to the addition in rounding units is also checked here

and adjustment shift is performed when necessary. TheExponent Updateunits update the

exponent strings which are prepared in exponent generator unit. TheSignunit generates
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Figure 3.2 The Block Diagram of Multi-Precision Floating-Point Adder.
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the sign of the result or results based on the signs of the operands with greater magni-

tude. The sign, exponent and mantissa of the result (or results) are represented asS, E,

M, respectively.

3.2 The Single/Double Precision Floating-Point Multiplier Design

This section presents a new floating-point multiplier whichcan perform a double-

precision floating-point multiplication or two simultaneous single precision floating-point

multiplications. Since in single precision floating-pointmultiplication two results are

generated in parallel, the multiplier’s performance is almost doubled compared to a con-

ventional floating-point multiplier. Figure 3.3.a shows the alignments of two double

precision floating point numbersX, Y and their productZ that are placed in three 64-bit

registers. Figure 3.3.b shows the alignments of four singleprecision floating-point num-

bersA,B,C andD and the product ofA andB, E, and the product ofC andD, F that are

placed in three 64-bit registers.

The multiplication of X and Y is performed as

Ez = Ex +Ey (3.1)

Mz = Mx×My (3.2)

Sz = Sx⊗Sy (3.3)

The multiplication of A and B, and the multiplication of C andD are performed as

Ee = Ea +Eb, (3.4)

Ef = Ec +Ed (3.5)

Me = Ma×Mb, (3.6)

M f = Mc×Md (3.7)

Se = Sa⊗Sb, (3.8)

Sf = Sc⊗Sd (3.9)

The proposed design performs these two floating-point multiplications in parallel. In

(Gok, Krithivasan and Schulte, 2004) a design method for themultiplication of two un-

signed integer operands is presented. Figure 3.4 presents the adaptation of that technique
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to implement the proposed method. In this figure, the matrices generated for the two

single precision floating-point multiplications are placed in the matrix generated for a

double precision floating-point multiplication. All the bits are generated in double pre-

cision mode, the shaded areaZ is not generated when single precision multiplication is

performed, the non-shaded regions designate the generatedbits.

Z

Z

Z

53

24

53

M

M

M

M
24

24

24 b

d

a

c

Figure 3.4 The Multiplication Matrix for Single and Double Precision Mantissas.

The partial products within the regionsZ are generated using the following equations

b̂ j = s·b j andpi j = ai · b̂ j (3.10)

and the rest of the partial products are generated with

pi j = ai ·b j (3.11)

s is used as control signal. Whens= 0, only the bits in no shaded regions are generated

otherwise all bits are generated. Thei and j are respective matrix indexes.

High-speed multipliers reduce the partial product matrix to two vectors using a reduc-

tion method. Then, these two vectors are added to produce theresult with carry-propagate

adder. The reduction method and the type of the carry-propagate adder are not important

for the proposed design, since it only modifies the generation of the partial products. This
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also means that the reduction algorithm and the carry-propagate adder is not modified for

the implementation of the proposed method.

The standard floating-point multiplier, which is mentionedin section 2.3 implements

Equation 3.1 to Equation 3.3. Figure 3.5 presents the proposed single/dual floating-point

multiplier which is designed by slightly modifying the standard floating-point multiplier.

The modifications can be used on every type of double precision floating-point multiplier.

The data flow and the functionality of each unit in the proposed design are explained

as follows: TheControl Signaldetermines the mode of execution; whens = 0 double

precision floating-point multiplication is performed, otherwise two single precision mul-

tiplications are performed. A 11-bit adder is used for double precision exponent addition

and two 8-bit adders are used for single precision exponent additions. TheExponent Up-

datersremove extra bias values form the exponent sums. TheMantissa Modifierselects

the appropriate mantissas to be send to the mantissa multiplier. TheMantissa Multiplier

generates carry-save vectors. TheAdd, NormalizeandRoundunit generates normalized

and rounded result or results. The signs of the products are obtained byXORgates.

3.3 The Multi-Functional Double-Precision FPMAF Design

The Multi-functional double-precisionFPMAF design supports three modes named

as double-precision multiplication (DPM), single-precision multiplication (SPM) and dot-

product (DOP).

1. In DPM mode, the design works as a double-precisionFPMAF unit. It computes

XD·YD+ZD,whereXD, YDandZD are double-precision floating-point operands.

2. In SPMmode, the design works as a single-precision floating-pointmultiplier and

computesAS·BS andCS·DS in parallel, whereAS, BS, CS and DS are single-

precision floating-point operands. This mode has two advantages: first, the latency

for performing two single-precision multiplications is approximately the same as

the latency for performing one double-precision multiplication. The second advan-

tage is that there is no need to convert operands from single to double-precisions

back and forth.
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3. In DOP mode, the design works as a dot-product unit, and performs two single-

precision floating-point multiplications in parallel and then adds the products of

these multiplications with a single-precision operand. This operation can be ex-

pressed asAS·BS+CS·DS+US. By setting appropriate operands to 0 and 1,a

two-operand or a three-operand single-precision floating-point addition, or a single-

precision floating-point multiply-add can be performed.

3.3.1 The Mantissas Preparation step

Figure 3.6 shows the alignments of the three double-precision and five single-

precision IEEE-754 floating-point operands in 64-bit registers, R1, R2, and R3. These

registers are used for demonstration purpose, they are not apart of the actual design. The

double-precision format is used inDPM mode, and the single-precision format is used in

SPMandDOP modes. Based on the execution mode, the initial mantissas are modified

before they are input to the mantissa multiplier. The modified mantissas (named asM1

andM2) are differently generated for each mode.

In DPM mode, the inputs for mantissa multipliers are produced as

DPM(M1) = 1 & R151:0 (3.12)

DPM(M2) = 1 & R251:0

where

’1’s are the concatenated hidden bits described by IEEE-754standard(IEEE, 1985).

’&’ represents the concatenation operator

R151:0 = Mx

R151:0 = My

Figure 3.7 shows the 53 by 53 mantissa multiplication matrixgenerated forDPM

mode. All the partial product bits in this matrix contributethe generation of the product.

In SPM mode, two versions ofM1 and one version ofM2 are produced. The first

version ofM1 is designated asM1UH . The least-significant 26 bits ofM2 andM1UH are

used to generate the upper half of the 53 by 53 multiplicationmatrix. These vectors are
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produced as

SPM(M152:0)UH = {0}29& 1 & R122:0 (3.13)

SPM(M225:0) = 001 &R222:0

where

{0}29 represents 29 instances of 0,

R122:0 = Mc,

R222:0 = Md.

The second version ofM1 is designated asM1LH . The most significant 27 bits ofM2

andM1LH are used to generate the lower half of the 53 by 53 matrix. These vectors are

produced as

SPM(M152:0)LH = 1 &R154:32{0}
29 (3.14)

SPM(M252:26) = 1 & R254:32 & 000

where

R154:32= Ma

R254:32= Mb.

