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Regression models are widely used in prediction to predict new future values
which provides information about the potential future events and their consequences.
Although the ordinary least squares estimator is the best linear unbiased estimator of
regression parameters in a linear regression model, we can improve upon the
variability of an estimator or a predictor of a regression coefficient when the
unbiasedness criterion can be skipped. Also, the predictive performance of a
regression model can be adversely affected by both multicollinearity and correlated
errors. In spite of biased estimation procedures have been proposed as an alternative
to least squares, there has been little analysis of the predictive performance of the
resulting equations. This study finds the optimal estimators and predictors of the
extended balanced loss function comparing them according to some criteria, and
discusses the predictive performance of various biased estimators under only
multicollinearity and under multicollinearity and correlated errors simultaneously in
terms of the prediction mean squared error. A simulation and numerical examples are
conducted to compare the resulting equations.

Keywords: Regression Model, Optimal Estimator, Multicollinearity, Correlated
Errors, Prediction Mean Square Error
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: Prof. Dr. M. Revan OZKALE
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: Prof. Dr. M. Akif BAKIR

Regresyon modelleri, gelecekteki muhtemel olaylar ve bu olaylarin sonuglari
ile ilgili bilgiler igceren yeni degerlerin kestirimini yapmak igin yaygin olarak
kullanilmaktadir. En kiiclik kareler tahmin edici lineer regresyon modelindeki
regresyon parametrelerinin tahmini icin en iyi lineer yansiz tahmin edicidir. Ote
yandan, yansizlik kriteri goz ardi edilirse, regresyon parametrelerinin tahmini ya da
kestirimi i¢in ¢esitli tahmin yoOntemleri gelistirilebilir. Ayrica, lineer regresyon
modelindeki agiklayici degiskenler arasinda coklu i¢ iliski varliginda ve hatalarin
iligkili olmasi durumunda kestirim performanst bu durumlardan kot bir sekilde
etkilenebilmektedir. Yanli tahmin yontemleri en kiiciik kareler tahmin ediciye
alternatif olarak kullanilmasina ragmen kestirim performanslari ile ilgili ¢ok az
calisma bulunmaktadir. Bu ¢alismada, genisletilmis dengeli kayip fonksiyonuna gore
en 1yl tahmin ediciler ile kestirimciler elde edilmis ve farkli kriterlere gore
karsilastirilmistir. Ayrica, c¢esitli yanli tahmin edicilerin kestirim performanslar
coklu i¢ iliski varhiginda ve hem c¢oklu i¢ iliski hem de hatalarin iliskili olmasi
durumunda kestirimci hata kareler ortalamasi kriterine gore incelenmistir. Son
olarak, elde edilen sonuglar1 incelemek i¢in sayisal 6rnek ve Monte Carlo simiilasyon
calismasi yapilmistir.

Anahtar Kelimeler: Regresyon Modeli, En Iyi Tahmin Edici, Coklu I iliski, iliskili
Hatalar, Kestirimci Hata Kareler Ortalamasi
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1. INTRODUCTION

The prediction problem of linear models belongs to the most important problems
of the statistical inference of linear models. Predicting future events based on the
historical and present data, captured people's attention and specialists dramatically.
Several techniques have been developed to address this problem and predict the future
behavior of a particular series of events. Prediction is one of the main statistical tools
used by researchers in order to find the best prediction model under specific conditions.
Clearly, no method of prediction can be perfect, but in a fixed situation one method may
be better than some alternatives.

The linear regression model plays an important role in prediction. Although the
Ordinary Least Squares (OLS) estimator is the Best Linear Unbiased Estimator (BLUE)
of regression parameters in a linear regression model, we can improve upon the
variability of an estimator or a predictor of a regression coefficient when the
unbiasedness criterion can be skipped. So, the optimal heterogeneous, homogenous and
homogenous-unbiased estimators of the Mean Square Error (MSE) are introduced and
discussed by many authors. Since the goodness of fitted model criterion is quite often
ignored which is used to investigate the performance of estimators, Shalabh et al. (2009)
proposed the Extended Balanced Loss Function (EBLF) in which the MSE, the Zellner’s
Balanced Loss Function (ZBLF) and the Predictive Loss Function (PLF) are just special
cases of it. So, we derive the optimal heterogeneous, homogenous and homogenous
unbiased estimators of the EBLF and discuss the performances of these estimators and
their predictors in Chapter 2.

It is well-known that the predictive performance of a regression equation can be
adversely affected by multicollinearity and correlated errors. Multicollinearity, linear or
near linear dependency among the explanatory variables in the regression model is an
important problem faced in application. The presence of multicollinearity has serious
effects on the OLS estimates of the regression coefficients. If multicollinearity exists, in
the method of least squares, the estimates of parameters will be poor generally, the
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variance of the regression coefficients may be inflated, the absolute values of the
estimates will be too large and they will be unstable. To overcome the problem of
multicollinearity, alternative estimators are designed. The most popular method in the
presence of multicollinearity is the Ordinary Ridge Regression (ORR) estimator which
was proposed by Hoerl and Kennard (1970).

Therefore, when multicollinearity occurred under the linear regression model,
Friedman and Montgomery (1985) focused on the prediction of a new response using
different biased regression estimators by finding their Scalar Predicition Mean Square
Error (pmse) and making comparisons among them as well as evaluating the predictive
ability of the estimators at a particular observation. Then, Ozbey and Kagiranlar (2015)
used a similar method to compare the Liu estimator (Liu, 1993) with other biased
estimators according to the pmse criterion. So, it is reasonable to extend this idea by
introducing two linear convex combination estimators of the operational optimal
heterogeneous estimator of the EBLF to examine their predictive performances
compared to OLS, ORR and Liu estimators in Chapter 3.

Autocorrelation in the errors in the regression model is an important problem
faced in application. The presence of autocorrelation has serious effects on the OLS
regression procedure. When autocorrelation is present in the errors, the OLS estimator
will not be efficient and the usual estimator of the variance—covariance matrix will be
biased. If variance—covariance matrix estimator is biased, then it may be misleading to
use these variances for the confidence intervals and hypothesis tests (see Griffiths et al.,
1993). To combat these effects, alternative methods were proposed. Aitken (1935)
derived the Generalized Least Squares (GLS) estimator. Moreover, the problem of
multicollinearity may also happens such that the GLS estimator gives unreliable
estimates, because of the large total variance. As a result, Trenkler (1984) extended the
idea of ridge regression to reduce the effects of autocorrelation and multicollinearity

problems.


http://www.tandfonline.com/doi/full/10.1080/03610926.2012.756914#CIT0002
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In the general linear model, the GLS estimator is the BLUE. However, in view of
the interdependence of the disturbances, the pattern of sample residuals contains
information which may be used to modify the regression function in order to reduce the
Prediction Mean Square Error (PMSE). So, Goldberger (1962) derived the Best Linear
Unbiased Predictor (BLUP) in the general linear regression model and found its pmse.
However, when multicollinearity occurred among regressors, it is useful to use the
biased regression estimators to find the biased predictors in order to reduce the pmse.
So, it is reasonable to extend this idea to derive the biased predictors. Also, the
predictive performance of various biased predictors with correlated errors is discussed

and all pair-wise comparisons are made among these predictors in Chapter 4.
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2. THE PERFORMANCE OF THE OPTIMAL EXTENDED BALANCED LOSS
FUNCTION ESTIMATORS AND PREDICTORS

2.1. Introduction

Although the OLS estimator is the BLUE of regression parameters in a linear
regression model, we can improve upon the variability of an estimator of a regression
coefficient when the unbiasedness criterion can be skipped. With this manner, the
minimum homogenous and the minimum heterogeneous mean squared error estimators
are introduced and discussed by Theil (1958), Toutenburg (1968), Rao (1971), Theil
(1971), Rao (1973) and Schaffrin (1985, 1986, 1987) among others. Then, the minimum
homogenous and the minimum heterogeneous prediction mean squared error predictors
related to the minimum homogenous and the minimum heterogeneous mean squared
error estimators are introduced and examined by Bibby and Toutenburg (1977),
Toutenburg (1968, 1970a, 1970b, 1970c), Goldberger (1962) and Toutenburg and
Trenkler (1990) among others. Since the goodness of fitted model criterion is quite often
ignored in which it is used to investigate the performance of estimators, Zellner (1994)
introduced the ZBLF which concentrates of estimates around true parameter and
goodness of fit of model. Further, Shalabh (1995) presented a PLF that not only
incorporates the ZBLF as its particular case but also measures the correlation between
the goodness of fit of model and concentration of estimates around the true parameter.
The ZBLF has received considerable attention in the literature under different setups, see
for example, Rodrigues and Zellner (1994), Giles et al. (1996), Ohtani et al. (1997),
Ohtani (1998, 1999) and Gruber (2004); see also Toutenburg and Shalabh (2005) for the
application of the ZBLF in some other areas of linear models. Appreciating the
popularity of the ZBLF, Shalabh et al. (2009) extended it further and presented a general
loss function called an EBLF to judge the performance of the OLS and the Stein-rule

estimation.
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As a consequence, it appears reasonable to extend the idea of finding optimal
estimators according to the general loss function, EBLF. So, we present some
fundamental concepts and loss functions. Then, we introduce and derive the optimal
EBLF estimators and predictors and discuss their performances. Finally, we give a

simulation study.
2.2. Linear Regression Model with Some Concepts and the Loss Functions

Let us consider the following linear model:

y=Xp+¢, (2.1.)

where y isan nx1 vector of responses, X isan nx p full column rank matrix of non-
stochastic predetermined regressors, S isa px1 vector of unknown parameters, and ¢
is an nx1 vector of iid (0,c?) random errors.

The OLS estimator of g in model (2.1.) is

f=(X"X)"X"y. 2.2)

This estimator is the most widely used technique for estimating the parameters of
the linear regression models. The main reason for focusing on the OLS estimator is
because it is unbiased and it has the minimum variance among all linear unbiased
estimators under some set of assumptions.

The optimal heterogeneous, homogenous and homogenous unbiased estimators

are found under the following criteria (Rao and Toutenburg, 1995),

R.(B,5,G)=E(B-B)G (S~ p), (2.3
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where G isapd px p-matrix.

R,(B.8.9)=E[(B- Yo (2.4

where g isafixed px1-vectorand g #0.
Ry(B. B) = E(y - XB)'(Y — XB). (2.5.)
ZBLF for any estimator B of g isintroduced by Zellner (1994) as follows:

ZBLF (B, B,t) =t(XB —Y)(XB —y) + Q-t) (B~ B) XX (B - 1), (2.6

where t is a scalar lying between 0 and 1 which provides the weight assigned to the
goodness of fit of model. The component (Xﬁ — y)’(X,E —y) reflects the goodness of fit

of B and the component (ﬁ = B) XX (ﬁ—ﬁ) reflects the precision of estimation of B .

Shalabh (1995) defined a target function for the purpose of simultaneous

prediction of actual and average values of y as
TH)=ty+@-t)E(y). (2.7)

The following PLF arises when we use the predictor X,E for simultaneous prediction of

actual and average values of y through the target function (2.7.):

PLF (B, B,t) =t 2(XB — y)'(XB — y) + L —1) 2(B - B) XX (B~ f)

8 - (2.8)
+2LA-1)(XB =) X(B = B)-
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Looking at the functional forms of the ZBLF and the PLF, Shalabh et al. (2009)
proposed the EBLF as follows:

EBLF (B, B.t,,t,) =t, (XB = y) (XB - ) +1, (B — B X X (B - ) (2.9)
+(L-t, —t,)(XB-Y) X(B - B),

where t, and t, are the scalars lying between 0 and 1 characterizing the loss functions
and t, +t, <1. Obviously, the function (2.9.) encompasses the loss functions for
goodness of fit, precision of estimation and the equations (2.3.), (2.4.), (2.5.), (2.6.) and
(2.8.) as its particular cases. Then, from equations (2.1.) and (2.9.), Shalabh et al. (2009)

observed that
EBLF (5, 8,1,,1,) =tig'e — L+t —t,) eX (B~ B) + (B - B) XX (B - B), (2.10.)

and the risk of any estimator ,5 is the expected value of the EBLF which is calculated

by
R(B, B1,.t,) = E(EBLF (B, .t .1,)). (2.11)

The main advantage of the EBLF is that it is more flexible in comparison to
(2.6.) and (2.8.). The ZBLF in (2.6.) takes care only either the precision of estimation
and the goodness of fit whereas (2.8.) extends it by considering the interaction or
covariation between the precision of estimation and goodness of fit. Ignoring this
covariation in the formulation of loss function may lead to wrong statistical inferences.
The weights assigned in (2.8.) for precision of estimation, goodness of fit and their
covariation depends only on one factor t assigned to one of the criterion only. The

EBLF in (2.9.) provides a more flexibile option of choosing different weights for
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precision of estimation, goodness of fit and covariation terms and, in the presence of
covatiation, it will obviously lead to improved statistical inferences (Chaturvedi and
Shalabh, 2014).

We use the following Lemma which was given by Rao (1973) and some
definitions were given by Rao and Toutenburg (1995, pp. 165-166) in the Theorems and

Corollaries.

Lemma2.1: If A:pxp, B:pxn, C:nxn and D:nx p and all the inverses exist, we

have

(A+BCD)'=A'-A'B(C'+DA'B)'DA™. (2.12.)
Definition 2.1. The MSE:
The MSE of the estimator S is defined as

MSE(8, 8) = E(B - B)(B - B) = Cov(}3) + Bias(B)Bias (B)’, (2.13)
where Cov(B) = E(8 —E(B))(8—E(B))' and Bias(5) = E(5)- 8.,
and the Scalar MSE (mse) of A is defined as

mse(B, B) = E(B — B)'(B — B) =tr Cov(B) + Bias ()’ Bias(5). (2.14.)
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Definition 2.2. The PMSE:
The PMSE of the predictor p is defined as

PMSE(p, y.) = E(p—V.)(p-Y.)"=Cov(p) + Bias(p)Bias(p)’, (2.15)

where y, = X, +&.,&. ~ (0,5°1) is the linear regression model of future observations,

Cov(p)=E(p—E(p))(p—E(p)) and Bias(p) = E(p) - X.p.

Definition 2.3. ( X./- superiority). Consider two estimators ﬁl and 52. Then the

predictor X*ﬁz of y. is said to be X. /3 -superior to X*ﬁl if
PMSE (X.3,, X.3) — PMSE (X.3,, X.8) > 0. (2.16.)

Definition 2.4. (y.- superiority). Consider two predictors p, and p, of y.. The

predictor p, is said to be y.-superior to p, if
PMSE(p,, Y.) — PMSE(p,,y.)>0. (2.17))

Note: when PMSE(p,,Y.)—PMSE(p,,Y.)=PMSE(p,, X.8)—PMSE(p,, X.[), the

X..[ - superiority implies y. - superiority, and vice versa.

2.3. The Optimal Extended Balanced Loss Function Estimators and Predictors and

Their Performances

Following Rao and Toutenburg (1995), we use the same forms of the
heterogeneous, homogenous and homogenous unbiased estimators to derive these

estimators for £ under the EBLF criterion.

10
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Theorem 2.1: Assume the linear regression model (2.1.) and the EBLF risk in (2.11.),

then the optimal linear estimators for £ are

(a) heterogeneous: ,51 —cf+(@1-c)B,
(b) homogenous: ,52 =cf+(1-0)rB,
(c) homogenous unbiased: 53 =5,

BXY

(1+t1 _tz)
ol + BXXB

where ¢ = ,0<c<land r =

Proof: (a) Firstly, we find the optimal, R -heterogeneous estimator Bl as follows:

let

181 =Ay+a,

where the matrix A(pxn) and the vector a( px1) are non-stochastic and determined

through optimization of the EBLF risk in (2.11.).

Then the EBLF in (2.10.) becomes

EBLF(B,) =t,c's — (1+1, —t,) eX ([Ay +a] - B)

(2.18)
+([Ay +a] - B)' XX ([Ay +a] - B).

So, the risk of S, is

11
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R(B,) =t,E(e'e) — (L+1, —t,) E(eX ([Ay +a]- 5))
+E(([Ay +a]- B) X X ([Ay +a]- f))
—t,no? —(L+t, —t,)o’tr (XA)+ o ’tr (A X XA) + AXAXXAXS  (2.19.)
+aX XAX B+ fXA'X Xa+a'X Xa— SXAXXL—a'XXp
— BXXAX S — BX Xa + BX X,

After differentiating R(ﬁl) with respect to the matrix A, we obtain

oR(B,) 291, 02 '
= At —t) "X 20" X XA+ 2X XAX BB (2.20.)

+2XXaBX —2XXBBX .

Then, after differentiating R(ﬁl) with respect to the vector a, we obtain

%=2XXAXﬂ+2XXa—2XXﬂ. (2.21)

After equating equations (2.20.) and (2.21.) to null matrix and zero vector, we get
A=c(XX)'X"and a=(1-c)3, (2.22)

L+t —-t,)

where ¢ = and 0<c<l.

Therefore, the optimal R - heterogeneous estimator is as follows:

B, =cf+(1—C)A. (2.23)

12
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(b) Secondly, we find the optimal, R -homogenous estimator ,52 as follows:
let ,Ez = Ay, then

EBLF (52) =te'e— A+t ) EX(AY - L) + (AYy — B) XX (Ay - f). (2.24.)
So, the risk of 3, is

R(B,) =tE(e'e) - A+, —t,) E(eX (Ay - ) + E((Ay - B) XX (Ay - )
=tno’ — 1+t —t,)o’tr (XA)+ o’tr (AXXA) + SX AXXAX B (2.25.)
— BXAXXB — BXXAX B + BXXL.

After differentiating R(Ez) with respect to the matrix A, we obtain

% = (L4t —t,) 02X +20° X XA+ 2X XAX BBX ' —2X XBAX'. (2.26.)

After equating equation (2.26.) to null matrix, we get
A=ca?(XX)IX'(c21+ XBBX) L + BBX (o1 + XBBX ). (2.27)

Then,
B, = Ay =[co? (X X)X (021 + XBBX) L + BAX (o1 + XBBX) ]y . (2.28))

Applying Lemma 2.1, we may simplify the expression for A by noting that

13



2.THE PERFORMANCE OF THE OPTIMAL EXTENDED BALANCED LOSS
FUNCTION ESTIMATORS AND PREDICTORS Issam DAWOUD

o' XBAX'

(O' I+ X,Bﬁ'X')* =0 I—m

(2.29.)