Figure 3.7.b shows the multiplication matrix generated forSPM mode. In this

figure, the partial product bits located inside the regions designated byZ are set to

zeros. The unshaded regions contain the matrices generatedfor the multiplications;

(1 & Ma) · (1 & Mb), and(1 & Mc) · (1 & Md).

The main idea forDOP implementation is performing the addition of the products

by only using the adders in the partial product reduction tree. The application of this

idea requires a little more complex modifications than the modifications for the previous

modes. InDOP mode, the upper half of the matrix is generated using

DOP(M152:0)UH = {R131⊕R231}
d & 1 & R122:0 & {0}29−d (3.15)

DOP(M225:0) = 001 & R222:0

where

d =| Eab−Ecd |

Eab = Ea+Eb−127

Ecd = Ec +Ed−127.
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Without loss of generality, in Equation 3.16, it is assumed thatEcd≤ Eab. The lower half

of the multiplication matrix is generated using

DOP(M152:0)LH = {0}29 & 1 & R154:32 (3.16)

DOP(M252:26) = 01 & R254:32 & 00

Figure 3.8 presents the multiplication matrix generated for DOP mode. In addition

to the mantissa modifications described by Equation 3.16 andEquation 3.17 following

adjustments are made.

The operands are extended by one bit and converted into two’scomplement format

when their sign bits are different. By this way, the additionof the partial products can

be performed without considering the signs of the operands (i.e. no need to consider

the effective operation). To prevent a performance decrease due to two’s complement

conversion, the mantissa with the negative sign is selectedas the multiplicand, then it’s

bits are inverted and a copy of the positive mantissa (the multiplier) is inserted into the
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multiplication matrix. These operations can be expressed as

(MN+1) ·MP = (MN ·MP)+MP (3.17)

whereMN andMP represent the negative and positive mantissas, respectively. In Figure

3.8, MP1 andMP2 vectors are injected into the matrix to perform the addition of the

positive mantissas.MP1 and the upper 25 by 25 matrix are shifted together.

The two’s complement multiplication algorithm presented in (Baugh and Wooley,

1973) is used to prevent the sign extension of the partial products. This algorithm re-

quires 2n− 2 bits to be complemented. The complemented bits are locatedinside the

dark gray shaded areas,N1 andN2 in Figure 3.8. The bits inN1 andN2 regions are not

shifted.

The 25 by 25 matrix with the smaller exponent is moved in the upper half, and right

shifted byd columns. The regionS is filled by zeros, if the sign of the operands are the

same, otherwise, it is filled by ones. So, the addition of the bits in Sdoes not effect the

result.

3.3.2 The Implementation Details for Multi-Functional Double-PrecisionFPMAF

Design

The proposed design is implemented by mainly using the hardware of the standard

double-precision floating-point multiplier. Naturally, some extra hardware is used to sup-

port additional operation modes, however, this extra hardware is significantly less than

the hardware required to design a different unit for each mode. The block diagram for the

proposed multi-functionalFPMAFdesign is shown in Figure 3.10. Although some of the

units in the design can be combined, this approach is not preferred for double-precision

implementation to keep the organization simple. The designis divided into four pipeline

stages. Except the first stage, the stages are similar to the basic double-precisionFPMAF

design. The function of each block and the data flow between stages are explained as

follows:

The mantissa bits are modified in the first stage. The control signalsT1 andT0 are

used to select the operation mode which is given in Table 3.1.The function of the each

unit in this stage is explained as follows:
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Table 3.1 The Execution Modes

T1T0 Operation
00 DPM
10 SPM
01 DOP
11 NAN

The XOR1andXOR2gates compare the signs of the operands inSPM. TheXOR3

gate compares the signs of the operands inDPM mode, the output of this gate is sent to

2’s Comp. & Negation Unit. There is no need to compare the signs of the operands in

DOP mode, since the operands are in two’s complement format in this mode.

The 11-bit adder (ADD1) computesExy = Ex + Ey− 1023 whereR162:52 = Ex and

R262:52 = Ey. The first 8-bit adder (ADD2) computesEab = Ea + Eb− 127, where

R162:55 = Ea and R262:55 = Eb. The second 8-bit adder (ADD3) computesEcd =

Ec +Ed−127, whereR130:23= Ec andR230:23= Ed.

The Difference and Maximum Generator Unitcomputesd =| Eab− Ecd | and

max(Eab,Ecd). d is sent to theMantissa Modifier Unit.Two 2-input multiplexers select

the correct inputs to theDistance and Maximum Generator Unit(located in the second

stage.)

The Mantissa Modifier Unitshown in Figure 3.9 generates the modified mantissas

using Equations (3.14)-(3.17) for all modes. This unit consists of a 32-bit right-shifter

(that can shift up to 29 digits) and several multiplexers andglue logic. The inputs to the

Mantissa Modifier UnitareR163, R154:0, R263, andR254:0. Based on the multiplication

mode, these vectors contain the mantissas and sign bits as follows, Mx = R151:0, My =

R251:0, or Ma = R154:32, Mb = R254:32, Mc = R122:0, andMd = R222:0, and the sign bits

Sx = R163, Sy = R263, or Sa = R163, Sb = R263, Sc = R131, andSd = R231.

The2’s Comp. & Negation Unitnegates the addendMz or Mu based on the multipli-

cation mode and the sign comparison of the operands. InDPM mode, ifSz is different

thanSx⊕Sy, Mz is negated. In this case, the correct sign of the result is determined later

by comparing the signs of the operands and the sign of the output of theCPA. In DOP

mode,Mu is converted into two’s complement format.

The functions of the units located in this stage are explained as follows:
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The modified mantissas are multiplied by theMantissa Multiplier. The generation

of partial products in the multiplier is slightly modified toimplement the insertion of

MP1 andMP2 vectors and to perform the inversion of the bits in regionsN1 andN2 in

DOPmode. The rest of the multiplier hardware is not modified. TheMantissa Multiplier

generates sum and carry vectors.

TheDistance Computation and Maximum Generation Unitcomputes| Ez−Exy+56 |

or | Eu−max(Eab,Ecd +28) |. Since the biases are subtracted during the computation of

Exy andmax(Eab, Ecd), the constants used to calculate thesaare 56 and 28. The selected

difference,sa, is the shift-amount sent to theRight-Shifter Unitwhen the multiplier oper-

ates inDPM or DOP mode. This unit also computesmax(Ez, Exy) or max(Eu, Eab, Ecd)

based on the multiplication mode.

The Right-Shifter Unitcan perform up to 161 digit right-shift. This unit right shifts

either(′1′&Mz) by (sa+55) digits inDPM mode or(′1′&Mu) by (sa+85) digits inDOP

mode.