So, equation (2.28.) is

7 Avecod o2 (xX)ixy O BBXRY | g BXY
B, =Ay=co (O‘ (XX)" XY 1+O'_2ﬁ')(>(ﬁj+'8(0'2+,8’x>(ﬁ}. (2.30.)

Therefore, the optimal R - homogenous estimator is as follows:

B, =cf+(1—c)rp, (2.31)
where r = T _BX .
o’ + XXpB

(c) Finally, we find the optimal unbiased, R -homogenous estimator ﬁ~3 as follows:

a homogenous linear estimator is unbiased if

AX —1=0 (2.32))
or, equivalently, if

axX—-e =0 (i=12..p),

where e/ and a are the ith row vectors of 1 and A, respectively. Using (2.32.) in

(2.25.), we find that
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R(B,) =t,no? — 2catr (XA) + o 2tr (A'X XA) + BX XS (2.33)
Therefore, the optimal A in this case is the solution obtained from

min R(B,) =t,no? — 2cotr (XA)+ otr (AX XA) + SX X3
P (2.34)
~2) A @X —€),
i=1
where 4, 4,,..,4, are p-vectors of Lagrangian multipliers.  Writing

A, =4, 4,5, 4,), differentiating with respect to A and A, and equating to null

matrices, we get

%z—zwzxw 20°XXA-2AX'"=0, (2.35.)
RBs) _yax —1y=0, (2.36.)
oA

which yields the optimal A as

A=(XX)*X". (2.37)

The matrix A is consistent with the condition (2.32.):

AX = (XX) XX =1. (2.38)

Therefore, the optimal unbiased, R - homogenous estimator is specified by
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Bs=B=(XX)"XY. (2.39))
Corollary 2.1: R(S,) < R(B,) iff SXXfB <c?.
Proof: After substituting ,51 in (2.11.), we get

R(B,) =tE(g's) — 2¢°E(eX (B~ B)) + CE[(B — BY XX (B~ A))]
=t,o°n - 2c%ctr (X (X X)X ")+ c?a?tr (X (X X)X ) (2.40.)

=to’n-c’o’p,
where p=tr(X(XX)™*X").

After substituting 8, in (2.11.), we get

2

R(B,) =t,0°n—c2c2p+k(l—c)| 1-C) B8 - 2co> + =

s c—2k)}, (2.41))

BXXS <1.

where k = ———
o+ XXp

Then,

2

R(B,)-R(B,) = k(l—c){(l—c)ﬁ’ﬂ—ZCGz +Z (1+c—2k)}. (2.42))

1-k

Therefore, R(5,)— R(B,) is positive iff SXXB < o?.
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Corollary 2.2: 53 = ﬁ is a special case of the operational estimator of the estimator El

which does not depend on any unknown parameter.

Proof: Since the operational estimator of the estimator ,51 is El =ch+ (1—c)5 , Where

S is any estimator of g . Therefore, if ,5 is the OLS estimator, then ,gl =f= 53.
Corollary 2.3: If c=1, then B,, 53, and j3, have the same risk. (i.e. R=t,c?n—o’p).

Proof: If ¢ =1, then ,51 — ﬁz = ,E3 = /3. Therefore, Bl, ﬁ~2 and ﬁs have the same risk.

Also, substituting ¢ =1 in the equation (2.40.) or (2.41.), we get R=t,c°n—c’p.
Corollary 2.4: If ¢c=0, then

- ﬁz =rB =/, where B is the optimal mean squared error homogenous estimator of
B
- The operational estimator of 52 is 52 =ff (Dwivedi and Srivastava, 1978), where

f:—Bxy .
&2+ BXXp

Proof: The proof is evident by substituting ¢ =0 in Theorem 2.1.(b).

Theorem 2.2: The optimal heterogeneous predictor p, = X*ﬁl is always superior to the

optimal homogenous predictor p, = X*BZ in terms of the PMSE criterion.

Proof: Since

17
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PMSE (p,, y») = X.MSE(S,, B) X\ + o’
and

PMSE (p,, y.) = X.MSE(B,, B) X! + o1,
then

PMSE(p,, y.) — PMSE(p,, y.) = X. [MSE(5,, ) - MSE(,, B)|X.
to be pd, the sufficient condition is MSE(,EZ,ﬁ) — MSE(El,ﬂ) to be pd.

So,
MSE(f3,) = Cov (B,) = o°c*(X X) ™,

where Bias(ﬁl) =0.
Also, after substituting ,52 in equation (2.13.), we get
MSE(f,) = o2c2(XX) ™ +(1—-k)1—c?) B8,

where Cov(f,) = 2c2(XX) " + (L—Kk)(L—c)(2c + (1- c)k) A5’ and

Bias(f3,) = —(1—c)(1— k).

So,

18
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MSE(3,. 8) — MSE(f,, B) = 1—k)(1—c?) BB, (2.48.)
where (L-k)(L—c*)BB’ is always pd.
That means, MSE(S,, ) < MSE(8,, B) . Therefore, PMSE(p,, y.) < PMSE(p,. Y.).

Theorem 2.3: The optimal heterogeneous predictor p, = X*ﬁl is always superior to the

optimal homogenous-unbiased predictor p, = X*ES in terms of the PMSE criterion.
Proof: From Theorem 2.2, we have PMSE(p,,V.) = X*MSE(ﬁl,ﬂ)XL +0°I.
Also, we obtain

PMSE(p,, y.) = X.MSE(B,, B)X. + 1, (2.49.)

then
PMSE(p,, y.) - PMSE(p,, v.) = X. [MSE(5,, B) - MSE(B,, B)|X!  (2.50.)
to be pd, the sufficient condition is MSE(@,,B) — MSE(E’l,ﬁ) to be positive.
From Theorem 2.2, we have MSE(f,) = Cov(,) = o2c2(X X) ™.
Also, we obtain
MSE(3,) = Cov(83,) = o2 (X'X)*, (2.51)
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where Bias (EB) =0.

So,
MSE(f,, ) - MSE(,, B) = * (1—c*)(X X) (2.52.)

where o®(1—c?)(XX)™ is always pd.
That means, MSE(ﬁl,ﬂ) < MSE(Eg,ﬁ) . Therefore, PMSE(p,, y.) < PMSE(p;, Y.) .

Theorem 2.4: The optimal homogenous predictor p, = X*ﬁz is superior to the optimal

homogenous-unbiased predictor p, = X, when BB8'<o?(L—k)*(XX)™.
Proof: From Theorem 2.2, we have PMSE(p,, Y.) = X*MSE(EZ,ﬂ)Xi +0°1.
Also, from Theorem 2.3, we have PMSE(p,, VY.) = X*MSE(Es,ﬂ)Xi +0°l.
Then, we obtain
PMSE (p., y.) — PMSE(p,, y.) = X. [MSE(ES,ﬂ) - MSE(ﬁz,ﬂ)]Xi (2.53))
to be pd, the sufficient condition is MSE(S,, 8) — MSE(5,, 8) to be pd.
From Theorem 2.2, we have MSE(f,) = o%c?(XX) ™+ (1—k)1—-c?) 88"

Also, from Theorem 2.3, we have MSE(S,) = o-2(XX) ™.
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So,
MSE(B,. B) - MSE(B,, ) = (1—¢*)[o? (X X) ™ —(L-k) B 8], (2.54.

to be pd, the sufficient condition is o*(XX)™ —(1—-k)BB >0 where (1-c?) is
always pd.

Therefore, the sufficient condition to be 52 superior to ,53 and p, superior to p, is
BP <o?(1-k) (XX)™.
That means, MSE(BZ,ﬂ) < MSE(,@,,B) and PMSE(p,,Y.) < PMSE(p,,y.) Wwhen

LBL <o?(@-k) H(XX)™.

To examine the performances of the heterogeneous, homogenous and
homogenous unbiased predictors, it is sufficient to compare the performances of their

estimators using the estimated mse criterion.
2.4. The Monte Carlo Simulation Study

In this section, we present a simulation study to compare the performances of the
heterogeneous, homogenous and homogenous unbiased estimators. MATLAB is used
for the simulation experiment. Following McDonald and Galarneau (1975) and Kibria
(2003), the explanatory variables are generated by

2\1/2 H :

Xj =A-y)""z; +yz i=12..n j=12,..,p,

ip+1?
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where z; are independent standard normal pseudo-random numbers, y is specified so

that the correlation between any two explanatory variables is given by »*. Four different
sets of correlation are considered, corresponding to » =0.0,0.1,0.5,0.9. The explanatory

variables are then standardized so that XX is in correlation form.

Following Kibria (2003), we choose S as the normalized eigenvector

corresponding to the largest eigenvalue of the XX matrix. Observations on the

dependent variable are determined by

Yi =B + BiXiy + BaXia "‘"""ﬂpxip + &, i=12..,n

where ¢, are independent normal pseudo-random numbers with 0 mean and o
variance and S, is taken to be identically zero. Three values of o are considered which
are 0.1, 1 and 10. Then the dependent variable is standardized so that X'y is the vector
of correlations of the dependent variable with each explanatory variable.

In this study, we choose n = 20,60,100, ¢ =0.0,0.1,0.5,0.9 and p = 4. Then the

experiment is replicated 5,000 times by generating new error terms.
We use the mse criterion to investigate the performance of the heterogeneous,

homogenous and homogenous unbiased estimators. The estimated mse for any estimator

ﬁ’* is calculated as follows (Giiler and Kagiranlar, 2009):

mée = M—éN MclN(ﬂ - ﬁ)' (3 - 5) (2.55.)

where /3’,* is the computed value of g for the r-th replication of the experiment and

MCN is the number of replications. The results of the simulation study are summarized

in the Tables 2.1. — 2.3.. We have the following comments.
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Firstly, we discuss the results for o. As o increases, the estimated mse of the
mentioned estimators also increases.