The functions of the units located in the third stage are explained as follows:

The aligned mantissa (Mz or Mu) is split into two parts, low and high, the low part

consists of least-significant 106 bits and the high part consists of most-significant 55 bits.

The low part is added with sum and carry vectors in the 106-bitCSAadder and the high-

part is incremented by theINC unit. The incremented value of the high-part is selected,

if the 106-bitCPAgenerates a carry-out.

The CPA generates a sum or two sums based on the multiplication mode.In DPM

mode, a 106-bit sum is generated; inSPMmode two 48-bit sums are generated; inDOP

mode a 50-bit sum is generated.

The last stage performs the normalization, exponent update, and rounding as follows:

TheComplement Unitgenerates the complement of a negative result and updates the

sign of the result (Sr ) in DPM andDOP modes. TheLZA computes the shift-amount

required to normalize the sum generated by theCPA. TheLZA unit is designed by using

the method presented by (Schmookler and Mikan, 1996). Note that this unit determines

the shift-amount exactly because there is no carry input to theCPA. TheSticky1 Unitis

designed by adapting the method presented in (Yu and Zyner, 1995). This unit computes

preliminary sticky-bit using the carry and save vectors.
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The Normalize 1and Normalize 2units generate the normalized products inSPM

mode. These units can perform a 1-digit right-shift. TheNormalize 3unit performs the

normalization forDPM andDOP modes. This unit is capable of performing up to 108

digit left-shift. TheSticky2 Unitgenerates the sticky-bits based on the preliminary sticky-

bits and shifted-out bits. TheExp Upd 1andExp Upd 2increments their inputs by one if

a normalization right-shift is performed.Exp Upd 3decrement the exponent down to 53,

this unit is only used inDPM andDOP modes.The signalsSr , Er , andMr represent the

sign, exponent and mantissa of the result inDPM andDOPmodes, respectively.

3.4 Multi-Functional Quadruple-Precision FPMAF

This section presents a multi-functional quadruple-precisionFPMAF designed by ex-

tending the techniques presented in the previous sections.The Quadruple-PrecisionFP-

MAF design execute parallel double-precision and single-precision multiplications, and

dot product operations. (Gok and Ozbilen, 2008) Also, the number of single-precision

operands that can be operated on is increased from two to four. Brief descriptions for the

supported modes of operations are given as follows:

1. InQPMmode, the design works as a quadruple-precisionFPMAFunit. It computes

X ·Y+Z, whereX, Y andZ are quadruple-precision floating-point numbers.

2. In DPM mode, the design works as a double-precision floating-pointmultiplier and

computesK ·L andR·T, whereK, L, R, andT are double-precision floating-point

numbers.

3. In SPMmode, the design works as a single-precision floating-pointmultiplier and

computesA ·B, C ·D, E ·F, andG ·H in parallel, where all operands are single-

precision floating-point numbers.

4. In DDOP mode, the design works as a double-precision dot-product unit, and per-

forms two double-precision floating-point multiplications in parallel and then adds

the products of these multiplications with a double-precision operand,UD. This

operation can be expressed as

K ·L+R·T +U (3.18)
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5. In SDOPmode, the design works as a single-precision dot-product unit, and per-

forms four double-precision floating-point multiplications in parallel and then adds

the products of these multiplications with a single-precision operand,NS. This

operation can be expressed as

A ·B+C ·D+E ·F +G ·H +N (3.19)

3.4.1 The Preparation of Mantissas

Figure 3.11 shows the alignments of the three quadruple-precision, five double-

precision, and nine single-precision floating-point operands in 128-bit registers,R1, R2,

andR3 register. The proposed design method modifies the operandsbased on the execu-

tion mode.

Table 3.2 shows the logic Equations used to generate modifiedmantissas for all modes

in quadruple-precisionFPMAF. Without loss of generality, the Equations in this table are

derived based on the following assumptions for the exponents:

Ert ≤ Ekl,Eab≤ Ecd,

Ee f ≤ Egh,Ecd≤ Egh
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Table 3.2 The Logic Equations for The Generation of The Modified Mantissas for All Modes.

QPM M1 = 1 & R1111:0 M2 = 1 & R2111:0

DPM M1UH = {0}60 & 1 & R151:0 M2 = 0001 &R251:0 &
M1LH = 1 & R1115:64& 060 1 & R2115:64& 000

DDOP M1UH = {R163⊕R263}
d4 & 1 & R151:0 & {0}60−d4 M2 = 0001 &R251:0 &

M1LH = {0}60 & 1 & R1115:64 1 & R2115:64& 000
SPM M11 = {0}89 & 1 & R122:0 M2 = 001 & R222:0 &

M12 = {0}60 & 1 & R154:32 & {0}29 {0}7 & 1 & R254:32 &
M13 = {0}29 & 1 & R186:64 & {0}60 {0}6 & 1 & R286:64 &
M14 = 1 & R1118:96& {0}89 1 & R2118:96& 00

SDOP M11 = {R131⊕R231}
d1+d3 & 1 & R122:0 & {0}89−(d1+d3) M2 = 001 & R222:0 &

M12 = {0}29 & {R163⊕R263}
d3 & 1 & R154:32 & {0}60−d3 {0}7 & 1 & R254:32 &

M13 = {0}60 & {R195⊕R295}
d2 &1 & R186:64 & {0}29−d2 {0}6 & 1 & R286:64 &

M14 = {0}89 & 1 & R1118:96 1 & R2118:96& 00
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The modifications of the mantissas inQPM, DPM andDDOPmodes in the quadruple-

precisionFPMAF are similar to the the modifications of the mantissas inDPM, SPM, and

DOPmodes in the proposed double-precisionFPMAF. In QPM mode, one version ofM1

andM2 are produced. InDPM andDDOPmodes, two versions ofM1 and one version of

M2 are produced. Two versions ofM1 (M1UH andM1LH) are used for the generation of

upper and lower half of the 113 by 113 matrix similar to the previous implementation. In

SPMandSDOPmodes four version ofM1 and one version ofM2 are generated. In these

modes, 113 by 113 matrix is divided into four regions. These regions are generated by the

multiplications;M11 ·M2, M12 ·M2, M13 ·M2, andM14 ·M2. The implementations for

SPMandSDOPmodes will be explained in detail, since they are slightly different than

the implementations described before.