Now, we investigate the effect of . For each value of o, as y increases, the
estimated mse of all mentioned estimators is fluctuated except ,El, 52 (when

c:05—0.9)and ﬁ3 for n =20, the estimated mse increases.

Also, for each value of o, y and n; as c increases, the estimated mse of the
mentioned estimators also increases.

In addition to that, we interpret the results for the sample size (n). In each given
value of o, y and c; as the sample size increases, the estimated mse of the mentioned
estimators gets smaller.

Finally, the inequality m§e(,51) < m§e(ﬁz) < m§e(,§3) always holds for each

valueof o, y, nand c.

2.5. Conclusion

We derive the optimal heterogeneous, homogenous and homogenous unbiased
estimators of the EBLF criterion and we make comparisons between the optimal
heterogeneous and the optimal homogenous estimators as well as other comparisons are
introduced by giving some corollaries under some conditions in terms of the EBLF risk.
In addition, we make all pair-wise comparisons among the optimal heterogeneous,
homogenous and homogenous-unbiased predictors in terms of the PMSE criterion. A

monte carlo simulation study is conducted to compare the resulting equations.
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3. PREDICTION OF THE LINEAR CONVEX COMBINATION OF BIASED
REGRESSION ESTIMATORS

3.1. Introduction

One of the most popular estimator dealing with multicollinearity is the ORR

estimator which is proposed by Hoerl and Kennard (1970) and is defined as

Bo=(X'X+kDX'y, k=0 (3.1)

where k is the biasing parameter. The purpose of adding the constant k to the diagonal

elements of the matrix X' X is the reduction of the sensitivity of the OLS estimates
when X' X is not close to the identity matrix.

Another alternative biased estimator dealing with multicollinearity is defined by
Liu (1993) as

By = (X' X+D) (X" y+dp)

. (3.2)
=(X'X+DH(X'X+d)3,  0<d<1l

where d is the biasing parameter. Bd =ﬁ’ when d =1. It is shown by Liu (1993) that

this estimator is superior to the OLS estimator in terms of the MSE criterion and has an
advantage over the ORR estimator because it is a linear function of d . So, the selection
of biasing parameter is simpler. Later, this estimator is called the Liu estimator by
Akdeniz and Kagiranlar (1995). Sakallioglu et al. (2001) compared the Liu estimator to
the ORR and the iterative estimators in terms of the MSE criterion.
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Since we introduced the non-operational optimal heterogeneous estimator of the
EBLF in equation (2.23.). So, we introduce the operational optimal heterogeneous

estimator of the EBLF as follows:

B=ch+1-0)B (33)
where 0<c<1 and ﬁ is any regression estimator of £ .

The Linear Bayes (LB) estimator is given by

B. =6+ HX'(XHX'+ %) (y - X6), (3.4.)

where g is a random variable with E(8) =6, Cov(f)=H and H is a Non Negative
Definite (n.n.d.) matrix (see in details, Gruber (2010, 2012) and Rao (1973)).

The alternative form of ,BC is given by Gruber (2012) as
B. = (XX +c?(UUHUU"Y" )" (XY +(UUHUU) 65?), (35.)
where UU' =T and (.)" is the Moore Penrose inverse.

The form in (3.5.) is a generalization of the ridge estimator and called ridge-type

estimator.
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Similarly, the Liu-type estimator is given as (Gruber, 2012),

;éLT =db*+(l_d),éc- (3.6)

where b™ = (X'X)" X'"y.

The Liu-type estimator is a convex combination of the OLS and the ridge-type with
respect to the prior assumptions E(8) =6, Cov(f)=F and F is an.n.d. matrix. It is

also the optimal estimator for the ZBLF. Using the alternative forms of the LB estimator

were derived in Gruber (2010), the Liu-type estimator may be rewritten in the form

B =(XX +c?(UUFUU) ) (XY +o?(UUFUU") 0 (37)
+do2(UUFUUY)* (3 -0)). .

Therefore, for the full rank case if the LB estimator in equation (3.6.) is replaced

with B in equation (3.3.), then the ridge-type and the Liu-type estimators when ¢ — 0

and ¢ —d respectively are just special cases of the operational optimal heterogeneous
estimator of the EBLF.

A convex combination of two estimators can be useful when both estimators

appear to be appropriate in a specific situation. So, as a special case, we replace the
ORR estimator in equation (3.1.) and the Liu estimator in equation (3.2.) with B in

equation (3.3) respectively and obtain two linear convex combination estimators: the
Combination of OLS and ORR (LOR) estimator and the Combination of OLS and Liu

(LOL) estimator as follows:
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:éLOR =ﬁ(k,c)=cﬁ+(1—c)ﬁk, (3.8)
BLOL = ,é(d,C) = CB"‘ @-c) Bd : (3.9)

We find that ., = A(k,c) in equation (3.8.) includes B, 4., B, and B(k,d) as

special cases:

1. lim BK,c) = lim Bk,c) =

c—d
2. lim Bk,c) =2,

3. lim B(k,c) = 4,

c—d

4. lim p(k,c) = p(k,d),

where ﬁ(k,d) is a two-parameter variation of the Liu estimator which is proposed by

Ozkale and Kagiranlar (2007) and takes the form
Bk,d)=(X'X +kD)(X'y+kdB) k=0, 0<d<1. (3.10.)

For the full rank case in (3.7.), the two-parameter Liu estimator is obtained when

2

6=0 and F :%I . Furthermore, Ozkale (2013) has also noted that A(k,d) can also

be demonstrated as

Bk, d)y=dS+@1-d)z,. (3.11)
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The two-parameter regression estimator is a convex combination estimator of

the OLS and the ORR estimators. For the full rank case, ,BC in (3.5.) simplifies to ,Bk

2
o

when =0 and H ZTI . In this case, ,B’LT simplifies to A(k,d).

Although p(k,d) is called as the two-parameter estimator by Ozkale and

Kagiranlar (2007), on account of the written form given in equation (3.11.), it is called
the "affine combination type" estimator by Ozkale (2013). Ozkale and Kagiranlar (2007)

have also noted that 3(k,d) can also be obtained by using the prior information on A

in the form of linear stochastic restrictions. Then, the estimator 3(k,d) is also derived
from the mixed estimation method suggested by Theil (1963) and Theil and Goldberger
(1961). S(k,d) is more stable than the OLS estimator and is a special case of the linear

Bayes, mixed and minimax estimators (see Gruber (2010, 2012)).

Also, .o, = A(d,c) inequation (3.9.) includes 3 and }3, as special cases:

1. lim B(d,c) =2

2. lim f(d,c) = 5,

BLo,. can also be obtained by using the following prior information. For the full

rank case, £, in (3.5.) simplifies to 3, when =d/ and H =o?l. In this case, 3,
simplifies to /3, -

As a consequence, it appears reasonable to evaluate the predictive performance of the

proposed two linear convex combination estimators. In this chapter, the predictive

performance of the LOR and the LOL estimators is discussed according to the pmse

criterion. A numerical example is given to demonstrate the theoretical results.
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3.2. Evaluations of the Prediction Mean Squared Errors
Following Friedman and Montgomery (1985) and Ozbey and Kaciranlar (2015)
we obtain the pmse of the LOR and the LOL estimators.

The pmse is a measure of the closeness of a predictor to the response being

predicted

pmse = E(y, - ). (3.12)

Let J represents the pmse. J is the sum of the variance (V)and the squared bias (B) of

the prediction:

J=V+B (3.13)

If y, is the value to be predicted, and ¥, is the prediction of that value, then the

variance and the bias of the prediction error are

V(yo - 90)=V(y0)+V(§/0) (3-14-)

and

Bias = E(y, — ¥,). (3.15.)

For convenience, the orthogonal form of model (2.1.)

y=Za+¢ (3.16.)
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will be used. Here Z=XU and «=U'S. Then the OLS estimator of « in model
(3.16.) is

a=2Z'2)"'2'y=A"2"y, (3.17.)

where A =diag (4,,4,,...4,) is the matrix of the eigenvalues of Z'Z and the lambdas

are in descending order.

If z, is the orthonormalized point at which the prediction y, is made, the pmse

of the OLS estimator is

Jos =0 {

Note that, since the OLS estimator is unbiased, its pmse is equal to its prediction

Mu

/1_()} (3.18.)

variance
Jos =Vors- (3.19.)
The ORR estimator of « in model (3.16.) is
=(Z'Z+K)'Z'y=(A+kD)*Z'y, k=0 (3.20.)

and the pmse of the ORR estimator is

22 . ]+ 2 (Z": 2,2, j | (3.21)
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where a, =4 +k (see also, Friedman and Montgomery (1985)).

The Liu estimator of « in model (3.16.) is

Ay =(ZZ+1)"(ZYy+da)
_(A+D)*(A+dDa@, 0<d <1l

and the pmse of the Liu estimator is

2

Zéi Ci 2 [ 2o i
it Jra-ar($52)

Jq =02(1+Zp:
i=1

i=1 i

where b, =4, +1and ¢, =4, +d (see also, Ozbey and Kagiranlar (2015)).
The LOR estimator of « in model (3.16.) is

Ao = [C(Z'Z)_l +1-c)(Z2Z+ kI)_l]Z’y
At +a-oa+k)tfzy, k=0,

The variance of the prediction error of the LOR estimator is

VLOR (yo - yo) =V(y0)+VLOR (yo)
=0’ +V (25 &\ or)

:02(1+i[(1_c)/1i +Ca, ]2 Zy J

ral

The bias of the prediction error of the LOR estimator is
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Bias oz = E(Y, — ¥o) = Zp ¢ — 2, E(& og)

P 7 a 3.26.
Kk(1-0)> 2% (326
i1 &
S0, the squared bias is
Pz .o r
Bor = Bias{or = kz(l_c)z[ (; i} : (3.27.)
i=1 i

By summing up the variance and the squared bias of the LOR estimator we obtain

J LOR :VLOR + BLOR

:O_z(l_'_i[(l—c)ﬂi +Cai]2 Zgi J+k2(l_c)2£iﬁ] . (3.28.)

i-1 ﬂiaiz i1 4
The LOL estimator of « in model (3.16.) is

Qo =|cl+A-c)(ZZ +1)(ZZ +dD)a

(3.29.)
[+ a-cya+n(a+dn]atzy, o<d<1.
The variance of the prediction error of the LOL estimator is
VLOL (YO - 90) :V(yo) +VLOL (90)
=c’+V(z)aL. ) (3.30.)
b [eh, +(@—c)c, [ 22
— 2 1+ [ i i 0i .
7 [ 2
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The bias of the prediction error of the LOL estimator is

Bias o, =E(Y,—Y¥,)=2a—2,E(& )

7 a 3.3L
— 1-c)1-d)Y 2, (3:31)
i Db
S0, the squared bias is
p bi 2
Bo. = Biasfo, :(1_C)2(1_d)2[ Ol;ai) . (3.32)
i1 N

By summing up the variance and the squared bias of the LOL estimator we obtain

J LOL :VLOL + BLOL

:Gz(“ikbi +(1/;;2)Ci % }L(l_c)z(l_d)z(i%J | (3.33)

3.3. Comparisons of Prediction Mean Squared Errors in Two Dimensional Space

Friedman and Montgomery (1985) used the pmse approach for evaluating the

predictive ability of different biased estimators in the linear regression model. By using
the two-dimensional space, they got the opportunity to obtain the ratio z2,/zZ,, and use

it as the reference point in their comparisons. Ozbey and Kagiranlar (2015) also used the
same method for the Liu estimator. We use the same method here for the LOR and the

LOL estimators. So, our inferences is based on the subspace of the observation to be

predicted (i.e., the ratio zZ,/z2,). As in Friedman and Montgomery (1985) and Ozbey

and Kagrranlar (2015) o is set to zero because, non-zero value of o increase only the

intercept values for the J,; and the J ,, but leave the curve for the J, ¢ unchanged.
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So, comparisons of J ., with J, and J, and J . with J, ¢, J, and J ., are

made and stated in the following five theorems.

Theorem 3.1:

02(a§ -(@-c) 4, +ca2)2)
A,k?(L-c)’

1If af > , then
-Jor <Jgs for a’ <((L-c) A, +ca,)?,

Z2

“Jior <Jois & %< f,(a;) for af >((1—c) 4, +ca,)®.
01

2 2 2

, O (a2 —(@-c)4, +ca,) )

2. If as < , then
; A,k2(1-c)?

-Jor <Jos for &’ >((1-c) A, +ca,)?,

22
-Jior <Jos & Z—‘f< f,(a7) for a7 <((L—-c) A4, +ca,)’.
01

Where

{1 ((1—c)/11+ca1)2]
-2l L

A Aal
f(a)) =+ —— TR (3.34)
c°(l-c)4, +ca,) +k 1-c)a, _o°
Ara; a 8

Proof: If the LOR estimator is superior to the OLS estimator in terms of the pmse

criterion, we have J, oz <Jq. . Thatis,
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J2 +O_2|:((1_C)21 +Ca1)2251 + ((1_C)ﬁ'2 +Ca2)2252:|

Ay 4285
+ kz(l—c);azzzgz <o’ + az(z—gl+z—§2j.
a2 2
Rearranging this inequality, we obtain
2 o’(-c)A, +ca,)’ . K’Q-c)’a; o° 4
3 7K a, Z
l— 2
*p{i‘« oa:wo}
A ZEh
If both
cyz((l—c))b22+ca2)2 +k2(1—;:)2a22 o’ (3.35)
ﬂ‘ZaZ a2 22
and
1_ 2
o2 i _ @-04 jcal) (3.36.)
/’i’l )“lal

have the same signs, the condition for the superiority of the LOR estimator over the OLS

estimator is

22 < f,(al). (337)
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If (3.35.) and (3.36.) have opposite signs, the condition for the superiority of the LOR

estimator over the OLS estimator is

Z2
22 £ (al). (3.38.)

01

It is obvious that if (3.35.) and (3.36.) have opposite signs, the right hand side of (3.38.)
is negative, thus (3.38.) always holds. Consequently, at that region the LOR estimator is
uniformly superior to the OLS estimator. The condition for the positiveness of (3.35.)

can be written as

2 02(a22 -(@-¢)4, +ca2)2)

3.39.
2 A,k2(L—-c)? (3:39)

and the condition for the positiveness of (3.36.) can be written as
a’ > ((L-c)A, +ca,)’. (3.40.)

Of course, the opposite conditions are needed for the negativeness of (3.35.) and (3.36.).

The vertical asymptote of the hyperbola f,(a) is at the point

) az(a§ —(@-0)A, +ca2)2)

_ 3.41.
2 LkZ(L—c)? (3.41)

Corollary 3.1: If ¢c=0 in Theorem 3.1, we get the Friedman and Montgomery’s (1985)

results.
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Corollary 3.2: If c=d and k =1 in Theorem 3.1, we get the Ozbey and Kagiranlar’s
(2015) results.
Theorem 3.2:

, then

LI o o? (22 —(1-c) 4, +ca,)?)
o 2,K[(L—c)? —1]

-Jor <J, for 22 <(@-c) 4, +ca,)?,

2
i <J, & %< f,(a?) for 22> (L—c) A +ca,)?.

01

2.1f a2 < o (2% - (@-c) 4, +ca,)?)

, then
Ak [A-c)? -1]

-Jiog <3, for 22>(A-c) A, +ca,)?,

2
i <J = %< f,(a?) for 22 <((L—c) A, +ca,)’.

01

Where

2(2*1 ((1_C)ll+ca1)2]
o’ X —

a’ Al
fo(ar) = 1 1 e (842)
o’ ((L-c) A, +ca,)’ k (1-c)’a’ o4 Ka
A,8; a, a, &,

Proof: If the LOR estimator is superior to the ORR estimator in terms of the pmse

criterion, we have J, oz <J, . That is,

2 {((1 0)A+ca)’zy  (A-0) 2, +Ca,)* 25, } k?(L-0)*a;25, _

Aal A,a7 a’

2 2 2

2 2 2 2 2

z A,z ko
O_2+O_2(ﬂ’1 Ol+ 2 OZJ 2 02
al a2 a2
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Rearranging this inequality, we obtain

2 [o-z((l—c)/lz +ca,)’ . K’Q-c)’a; o°4, kzagj

<
R — 2w a

72 az(ﬁ_ (@-0)4 +Ca1)2j
01 2 2 '
a ZLch
If both
2 B 2 2 _ 2 2 2 2 2
(o' (@ c)/12+ca2) L kd ;:) a © f"' _k OZ‘zJ (3.43)
A,a, a, a, a;
and
_ 2
02( iz K@ c)/ll;kcal) J (3.44.)
a, Zoth

have the same signs, the condition for the superiority of the LOR estimator over the

ORR estimator is

2
YA
Z—‘;Z < f,(a?). (3.45.)

01

If (3.43.) and (3.44.) have opposite signs, the condition for the superiority of the LOR

estimator over the ORR estimator is

52
%> fo(a3). (3.46.)

01
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It is obvious that if (3.43.) and (3.44.) have opposite signs, the right hand side of (3.46.)
is negative, thus (3.46.) always holds. Consequently, at that region the LOR estimator is
uniformly superior to the ORR estimator. The condition for the positiveness of (3.43.)

can be written as

.ot —(@-0) 4, +cay)’)

3.47.
3’ ALKZA—c)? 1] (347)
and the condition for the positiveness of (3.44.) can be written as
X >(@Q-c)4 +ca,)*. (3.48))

Of course, the opposite conditions are needed for the negativeness of (3.43.) and (3.44.).

The vertical asymptote of the hyperbola f,(a) is at the point

O -(-0)2, +ca,)’) (3.49)
2 AKAA-c)? -1 o

Theorem 3.3:

o?(b2 - (cb, + (1) c,)?)

1If a? >
i ,(1-c)*(A-d)

, then

-JioL <Jous for b7 <(cb, + 1—c)c,)?,

ZZ
-Jio <Jos & < f,(a?) for b? > (ch, + (1—c)c,)?.
01
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o?(b? - (cb, + 1-c)c,)?)
A,(1-c)*(1—d)?

2.1f a? < , then

-J o, <JgLs for b2 >(cb, +(L-c)c,)?,

2
z
-JioL <Jos © —2 < fy(a7) for b <(cb, +(1—c)c,)?.
01

Where

o2 i_ (Cbl + (l_c)cl)2
2 Ab!

fs(azz): .
(az(cb2 +l-0)¢c,)’  (1-9*@-d)’a] 02]

(3.50.)