Figure 3.12 shows the 113 by 113 multiplication matrix generated forSPMmode in

the quadruple-precision implementation. In this figure, the shaded regions,that are labeled

with ’Z’, are set to zeros and the four unshaded regions contain 24 by 24 sub-matrices

generated for the following multiplications:

(1 & Ma) · (1 & Mb),(1 & Mc) · (1 & Md) (3.20)

(1 & Me) · (1 & M f ),(1 & Mg) · (1 & Mh) (3.21)

Figure 3.13 presents the 113 by 113 matrix multiplication matrix generated forSDOP

mode. In this figure, four 25 by 25 matrices are placed into the113 by 113 matrix based

on the assumptions for the exponents given above. InSDOPmode, the matrices are

aligned according to the difference between their exponents. To do that, four 25 by 25

matrices are grouped in two pairs. One of the pairs consists of the matrices generated by

the multiplications:

(1 & Ma) · (1 & Mb) and(1 & Mc) · (1 & Mc) (3.22)

and the other pair consists of the matrices generated by the multiplications:

(1 & Me) · (1 & M f ) and(1 & Mg) · (1 & Mh) (3.23)

The distances used for the alignment of matrices are computed as follows:

d1 =





| Eab−Ecd | , if max(Eab,Ecd)≤max(Ee f,Egh)

| Egh−Ee f | , otherwise
(3.24)
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d2 =





| Ee f−Egh | , if max(Eab,Ecd)≤max(Ee f,Egh)

| Eab−Ecd | , otherwise
(3.25)

d3 =|max(Eab,Ecd)−max(Ee f,Egh) | (3.26)

The pair that contains the matrix with the maximum exponent is placed into the lower

half of the 113 by 113 matrix, in which the matrix with the maximum exponent is located

at the bottom and the other one is placed above it and right shifted byd2 columns. The

other pair is moved into the upper half of the 113 by 113 matrix, in which the matrix that

has the minimum exponent is located at the top and right shifted by(d1+d3) columns.

The second matrix in this pair is located under the top matrixand right shifted byd3

digits. Similar to double-precision implementation, the additional adjustments such as

conversion of the operands in two’s complement format when the signs are different,

and the application of two’s complement word correction algorithm are also used in this

implementation. The vectorsMP1 to MP4 represents the positive multiplicands inserted

into the multiplication matrix.

3.4.2 The Implementation Details for The Multi-Functional Quadruple-Precision

FPMAF Design

The block diagram for the proposed quadruple-precisionFPMAF design is shown in

Figure 3.14. This design is quite similar to the proposed double-precisionFPMAF de-

sign, except the sizes of the components are increased and some of the units are modified

to be used in different precisions. The design is divided into four pipeline stages. The

function of each block and the data flow between stages are explained as follows:

The first stage is mainly dedicated to the preparation of mantissa vectors. The control

signalsT2:0 are used to select the operation mode given in Table 3.3

The function of the each unit in this stage is explained as follows: TheSign Generator

Unit consists of XOR gates that compares the signs of the operandsfor all modes. This
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Table 3.3 Quadruple Precision Execution Modes

T1T0 Operation
00 DPM
10 SPM
01 DOP
11 QPM

unit generates the following signals

Skl = Sk⊕Sl ,Srt = Sr⊕St (3.27)

Sab = Sa⊕Sb,Scd = Sc⊕Sd (3.28)

Se f = Se⊕Sf ,Sgh = Sg⊕Sh (3.29)

S1 = Sx⊕Sy⊕Sz (3.30)

There is no need to compare the signs of the operands inSDOPandDDOPmodes because

the operands are in two’s complement format in those modes. In QPM mode,2’s Comp.

& NegateUnit computes the negative of its input, whenS1 signal is set to one, and in the

other modes, it generates the two’s complement representation of the addend based on its

sign.

TheExponent Adder Unitconsists of two 17-bit adders. For space reasons, in Figure

3.14, 15-bit, 11-bit, and 8-bit exponents are grouped and represented asEQ, ED, andES,

respectively. The 17-bit adders operates on three different size exponents as follows: In

QPM mode, one 17-bit adder computes

Exy = Ex +Ey−16383 (3.31)

In DPM mode, two 17-bit adders in parallel compute

Ekl = Ek +El −1023 (3.32)

Ert = Er +Et−1023 (3.33)

In SPMmode, one 17-bit adder computes

Eab = Ea +Eb−127 (3.34)

Ecd = Ec +Ed−127 (3.35)
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and the other one computes

Ee f = Ee+Ef −127 (3.36)

Egh = Eg+Eh−127 (3.37)

TheDifference and Maximum Generator Unitconsists of one 11-bit subtracter, three

8-bit subtracters and several multiplexers. InDPM mode, this unit computes

d4 =| Ert −Ekl | andmax(Ert ,Ekl) (3.38)

In SDOPmode, the unit computesd1, d2, andd3. These values and the signs of the

differences before the absolute value conversions (sd1, sd2, sd3) are sent to theMan-

tissa Modifier Unit1The Mantissa Modifier Unitis split into two parts to balance the

delay between Stage 1 and Stage 2. TheMantissa Modifier Unit1andMantissa Modi-

fier Unit2generate the modified mantissas using Equations presented in Table 3.2 for all

modes. TheMantissa Modifier Unit1unit consists of multiplexers andMantissa Modifier

Unit2(located in Stage 2) consists of three 113-bit right shifters that can shift up to 89, 60

and 29 digits, respectively.The functions of the units in the second stage are explained as

follows:

The modified mantissas are multiplied by theMantissa Multiplier. The generation of

partial products in the multiplier is slightly modified to implement the insertion ofMP1

to MP4 in SDOPmode orMP1 andMP2 in DDOP mode (MP1 andMP2 are generated

differently inSDOPandDDOPmodes) and to perform the inversion of the bits in regions,

N1, N2, N3, andN4 (N1 andN2 regions are different inSDOPand DDOP modes).

The rest of the hardware that handles the partial product reduction is not modified. The

Mantissa Multipliergenerates sum and carry vectors.

TheDistance and Maximum Generation Unitcomputes

Ez−Exy+116 (3.39)

or Eu−max(Ekl,Ert )+57 (3.40)

or En−max(Eab,Ecd,Ee f,Egh)+28 (3.41)

This difference,′sa′, is sent to theRight-Shifter Unitwhen the multiplier operates inQPM,
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DDOP, andSDOPmodes. Based on the multiplication mode, this unit also generates

max(Ez,Exy) (3.42)

or max(Eu,Ekl,Ert ) (3.43)

or max(En,Eab,Ecd,Ee f,Egh) (3.44)

The Right-Shifter Unitcan perform up to 200 digit right shift. This unit right shifts

(1 & Mz) by (sa+116) digits in QPM mode, or(1 & Mu) by (sa+172) digits in DDOP

mode, or(1 & Mn) by (sa+200) digits in SDOPmode. The functions of the units in the

third stage are explained as follows:

The CSAadds the sum and carry output of theMantissa Multiplierand the aligned

mantissa (Mz or Mu or Mn) and generates carry and save vectors. The high part of the

aligned mantissa is sent to theINC unit, the low part of the aligned addend is sent to the

226-bitCPA. The incremented high-part is selected, if the carry-out bit of theCPA is 1.

The 226-bitCPAgenerates different sums based on the multiplication mode.In QPM

mode, a 226-bit sum is generated; inDPM mode two 106-bit sums are generated; in

SPMmode four 48-bit sums are generated; inDDOPmode a 108-bit sum is generated; in

SDOPmode a 51-bit sum is generated.