A;b; b, 8

Proof: If the LOL estimator is superior to the OLS estimator in terms of the pmse

criterion, we have J o <Jq. Thatis,

oo @+ A-0)e) 7 | (b +(A-0)c,)’ 2 | A-0)(-d) alzd, _
7} 2.b; b;

2 2
72z
ol +o?| 2oLy 02|
A A,

Rearranging this inequality, we obtain

, [ o?(ch, +(1-c)c,)? (1-c¢)’@-d)’a; o?
b0z b2 " b2 )
22 2 2
_ 2
ﬁpfi_@mﬂlﬁq)}
A Ab;

If both

43



3. PREDICTION OF THE LINEAR CONVEX COMBINATION OF BIASED
REGRESSION ESTIMATORS Issam DAWOUD

o’(ch, +(L-c)c,)? N (-0’@-d)’a; o
A,b; b; 2,

(3.51)

and

02[ 1 (ch +(1—2c)c1)2j 352)
/11 ﬁ“lbl

have the same signs, the condition for the superiority of the LOL estimator over the OLS

estimator is

Z2
?§<gm9. (3.53.)

01

If (3.51.) and (3.52.) have opposite signs, the condition for the superiority of the LOL
estimator over the OLS estimator is

ZZ
22 5 f,(a?). (3.54.)

01

It is obvious that if (3.51.) and (3.52.) have opposite signs, the right hand side of (3.54.)
IS negative, thus (3.54.) always holds. Consequently, at that region the LOL estimator is
uniformly superior to the OLS estimator. The condition for the positiveness of (3.51.)

can be written as

2>a%@—@@+a—Q%f)

a, 2 > (3.55))
Ja—c)P(—d)
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and the condition for the positiveness of (3.52.) can be written as
b’ > (ch, + (1-c)c,)’. (3.56.)

Of course, the opposite conditions are needed for the negativeness of (3.51.) and (3.52.).

The vertical asymptote of the hyperbola f,(a?) is at the point

, (b2 —(cb, +(1-c)c,)?)

a, = 3 5 (3.57))
2,1—c)’ 1-d)

Corollary 3.3: If ¢=0 in Theorem 3.3, we get the Ozbey and Kagiranlar’s (2015)

results.

Theorem 3.4:

o?(c2 - (cb, +(1—¢)c,)?)

1LIf af >
A,(1=d)*[1~c)* -1]

, then

-J o <Jy for ¢/ < (ch, +(—-c)c,)?,

2
i <y & 22 < £, (@) for ¢ > (cb, +(A—0)c,)’.
01
2 2 2
, o2(c? —(ch, + (1-c)c,)?)

2.If a; < ; 5 , then
A,(1=-d)"[A-0c)" -1]

-Jo <J4 for ¢/ > (cb, +(@-c)c,)?,

ZZ
-Jio <Jg & 2 < f,(af) for ¢ <(cb, +(1-c)c,)?.
01
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Where

O'Z C12 _(Cbl+(1_c)cl)2
ﬂ‘lblz ﬁ’lblz
o?(ch, + (1-c)c,)? . 1-0)’@-d)?a} o’ci (@-d)’al)
A,bZ b? A,b? b?

(3.58.)

f4(a22) =

Proof: If the LOL estimator is superior to the Liu estimator in terms of the pmse

criterion, we have J,, <J,. Thatis,

by Ay by

2,2 2,2 2 2,2
cz csz 1-d)asz

O'2+02 1 021+ 2022 +( )2 2 02.
AbS A, b,

o2 +O_2{(Cb1 +(1_C)C1)2251 n (ch, +(1—C)C2)ZZ§2}+ (1_C)2(1_d)205222§2 <

Rearranging this inequality, we obtain

(07, +(1-0)c,)*  (1=0)’@A-d)’ai _o’c} _(-d)’aj)_
” b3 b; A.b; b;

) [ ¢’ (cb1+(1—c)c1)2j
ZOlO' o 2 .
Ay Ay

If both

(az(cbz +1-0¢,)’  @-0’A-d)’el o’cl (-d) e}

3.59.
b o2 Wl b j (59)

and
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2 _ 2
O_2 Cl - _ (Cbl + (1 ZC) Cl) (3.60.)
ﬂ’lbl ﬂ’lbl

have the same signs, the condition for the superiority of the LOL estimator over the Liu

estimator is

ZZ
292 < f,(a?). (3.61.)

01

If (3.59.) and (3.60.) have opposite signs, the condition for the superiority of the LOL

estimator over the Liu estimator is

Z2
225 £, (ad). (3.62.)

01

It is obvious that if (3.59.) and (3.60.) have opposite signs, the right hand side of (3.62.)
IS negative, thus (3.62.) always holds. Consequently, at that region the LOL estimator is
uniformly superior to the Liu estimator. The condition for the positiveness of (3.59.) can

be written as

, o5 (b, +1-0)c,)?)

@ 3.63.
*T A0-d)’[-c)’ -1] (56%)
and the condition for the positiveness of (3.60.) can be written as
¢/ > (cb, +(@1-c)c,)’. (3.64.)
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Of course, the opposite conditions are needed for the negativeness of (3.59.) and (3.60.).

The vertical asymptote of the hyperbola f,(a) is at the point

2 _ Gz(czz —(cb, +(1_C)C2)2)

@, 2 2 (3.65)
A4, (1-d) [A-c)" -1]

Theorem 3.5:

o (4= ) 2, +€a,)bZ — (cb, + - 0)c,)*aZ)

, then
A,(1-c)?’[(1—d)?a; —k®b;]

1If af >
~Jior <Jior for ((1-c) 4 +ca,)’by < (cb, +(1-c)c,)*a;,

2
-JioL <Jir & %< f.(a?) for (1-c) A, +ca,)’b? > (cb, +(1-c)c,)’a;.
01
, c((@=c)4, +ca,)?b? —(ch, + (1-c)c,)?a?)

2. If a; < , then
i 2,(L-c)’[1—d)?a? —k?b?]

-J LOL <J LOR for ((1_C)Z1 +Ca1)2b12 > (Cbl + (1_C) Cl)2a12’

ZZ
Jio < r e < f.(al) for (1-c) A, +ca,)’b? < (cb, +(1—c)c,)’a/.
01

Where

a{«l—cm +ca,)’  (ch, +(1_C)Cl)2j
Aay Ab!
o’(cb, + (1-c)c,)’ N (1-c)*@-d)’a; o*(@-0)4, +ca2)2J+
A,b? b2 A,a2

KX(l-c)’al
a;

.(3.66.)

fs(azz)[
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Proof: If the LOL estimator is superior to the LOR estimator in terms of the pmse

criterion, we have J o <J g. Thatis,

GZ-I-O'Z (Cbl+(l—C)Cl)ZZ§l+(Cb2+(1—C)CZ)ZZ§2 +(1_C)2(1_d)205222§2 <
Abf 2,b; b;

2 52 (L-c)A4 +Ca1)22(§1 n (L-c) 4, +Ca2)ZZ§2 " kz(l_c)zazzzgz
O (o2 2 2 2 .
ZEh 4,85 a,

Rearranging this inequality, we obtain

2 [az(cbz +(1-c)c,)? p @-c)’@-d)’a; o’(1-0)4, +ca2)2J+

4 A,0; b; 2,85
2022[_ k2(1—c)2a.§}< Zozla{«l—cm +ca,)’  (ch, +<1—c)c1)2}
a; Aat Abf
If both
[az(cbz +(1-c)c,)? . (1—0)2(1—d)2a22j+
b3 b;
(3.67)
_o’(@-c)4, +ca,)® k*(l-c)’e;
[t e
and
a{((l—cm rea)®  (ch +(1-c) cl)ZJ (368)
A,8; Zh
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have the same signs, the condition for the superiority of the LOL estimator over the

LOR estimator is

Z2
< fia)). (3.69.)

01

If (3.67.) and (3.68.) have opposite signs, the condition for the superiority of the LOL
estimator over the LOR estimator is

72
% > fy(a3). (3.70.)

01

It is obvious that if (3.67.) and (3.68.) have opposite signs, the right hand side of (3.70.)
is negative, thus (3.70.) always holds. Consequently, at that region the LOL estimator is
uniformly superior to the LOR estimator. The condition for the positiveness of (3.67.)

can be written as

»_ o”((@-c) 4, +ca,)’h — (cb, + L-0)c,)"al)

3.71.
“ A,(1-c)*[1~d)*a; —k*b;] ¢7)
and the condition for the positiveness of (3.68.) can be written as
((A-c)A4 +ca)’hy > (ch, +(1-c)c) ;. 3.72)

Of course, the opposite conditions are needed for the negativeness of (3.67.) and (3.68.).

The vertical asymptote of the hyperbola f,(«?) is at the point
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o o*((@-c) 4, +ca,)?b? — (cb, + (1-c)c,)?a?)
: 4,(1-c)’[(1-d)*a; —k*b;] '

(3.73)

Corollary 3.4: If ¢c=0 in Theorem 3.5, we get the Ozbey and Kagiranlar’s (2015)

results.