The Sticky1 Unitis designed by adapting the method presented in (Yu and Zyner,

1995). This unit computes preliminary sticky-bit/s for allmodes. TheLZA computes the

shift-amount required to normalize the sum generated by theCPA. This unit is designed

based on the method presented in (Schmookler and Mikan, 1996).

The last stage performs the normalization, exponent update, and rounding as follows:

TheComplement Unitgenerates the complement of a negative result and updates the

sign of the result (Sr ). This unit is used inQPM, DDOP, andSDOPmodes. TheNor-

malize 1unit generates the normalized products inDPM and SPM modes. This unit

consists of two 53-bits right shifters. 53-bit right shifters are modified to operate on 24-

bit operands too. TheNormalize 2unit performs the normalization forQPM, DDOP, and

SDOPmodes. This unit is capable of performing up to 239 digit left-shift. TheSticky2

Unit generates the sticky-bit/s based on the preliminary sticky-bit and shifted-out bits.

All rounding units can increment the normalized products by1 ulp based on the rounding

mode. TheExp Upd 1unit consists of two 17-bit incrementers. This unit increments four

8-bit operands inSPMmode or two 11-bit operands inDPM mode. TheExp Upd 2in-
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crements the 15-bit operand up to 113, this unit is only used in QPM, DDOP, andSDOP

modes.

Sr , Er , andMr represent the sign, exponent and mantissa of the result inQPM, DDOP

andSDOPmodes, respectively.

3.5 Multi-Precision Floating-Point Reciprocal Unit

3.5.1 Derivation of Initial Values

Let n-bit mantissaM is represented as

1.m1m2m3 · · ·mn−1(mi ∈ {0,1}, i = 1· · ·n) (3.45)

whenM is divided in to two partsM1 andM2 as

M1 = 1.m1m2m3 · · ·mm andM2 = 0.mm+1mm+2mm+3 · · ·mn−1 (3.46)

The first-order Taylor expansion ofMp of number,M is betweenM1 andM1+2−m and is

expressed as (Takagi, 1997)

(
M1−2−m−1)p−1

×
(
M1 +2−m−1+ p ·

(
M2−2−m−1)) (3.47)

The Equation 3.47 can be expressed as

C×M′ (3.48)

where

C =
(
M1−2−m−1)p−1

(3.49)

andM′ = M1+2−m−1 + p ·
(
M2−2−m−1)

C can be read from a lookup-table which is addressed byM1, without leading one.

The look-up table contains the 2m of C values ofM for special values of p, where it is

−20 for reciprocal ofM. The size of the required ROM for the look-up table is about

2m×2 ·m bits.The initial approximation of floating point numberM−1 is computed by

multiplication of termC with modified operandM. The modified form ofM by only

complementingM2 part bitwise. The last term can be ignorable.
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3.5.2 Newton-Raphson Iteration

The Newton-Raphson iteration was discussed in Previous Work. The iteration general

formula is rewritten here (Ercegovac, 2004):

xi+1 = xi− f (x)/ f ′(xi) (3.50)

An initial look-up table is used to obtain an approximate value of the root. The derivation

of algorithm using Newton-Raphson method for computing reciprocal as follows:

x = 1/X (3.51)

f (x) = 1/X−x (3.52)

f ′(x) = 1/x2 (3.53)

When Equations 3.53 are put into Equation 3.50, the iteration Equation yields to

xi+1 = xi− (2−X �xi) (3.54)

The Equation 3.54 can be implemented in hardware. The implementation requires two

multiplications and one subtraction operation. The block diagram of this implementation

can be seen in Figure 3.15. The circuit can be implemented as pipelined. Basic multi-

plicative reciprocal unit is show in Figure 3.15. The mantissa modify unit process the

most significant part of theM and generatesM according to Equation 3.50. Also, the

initial approximation,C is obtained from the look-up table.

In the first cycle, the first multiplexer selects modifiedM value, the second multiplexer

selects the output of the first multiplexer. The third multiplexer selects the output of the

lookup table and the forth selects also the output of third multiplexer. In the second cycle,

the multiplier generates a result in carrysave format. In the third cycle the carry-save

vectors are summed by a fast carry-propagate adder. At the end of the third cycle the

initial value,xi is obtained. In the fourth cycle, the first and second multiplexers select the

initial value generated in the previous cycle, the third andfourth multiplexer selectM. In

the fifth cycle, these values are multiplied and in the sixth cycle, the vectors generated by

the multiplication are added. In the seventh cycle, the twoscomplement of the result is

selected and the stored initial value in first iteration of the Newton-Raphson is selected. In

the seventh and eighth cycle, these values are multiplied and vectors are summed for final
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Figure 3.15 Simple Reciprocal Unit that uses Newton-Raphson Method.
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result of iteration calculation. In the ninth cycle, the final result routed to normalization

to suit IEEE mantissa format.

Rounding is not handled here because this circuit can be coupled with a floating point

multiplier for realizing floating point division operation. Rounding can be handled after

multiplication by multiplication circuitry. This also minimizes the rounding error.

A packed multiplier design which performs the mantissa multiplications for Newton-

Raphson method was discussed in Double/Single Precision Multiplier is rearranged here.

Figure 3.16.a shows the alignment of one double precision floating-point mantissa and

Figure 3.16.b shows the alignments of two single precision mantissas (Gok, Schulte, and

Krithivasan, 2004).

0
X

(a) Double−Precision Alignment

(b) Single−Precision Alignment

A

1

1 Ma Mc

52  51 29 28 0
B1

52

0 0 0 0 0

Mx

Figure 3.16 Alignment of Double Precision and Single Precision Mantissas

Figure 3.17 presents the adaptation of the techniques givenin (Gok, Schulte, and

Krithivasan, 2004) to implement the proposed design. In this figure, the matrices gener-

ated for two single precision mantissa multiplications areplaced in the matrix generated

for a double precision mantissa multiplication. All the bits are generated in double pre-

cision multiplication; the shaded areas labeled with Z1, Z2and Z3 are not generated in

single precision multiplication. The un-shaded areas are generated for single precision

multiplication. The partial products within the regions Z1, Z2, Z3 are generated using

Equations:

b̂ j = s�b j (3.55)

pi j = ai � b̂ j (3.56)

The rest of the partial products are produced with

pi j = ai �b j (3.57)
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The signals is used as control. Whens= 1 only bits with un-shaded regions are generated.

Whens= 0, all bits are generated. Thei and j are indexes for appropriate partial product

in multiplication the matrix (Gok and Ozbilen, 2009).