The estimation of the biasing parameters k and d are the important issue for a-
multicollinear regression model. We have not made any attempt to estimate them.
However, we refer our readers to Hoerl and Kennard (1970), Kibria (2003), Khalaf and
Shukur (2005), Muniz and Kibria (2009) and Liu (1993) among others.

3.4. Numerical Example

In this section, we illustrate our theoretical results using the example given by
Friedman and Montgomery (1985) (i.e., o> =1, k=0.1, 4, =1.95 and A, =0.05) and

Ozbey and Kagiranlar (2015) (i.e., d =0.9) as well as we let ¢ =0.5.
Firstly, let us consider the predictive performances of the LOR and the OLS

estimators. From (3.34.), we get

0.024711

f.(a?)= , 3.74.
(@) 0.1111¢2 -11.1111 (3.74)
which is a hyperbola with a vertical asymptote at
a’ =100. (3.75)
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Because of both z72,/z;, and « are positive, we are interested only in the points which

lie in the first quadrant. Figure 3.1. illustrates this situation. For values of «? smaller
than 100, the LOR estimator is uniformly superior to the OLS estimator. For larger
values of o there is a trade-off between these two estimators. If the value of the
ratio z;,/zZ, is smaller than the value of f,(c;), then the LOR estimator is superior to

the OLS estimator, otherwise the OLS estimator is superior to the LOR estimator.

05 1 f,(e3)
045 A
04 4
035 A
03 - A
0.25 A
021 A=1J0r <Jois
0;: | B=1Jois <Jior
0.05 1
0  E —— &}

0 20 40 60 80 100 120 140 160 180 200

Figure 3.1. The pmse comparison of the LOR and the OLS

We take different values of ¢ as 0.1,0.2,...,0.9 to determine the effect of ¢ on

the predictive performance of the LOR estimator and the OLS estimator.

Table 3.1. ¢ and «. values for the LOR vs. the OLS.
c 01 02 03 04 0.5 0.6 0.7 0.8 0.9
a; 467 550 657 80.0 1000 130.0 180.0 280.0 580.0

Table 3.1. shows that if ¢ increases, the value of «; increases. That means, when o is

increasing, the region where the LOR estimator is uniformly superior to the OLS

estimator is expanding.
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-In this part, we get the same results of the example given by Friedman and
Montgomery (1985) if ¢=0. Also, we get the same results of the example given by
Ozbey and Kagiranlar (2015) if c=d and k =1.

Secondly, let us consider the predictive performances of the LOR and the ORR

estimators. From (3.42.), we get

0.0241

f,(a}) = : 3.76.
2(2) 0.333302 —6.6667 (3.76.

which is a hyperbola with a vertical asymptote at
a’ =20. (3.77))

Figure 3.2. illustrates this situation. For values of «? smaller than 20, the LOR estimator
is uniformly superior to the ORR estimator. For larger values of « there is a trade-off
between these two estimators. If the value of the ratio z7,/zZ, is smaller than the value

of f,(a?),then the LOR estimator is superior to the ORR estimator, otherwise the ORR

estimator is superior to the LOR estimator.

05 1 fy(e7)

045 -

04 4

035 - A B

03 1

0.25 1

02 - A=J o <J,
015 B=J, <J,on
01

0.05 1

0 — ———— azz

0 5 10 15 20 25 30 35 40 45 50 55 60

Figure 3.2. The pmse comparison of the LOR and the ORR
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-The effect of ¢ on the predictive performance of the LOR estimator and the ORR

estimator is described in Table 3.2.

Table 3.2. ¢ and «; values for the LOR vs. the ORR.
Cc 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
a) 116 133 153 175 200 229 262 300 345

Table 3.2. shows that if ¢ increases, the value of «? increases. That means, when . is
increasing, the region where the LOR estimator is uniformly superior to the ORR
estimator is expanding.

Thirdly, let us consider the predictive performances of the LOL and the OLS

estimators. From (3.50.), we get

0.017236

f.(a?)= , 3.78.
5(2) 0.00226 oz —1.8595 (3.78)
which is a hyperbola with a vertical asymptote at
a? =820. (3.79)

Figure 3.3. illustrates this situation. For values of a’ smaller than 820, the LOL
estimator is uniformly superior to the OLS estimator. For larger values of o there is a
trade-off between these two estimators. If the value of the ratio zZ,/zZ, is smaller than
the value of f,(a?), then the LOL estimator is superior to the OLS estimator, otherwise

the OLS estimator is superior to the LOL estimator.

54



3. PREDICTION OF THE LINEAR CONVEX COMBINATION OF BIASED
REGRESSION ESTIMATORS Issam DAWOUD

05 1 ()
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0
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Figure 3.3. The pmse comparison of the LOL and the OLS
-The effect of ¢ on the predictive performance of the LOL estimator and the OLS

estimator is described in Table 3.3.

Table 3.3. ¢ and «? values for the LOL vs. the OLS

C 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

a) 4467 5050 580.0 680.0 820.0 1030.0 1380.0 2080.0 4180.0

Table 3.3. shows that if ¢ increases, the value of « increases. That means, when . is
increasing, the region where the LOL estimator is uniformly superior to the OLS
estimator is expanding.
-In this part, we get the same results of the example given by Ozbey and Kagiranlar
(2015) if c=0.

Fourthly, let us consider the predictive performances of the LOL and the Liu
estimators. From (3.58.), we get

0.01694
0.00681c? —1.7687

f(a;)= (3.80.)

which is a hyperbola with a vertical asymptote at
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a; = 260. (3.81)

Figure 3.4. illustrates this situation. For values of « smaller than 260, the LOL
estimator is uniformly superior to the Liu estimator. For larger values of ¢ there is a
trade-off between these two estimators. If the value of the ratio zZ,/zZ, is smaller than

the value of f,(a?), then the LOL estimator is superior to the Liu estimator, otherwise

the Liu estimator is superior to the LOL estimator.

051 f,(a7)
0.45 -
04
0.35 1
03 4 A B
0.25 1
0.2
015 1 A= <Jy
0.1 - B=Jy<Jia
0.05 1
0 T T T T T T T 1 azz

0 50 100 150 200 250 300 350 400

Figure 3.4. The pmse comparison of the LOL and the Liu

-The effect of ¢ on the predictive performance of the LOL estimator and the Liu

estimator is described in Table 3.4.

Table 3.4. ¢ and «? values for the LOL vs. the Liu
c 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
a; 2011 2133 2271 2425 2600 280.0 303.1 3300 3618

Table 3.4. shows that if ¢ increases, the value of « increases. That means, when . is

increasing, the region where the LOL estimator is uniformly superior to the Liu

estimator is expanding.
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Finally, let us consider the predictive performances of the LOL and the LOR
estimators. From (3.66.), we get
0.00747

f.(a?) = , 3.82.
s(2) 0.10884 2 —9.2516 (3.82)

which is a hyperbola with a vertical asymptote at
a’ =85, (3.83))

Figure 3.5. illustrates this situation. For values of o> smaller than 85, the LOL estimator
is uniformly superior to the LOR estimator. For larger values of «. there is a trade-off
between these two estimators. If the value of the ratio zZ,/zZ, is smaller than the value

of f.(a’), then the LOL estimator is superior to the LOR estimator, otherwise the LOR

estimator is superior to the LOL estimator.

05 1 f5(e7)
0.45 -

04 -
0.35

0.3 - A B
0.25 -
0('); ] A= <Jior
01 - B=Jr <Jdia
0.05 -

0 —— e !

0 20 40 60 80 100 120 140 160 180 200

Figure 3.5. The pmse comparison of the LOL and the LOR

-The effect of ¢ on the predictive performance of the LOL estimator and the LOR

estimator is described in Table 3.5.

57



3. PREDICTION OF THE LINEAR CONVEX COMBINATION OF BIASED
REGRESSION ESTIMATORS Issam DAWOUD

Table 3.5. ¢ and o values for the LOL vs. the LOR
c 01 02 03 04 05 0.6 0.7 0.8 0.9
a; 383 456 550 675 850 1113 1550 2425 505.0

Table 3.5. shows that if ¢ increases, the value of «? increases. That means,

when o is increasing, the region where the LOL estimator is uniformly superior to the

LOR estimator is expanding. In this part, we get the same results of the example given
by Ozbey and Kagiranlar (2015) if ¢ =0.

3.5. Conclusion

We investigate the predictive performance of the proposed LOR estimator
compared to the OLS and the ORR estimators and the proposed LOL estimator
compared to the OLS, the Liu and the LOR estimators. The comparisons of these
estimators are in terms of the pmse criterion at a specific point in the two-dimensional
regressor variable spaces. In this context, the pmse of the LOR and the LOL estimators
are developed and five theorems are given. In addition, three corollaries are given here
illustrating that the theorems given by Friedman and Montgomery (1985) and Ozbey and
Kagiranlar (2015) are just special cases of the Theorems 3.1, 3.3 and 3.5. The theoretical
consequences are illustrated by a numerical example and the regions are assigned for the
superiority of the proposed estimators. For some values of o, there are trade-offs
between the relative effectiveness of the estimators. The OLS estimator is effective only

when the value of «’ is large compared to the LOR and the LOL estimators. The

effectiveness of these techniques is also affected by the location of the prediction point
and by the scalar ¢ such that when c is increasing, the region where the proposed
estimator is uniformly superior to the other mentioned estimators is increasing and if
c=0, we get the same results of the example given by Friedman and Montgomery

(1985) and Ozbey and Kagiranlar (2015). In the numerical example, a region is
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established where the LOR and the LOL estimators are uniformly superior to the
mentioned estimators above. This implies that it is theoretically possible to determine

such a region.
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4, THE PREDICTIVE PERFORMANCE EVALUATION OF BIASED
REGRESSION PREDICTORS WITH CORRELATED ERRORS

4.1. Introduction

The general linear regression model is given by

Y=XB+uU, 4.1)

where Y is an n x 1 vector of responses, X is ann x p full column rank matrix of non-

stochastic predetermined regressors, g is ap x 1 vector of unknown parameters, and u
is an n x 1 vector of 11D(0,V) random errors and V is a known nxn Positive Definite

(pd) matrix (Trenkler, 1984).