53

53

24

Z1

2
M

M

d

b

M a

cM

Z3

Z

Figure 3.17 Multiplication Matrix for Single and Double Precision Mantissas

3.5.3 The Implementation Details for Double/Single Precision Floating Reciprocal

Unit

This unit uses the previous reciprocal computation methodsand generates reciprocals

in different precisions as follows:

1. In double precision mode the unit generates a double-precision reciprocal.

2. In first single-precision mode, the reciprocal unit generates a single-precision re-

ciprocal and a copy of generated.

3. In the second single-precision mode, the reciprocal unitgenerates two different

reciprocals in parallel.

The input format of modified design is shown in Figure 3.18. Figure 3.18.a shows

the input and output format in double precision mode. Figure3.18.b shows the same
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input and output in single precision mode. An input, S signalselects operating mode. The
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X x x x

(a) Double−Precision Alignment

aS ME ES cc

(b) Single−Precision Alignment

aaAR1 Mc B
63 62 55  54 32 31 30 23 22 0

S ME

62

Figure 3.18 Alignment of Double and Single Precision Floating Point Numbers

block diagram for the proposed design is shown in Figure 3.19. The explanations of the

main units are as follows:

Exponent Unitgenerates the exponents of one double precision or two single precision

results. In single precision mode exponents are obtained with Equation 3.58. Two circuit

compute either exponent in parallel. In double precision mode, the circuits are cascade

connected.

Ez = ”1111111”− Ēx (3.58)

Mantissa Modifiergenerates modified mantissas based on the operation mode in order

to prepare the inputs ready for the packed multiplier like inFigure 3.16.

Lookup Tablecontains look-up tables needed for initial approximation required for

Newton-Raphson method. These areC values of Equation 3.49. They are pre-computed

values generated by computer software such Maple, MatLab, etc.

Operand Modifiermodifies the operands required for initial value calculation. The

value evaluated here is X of Equation 3.48. It is evaluated byinverting the digits starting

from 10th digit for this design. The modification of operand(s) depends on the selected

operation mode.

State Counterdrives the multiplexers to select correct inputs to the packed multi-

plier during the computation of Newton-Raphson iteration.The computation of Equation

3.54 requires three multiplications. Depending on selected operation mode the inputs of

multiplexers are in double precision or packed single precision format as shown in Figure

3.16. In the second cycle of circuit multiplexers are arranged for multiplication of look-up

value(s) and modified mantissas as in the Equation 3.54. In the third cycle, multiplexers

are arranged for multiplication of computed initial approximation value(s) and the input
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mantissa(s) in the Equation 3.54. And, in the fourth cycle, multiplexers are arranged for

multiplication of stored initial value(s) and computed value(s) of inside parenthesis of the

Equation 3.54.

Packed Multiplieris 53 by 53 multiplier slightly modified to handle two single and

one double precision number as described. The input format of multiplier is shown in

Figure 3.18. Multiplication output depends on selected operation mode.

Packed Product Generatorprocesses the output of packed multiplier and generates

output used in next stages of iteration. The output of this unit is stored in a register. The

format of output is truncated one 53-bit double mantissa or two 24-bit single mantissas

depending on selected mode. The mantissas arranged as in Figure 3.16.

I.A.Storeunit stores the Initial Approximation value(s) computed inthe second cycle

of circuit. These are xi values in Equation 3.48, which are needed in fourth cycle.

Inverter inverts the stored multiplication result for the third stage of stage controller

to compute the expression in the parenthesis of Equation 3.54. The inversion is done

depending of selected mode.

Single Normalizer(s)normalize the result in single-precision mode.Double Normal-

izer normalizes the result in double precision mode. The normalization is one left shift if

required.

Exponent Updaterupdates the exponents depending on the normalization results. Two

decrementers are separately used to update 8-bit exponentsin single mode or in double

mode these decrementers are connected cascade to update 11-bit exponent.
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Figure 3.19 The proposed Single/Double Precision Reciprocal Unit
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4. RESULTS

This chapter presents synthesis results for the proposed and reference designs, that

detailed implementation descriptions given in Chapter 3.

All designs are modeled with VHDL(Very High Speed Integrated Circuit Hardware

Description Language). Syntheses are done using TSMC(Taiwan Semiconductor Manu-

facturing Company) 0.18 micron standard ASIC(ApplicationSpecific Integrated Circuit

library and Leonardo Spectrum program. The syntheses are tuned for delay optimizations

with maximum effort.

4.1 The Results for Multi-Precision Floating-Point Adder Design

This section presents the syntheses results obtained for the proposed multi-precision

floating-point adder and single-path floating-point adders. In addition to the double-

precision floating-point adders, single-precision floating adders are also designed. The

second multi-precision design performs a single-precision floating-point addition or a two

half-precision floating-point adders in parallel.

The area and delay estimates are presented in Table 4.1. In this table, the unit for area

is the number of gates and the unit for delay is nanoseconds (ns).

Table 4.1 Area and Delay Estimates for Multi-Precision Floating Point Adder

Adder Design Area(Gates) Delay(ns)
Double-Precision 4868 14.65
Multi-Precision 1 8195 17.33

Single-Precision 2056 9.33
Multi-Precision 2 2854 9.51

According to the given estimates the first multi-precision design has approximately

68% more area and has less than 3 nanoseconds more delay than the reference double pre-

cision design and the second multi-precision design has approximately 38 % times more

gates and has less than half nanoseconds more delay than the reference single precision

floating-point adder. The delay differences between the proposed designs and the refer-
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ence designs are expected to decrease if the designs are pipelined. A question that can be

raised is why not use one double-precision, two single-precision and four half-precision

floating-point adders instead of the multi-precision one floating-point adder, that capable

of handling all mentioned formats. The proposed unit is expected to use approximately

20% less gates than the total gates required to design all separate units (Assuming a half-

precision floating-point adder can be designed by using approximately 500 gates). Also,

the dedicated bus requirement for all the units can be a serious design problem since the

wire delay gets significant as the transistor sizes decreases. The additional components

used to provide single/double precision can be seen in Table4.2.

Table 4.2 Additional Components in Multi-Precision Adder Design

Unit Name Wide Number
Adder/Subtractor 8-bit 6
Decoder/Encoder 3-bit 3

Left Shifter 24-bit 1
Left Shifter 10-bit 2

The proposed design eliminates the type conversion requirement and generates multi-

ple results in parallel. The presented design is especiallyexpected to increase the perfor-

mance for 2D and 3D applications since these applications performs intensive floating-

point additions on low-precision floating-point operands.

4.2 The Results for Single/Double Precision Floating-Point Multiplier Design

In this section we present the synthesis results for the proposed single/double precision

floating point multiplier and the standard dual precision floating-point multiplier. Both

circuits are optimized for delay. The values in Table 4.3 arein nanoseconds for time and

in number of gate for area.

The single/double precision multiplier has approximately9.49% more area and has

about 34% more critical delay. The floating-point multipliers used in modern processors

are usually pipelined designs. If the proposed method is applied to a pipelined multiplier
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Table 4.3 Area and Delay Estimates for Single/Double-Precision Multiplier Design

Adder Design Area(Gates) Delay(ns)
Double-Precision 25175 4.10
Multi-Precision 27566 5.49

the area increase is expected to fall down below 5% and also critical delay increase will

be dissolved in pipeline stages.

One of the important aspects of the presented design method is that it can be applicable

to all kinds of floating-point multipliers. The presented design is compared with a stan-

dard floating point multiplier via synthesis. The synthesisresults showed that proposed

design is 10% larger than conventional multiplier and critical path increment is only one

or two gate delay. Since modern floating-point multiplier designs have significantly larger

area than the standard floating-point multiplier, the percentage of the extra hardware will

be less for those units. The additional components used to provide single/double precision

can be seen in Table 4.4. The methods presented in this designis used on the design of

floating-point multiplier-adder circuits.

Table 4.4 Additional Components in Single/Double-Precision Multiplier Design

Unit Name Wide Number
Adder/Subtractor 8-bit 2

Incrementer 8-bit 2
Left Shifter 24-bit 1

4.3 The Results for Multi-functional Double-precision FPMAF design

The major additional components used to convert the basic double-precision to the

Multi-functional double-precisionFPMAF are placed in the following stages:

The first stage: Two 8-bit adders, one 11-bit adder, and one 8-bit subtracter (in the

Difference and Maximum Generator). One 53-bit right-shifter that can shift up to 29

digits (in theMantissa Modifier). The fourth stage: Two 8-bit incrementers (Exp Upd 1
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andExp Upd 2), and two 24-bit incrementers (Rounding 1andRounding 2). Two 48-bit

1-digit right-shifters.

The Right-Shifterin Stage 2, theMantissa Multiplier, LZA, andSticky1in Stage 3

are also slightly modified to handle multiple-precision operands, but the amount of extra

hardware for these modifications are negligible. The proposed double precision design

can be optimized by combiningNormalize 1andNormalize 2, Rounding 1andRounding

2, Exp Upd 1andExp Upd 2units. However, the hardware gain by this optimization is

not significant.

The proposed multi-functionalFPMAF design is compared with the standard double-

precisionFPMAF by syntheses. All circuits are modeled using structural VHDL code.

The adders, subtracters and incrementers in these designs are implemented by using

parallel-prefix adders. The correctness of the proposed designs are verified with exten-

sive simulation. Syntheses are done using TSMC 0.18 micron standard ASIC library

and Leonardo Spectrum program. Both syntheses are tuned fordelay optimizations with

maximum effort. Table 4.5 presents area estimates for conventional and the proposed

designs. In this table, the number of gates for each pipelinestage is presented. The

proposed double-precisionFPMAF design have approximately 8% more area than the

standard double-precision design.

Table 4.5 Area Estimates for Double-PrecisionFPMAF Design

Pipeline Stage Basic MAF Multi-Functional
Mantissa Prepare - 2805

Multiplication 23771 24184
Add 6450 6570

Round 5428 4950
Total Area 35649 38509

Table 4.6 presents delay estimates for conventional and theproposed design in

nanoseconds. The critical delay for the proposed double-precisionFPMAF design is

approximately 2.2% more than the critical delay for the standard double precision design.

The delay of the extra pipeline stage is less than the delay for the stage with longest delay.
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Table 4.6 Delay Estimates for Double-PrecisionFPMAF Design

Pipeline Stage Basic MAF Multi-Functional
Mantissa Prepare - 3.36

Multiplication 3.42 3.34
Add 3.53 3.61

Round 2.98 2.27

The previous double-precision designs presented in (Jessani and Putrino, 1998),

(Huang, Shen, Dai and Wang, 2007) and the proposed double-precision designs are struc-

turally very similar. The dual- precision design in (Huang,Shen, Dai and Wang, 2007)

and the proposed design in this study are synthesized using 0.18 TSMC standard library.

The extra hardware required to provide multi-precision execution functionality for the

proposed designs is less than 9% where as for Huang, Shen, Daiand Wang(2007) design

it is 18%. Note that the unit of area estimate for the proposeddesigns is the number

of gates while for Huanget al.’s design it is micrometer squares Huang, Shen, Dai and

Wang(2007). Even though synthesis tools, mantissa multiplier designs, and adder types

are different the estimated clock delays for the proposed and Huanget al.’s designs are

very close. The delay estimate for Jessani & Putrino’s design in (Jessani and Putrino,

1998) could be also very close to those two estimates, if it was synthesized with the same

ASIC library. So it can be assumed that the clock delays for all designs are equal. On

the other hand, the latencies for the designs in (Jessani andPutrino, 1998), (Huang, Shen,

Dai and Wang, 2007), and the proposed design are 3, 3, and 4, respectively.

Table 4.7 Additional Components in Multi-Functional Double-PrecisionFPMAF Design

Unit Name Wide Number
Adder/Subtractor 8-bit 3

Incrementer 8-bit 2
Incrementer 24-bit 2
Left Shifter 48-bit 1

Right Shifter 53-bit 1
Right Shifter 108-bit 1
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The design is implemented by extending the hardware of conventionalFPMAF units.

The additional components used to provide multifunctionality can be seen in Table 4.7.

However, the presented design methods can be tailored to provide same functions in other

high-performanceFPMAF designs. The extra hardware used to modify the standard de-

signs is not significant compared to the overall hardware. Infact, most part of it is fitted

into an additional pipeline stage. The proposed designs areexpected to increase perfor-

mance results for the applications that perform lots of independent floating-point multi-

plications. However, for the applications that may be data dependent, the extra pipeline

stage may reduce the performance compared to standardFPMAF designs.

4.4 The Results for Multi-Functional Quadruple-PrecisionFPMAF

The additional components used to convert the basic quadruple-precision to the Multi-

functional quadruple-precisionFPMAF are placed in the following stages:

The first stage: Two 17-bit adders, four 8-bit subtracters (in theExponent Adderand

Difference and Maximum Generator). The second stage: Three 103-bit right shifters (in

theMantissa Modifier 2). The fourth stage: Two 17-bit incrementers (in theExp Upd 1)

and, and two 53-bit incrementers (in theRounding 1). Two 106-bit 1-digit right-shifters.

The multi-functionalFPMAF design is compared with the standard quadruple-

precisionFPMAF by syntheses. All circuits are modeled using structural VHDL code.

The adders, subtracters and incrementers in these designs are implemented by using

parallel-prefix adders. The correctness of the proposed designs are verified with exten-

sive simulation. Table 4.8 presents area estimates for conventional and the proposed

designs. In this table, the number of gates for each pipelinestage is presented. The

quadruple-precisionFPMAF design have approximately 12.5% more area than the stan-

dard quadruple-precision design. The percentage increasein area is more than the one

for double-precision design, since the number of the supported modes is increased in

the quadruple-precision design. Table 4.9 presents delay estimates for conventional

and the proposed design in nanoseconds. The critical delay for the proposed quadruple-

precisionFPMAFdesign is approximately 5% more than the critical delay for the standard

quadruple-precision design. The delay of the extra pipeline stage is less than the delay for

the stage with longest delay.
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Table 4.8 Area Estimates for Quadruple-PrecisionFPMAF Design

Pipeline Stage Basic MAF Multi-Functional
Mantissa Prepare - 3494

Multiplication 106224 119684
Add 13518 13940

Round 11663 10720
Total Area 131405 147838

Table 4.9 Delay Estimates for Quadruple-PrecisionFPMAF Design

Pipeline Stage Basic MAF Multi-Functional
Mantissa Prepare - 4.63

Multiplication 4.43 4.71
Add 4.51 4.74

Round 4.26 4.65

The design is implemented by extending the hardware of conventionalFPMAF units.

However, the presented design methods can be tailored to provide same functions in other

high-performanceFPMAF designs. The extra hardware used to modify the standard de-

signs is not significant compared to the overall hardware. The additional components used

to provide multifunctionality can be seen in Table 4.10. Thesingle-precision operation

modes supported in all the design can be especially useful in3D multimedia applications

which do not require high-precision floating-point operands. The proposed design also

support dot product with low-precision operands. The presented dot-product mode re-

duces the rounding error, since only one rounding is performed in each pass. The proposed

design are expected to increase performance results for theapplications that perform lots

of independent floating-point multiplications. Another advantage of the proposed design

over the previous designs is that the proposed design can support more than two precisions

where as the previous designs can support only two differentprecisions. The proposed

quadruple-precision multiplier can perform double and single precision operations.
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Table 4.10 Additional Components in Multi-Functional Quadrable-PrecisionFPMAF De-

sign

Unit Name Wide Number
Adder/Subtractor 17-bit 4

Incrementer 17-bit 2
Incrementer 53-bit 2
Left Shifter 106-bit 1

Right Shifter 113-bit 3
Right Shifter 168-bit 1

4.5 The Multi-Precision Floating-Point Reciprocal Unit

The synthesis results for the proposed single/double precision floating point recipro-

cal unit is presented. The design in (Kucukkabak and Akkas, 2004) was used as refer-

ence standard double precision floating-point reciprocal unit with some estimation. The

estimations include design of unsigned radix-2 multiplier, carry propagate-adders and a

controlling logic for the multiplexers. The clock delays and area estimates (in terms of

number of gates ) for both designs are given in Table 4.11. Thevalues in Table 4.11 are

in nanoseconds for time and in number of gate for area.

Table 4.11 The Comparison of the Standard Double Precision and Proposed Floating-Point

Reciprocal Design

Design Numb. of Gates Latency
Reference Double Precision 31979 3.86

Single/Double Precision 33997 3.94

The single/double precision reciprocal unit has approximately 6% more area and has

about 3% more critical delay. The most critical delay occursin the multiplier. Because

of the multiplier we used is slightly modified a negligible difference occurs in delay. The

additional circuits cause also negligible grows in design.The floating-point reciprocal

units used in modern processors are usually pipelined designs. The design performs two

single-precision reciprocal with about same latency whichis dissolved in pipeline stages.
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The presented reciprocal unit is designed for multimedia applications and operates on

SIMD type data input. The accuracy of the results are 20 bits for each iteration. Compared

to the previous reference designs less than 1% area increaseand delay increase is reported

based on synthesis results. However the functionality of the reciprocal unit is improved to

support three operation modes. The mode that generates two different reciprocals simul-

taneously is expected to double the performance of single precision division operations.

The extra hardware used to modify the standard designs is significant compared to the

overall hardware. The additional components used to provide multi-precision can be seen

in Table 4.12. The proposed unit can be expanded to support reciprocal-square-root op-

eration with additional circuit and modifications.

Table 4.12 Additional Components in Multi-Precision Reciprocal Design

Unit Name Wide Number
Adder/Subtractor 8-bit 1

Incrementer 8-bit 1
Left Shifter 24-bit 1

Right Shifter 168-bit 1
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5. CONCLUSIONS

This dissertation presents novel floating-point hardware designs for multimedia ap-

plications. The main goal of the dissertation is to add functionality and accelerate the

basic arithmetic operations used in multimedia applications. Though multimedia appli-

cations require too much computational power, this computation is usually repetitive for

multimedia data. The SIMD extensions are developed to operate the same operation on

the pieces of a packed data in parallel. SIMD instruction setextensions are very popular

among major processor manifacturars. For example, SSE, SSE’, SSE3, SSE4 from In-

tel Corp., 3DNow form AMD are well know examples. instructions sets. The proposed

designs presented in this thesis offers efficient implementations of the main SIMD instruc-

tions offered in those popular multimedia instruction set extensions. More precisiley the

implementation for the following instructions are presented: Packed floating-point add,

packed floating-point multiply, packed floating- point multiply-add, dot product, packed

reciprocal operations.

The proposed multi-precision adder can be used in addition or subtraction of two

single precision or four half precision operands. When a matrix data has to be added

or subtracted, the proposed design can decrease the delay for the calculation about 70%.

The proposed floating point adder has about 40% more area withnearly same delay with

additional precision capabilities.

The proposed multi-functional MAF design can decrease the delay for the matrix mul-

tiplication with its dot product function. It decreases thedelay for parallel low precision

floating-point multiplications. The proposed design has about 2% more area and same

delay with basic double or quad precision multiplier with additional functions like dot

product and simulteneous multiplication of two or four single precision number.

Similar gains are achieved by the multi-precision reciprocal design. The proposed

design has about 6% more area than reference design. It has about 3% more delay but

has capability of taking reciprocal of two single precisionfloating number beside double

precision. When this design is coupled with a multi-functioncal MAF design, the design

can perform division or divide and sum operation or a divide and subtract operation.

The major general purpose processor manifactures and graphical processing unit man-

ifacturers are adding new futures to their designs to overcome multimedia load because the

99



5. CONCLUSIONS Metin MeteÖZBİLEN

demand on digital world increases day by day. Every single new future requires greater

computational power. The purposed designs give support with more computation with

same delay. This designs can be implemented directly into microprocessor as an exten-

sion or implemented as separate co-processor on a daughter board. When implemented as

add-on, it can be used by either graphical processing unit orcentral processing unit. With

some modification, they can be fit on an FPGA(Field Programmable Gate Array) and used

for extra calculating power for microcontrollers or analogdigital processing units.

Although there exists an abundance of multimedia applications, most of the operations

required to execute them are uniform. For example some imagemanipulation operations,

some 3D transformation like rotation, sizing, translationoperation or some audio manip-

ulation like amplification, equalization or echo addition/cancellation operations require

similar type of operations. All those applications may benefit from the designs developed

in this dissertation.
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