Consider the problem of predicting a single drawing of the regressand given the

vector of regressors. The actual drawing will be

Yo =X B +&, (4.2)

where y, is the 1x1 scalar value of the regressand, x, isthe px1 vector of prediction
regressors; and &, is the 1x1 scalar value of the prediction disturbances.

A more appealing set of assumptions is one which allows the prediction

disturbance to be correlated with the sample disturbances. Therefore, we shall assume

g, ~(0,0¢) and Cov(u,&,)=w (4.3)

where w is the nx1 vector of covariances of the prediction disturbance with the vector

of sample disturbances.
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Goldberger (1962) used Lagrangian multipliers to find the BLUP which is
P, = X, b+WV (Y — Xb) =X, b+wV e, (4.4)
where b= (X'V X)XV (Aitken, 1935) and e is simply the nx1 vector of sample

residuals from the generalized least squares regression. Also, he gave the pmse of the
linear predictor p=c'Y as follows:

J=V (p) + (bias(p))*

=c'Ve+ 02 —2c'w+ (X', B—E(p))? (45
where ¢ isa nx1 vector of constants.
Then, he derived the pmse of the BLUP as follows:
T = 02 + X (XV X)X —2X, (X 'V X)XV w 46)

—WV VXXV IX) XV T w

In this chapter, we derive the Linear Ridge Predictor (LRP) and the Linear Liu Predictor
(LLP) when the disturbances are correlated and then discuss the predictive performance
of these biased predictors with all pair-wise comparisons among these predictors. A

numerical example is given to demonstrate the theoretical results.

4.2. The Prediction Problem

In practical applications of the general linear regression model, there is often
severe but not exact multicollinearity. When multicollinearity is present, the method of

GLS generally produces poor estimates of parameters. The variance of the GLS
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estimates of the regression coefficients may be inflated, and the absolute value of the
GLS estimates will be too large and they will be unstable; that is, their magnitudes and
signs may change considerably on a different sample.

To overcome these problems, alternative biased estimators (i.e. ORR and Liu
estimator) combined with the GLS estimator are proposed (see Trenkler, 1984 and
Kagiranlar, 2003). Now, we introduce the LRP and the LLP, respectively.

From Goldberger (1962), after applying Lagrangian multipliers, we have

AC —2W—2X1 =0, (4.7)

2X'c—2x, =0, (4.8)

where A isa px1 vector of Lagrangian multipliers.

After solving the equations (4.7.) and (4.8.), we get

c=V'w+V*'X1, (4.9.)
and

X'VIw+ X'V IXA=X,. (4.10.)

A popular numerical technique to deal with multicollinearity is the ridge
regression. The Heteroscedastic Ridge Regression (HRR) estimator which is proposed

by Trenkler (1984) is perhaps the first biased estimator combined the ORR estimator

with the GLS estimator. The use of this estimator is motivated by the fact that the matrix

X'V X in equation (4.10.) is stabilized when a positive number k is added to each of

its main diagonal elements. Small relative changes in the matrix X'V "X +KkI should
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involve small relative changes in the inverse. In other words, augmenting the diagonal of

X'V7'X with small positive quantities portrays the sensitivity of the solution to

X'V7*X.
Therefore, we get

A= (X'V X +KD) (%, = X'V )
and

¢, =V WV X (X'V X +KI) X, =V X (X VX +KD) XV . (4.11)
So, we define the LRP as

B, =CLY =X, (XVIX +KD) X VY +wV ol —

WV XXV X + kD)X VY (4.12)

=X, b, +WV (Y - Xb,) =X, b +wVe,

where e, is simply the nx1 vector of sample residuals from

b, = (X'V*X +KI)™* X'V which is the HRR estimator.

Following the method above, we define the LLP as

P, =C,Y =x,b, +WV (Y — Xb,) = X, b, + WV e, , (4.13)

where
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¢, =V WV X (X'V X)XV X +dD)(XV X +1) X,
VX (XVEX)HXVEX +dI) (X VX + D)XV w
and e, Is simply the nx1 vector of sample residuals from
by = (X'V*X +I)(X'V X +dI)b which is the Generalized Liu Estimator (GLE)
(Kagiranlar, 2003).

4.3. The Properties of the Predictors

We discuss the properties of the predictors under w=0, w=0 and the

stationary First-Order Autoregressive (AR(1)) process.

Assume the prediction disturbances are independent of the sample disturbances

so that w=0. This independence assumption would seem to be the appropriate one for

the classical case where V =I. So, the LRP reduces to p, =x', /3, Friedman and

Montgomery (1985) and the LLP reduces to p, = X/, ,Bd (Ozbey and Kagiranlar, 2015).

Since the reduction of the pmse associated with the use of our predictors (4.12.)

and (4.13.) we obtain the pmse of each predictor under w = 0, respectively.

A

-For the LRP, we first obtain its variance by substitution of the ¢, of (4.11.) into the

general variance expression V, = ¢', V¢, + o7 —2¢', w, which reduces to

V, =02+ X'y AXy — 22X, AX'V IW— W[V -V IX AX'V Hw,

where A= (X'V X +KD)™(X'V X)XV X +KD) T
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and its bias is calculated by finding

bias, = X', § - E(f,)
=X\, f—E(X,b, +WV (Y - Xb,))
— KXWV XXV X 4+ K.

Therefore, the pmse of the LRP is given by

J e =V, + (bias,)?.

Jime =00 + X'y A%, = 2X', AX'V ' W—W[V =V X AX'V w

(4.14)
+ (K[X, =WV XXV X + kD) B)2

-For the LLP, we first obtain its variance by substitution of the ¢, of (4.13.) into the

general variance expression V, =¢', V¢, + o —2¢', w, which reduces to

V, =072 + X, BX, — 22X, BX'V W—wW[V VX BX'V 1w,

where B = (X'V X + D) (X'V X +dD)(X'V X)XV X +dD)(X'V X + 1)

and its bias is calculated by finding

bias, = x', 8 —E(p,)
=X, B—E(X', by + WV (Y — Xb,))
= A—d)[X,—WV XXV X 1) B,

Therefore, the pmse of the LLP is given by
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J . =V, + (bias,)?.

Jip =0t +XyBX, —2X', BX'V'W—W[V -V 'XBX'V'w

(4.15.)
+ (L= )XWV XXV IX + 1) B)2

Now, we discuss the above mentioned predictors under the stationary AR(1)
process in which the disturbances are generated by

u, = pu,_, +u,, (4.16.)

where v, is a circular random disturbance with Ev, =0, Ev® =(1-p?*)o® and | p|<1.

Applied to the sample period disturbances, that is, for t =1,...,n, (4.16.) means that the

sample disturbances variance-covariance matrix is

1 p pn—l
1 ... p?
v=o¢f * P (4.17)
pn—l p n-2 1

Suppose that the autoregressive specification (4.16.) is maintained for the post-sample

observations t =n+1,n+2,...,n+s and consider prediction for the period n+s.

Application of (4.16.) gives

Eg, =0, Eg&l =0f=0"; and
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pn—l+s
w=EgU=0" =pV_, (4.18))
pS

where V_ is the final column of V (Goldberger, 1962).

The BLUP reduces to

P, = X' b+ p°V' Ve
=X,b+p°(00---01)e (4.19)
=X, b+ p’e,,

where e, is the final element of e, Goldberger (1962).

Then, the LRP reduces to
P, =Xob +pV' Ve
=X, b, +p°(00---01)e, (4.20.)
=X, b + %€y,
where e,, is the final element of e, .
Also, the LLP reduces to
P, =X by + V',V e,

=X',by; +0°(00---01)e, (4.21)
=X by + p ey,

68



4. THE PREDICTIVE PERFORMANCE EVALUATION OF BIASED REGRESSION
PREDICTORS WITH CORRELATED ERRORS Issam DAWOUD

where e, is the final element of e, .

In particular, to predict the first post-sample drawing, we let s=1. So, (4.19.),
(4.20.) and (4.21.) reduce respectively to

P, =X, b+ pe,, (4.22.)
p, =X, b, + pe,,, (4.23)
P, =X, b, +pey,. (4.24.)

Now, we examine the pmses of our predictors under AR(1) process which were
given in (4.20.) and (4.21.). In this case, we have

X'Viw=X'V7IpV =p' X' |=p°X,, (4.25)

where X, is the final row of X , arranged in a column.

WV lw=pV' V'V p°* = p”c?, (4.26.)
1 —-p -0
— 2 e
S S iV (4.27)
o l-p°)| : : :
0 0 1
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and also o) =o°.

For convenience, the orthogonal form of (4.1.)
Y=Za+u (4.28))

will be used. Where Z = XU and ¢ =U' . Then the GLS estimator of « is
a=2ZVv'z)y'zv'y=r'zvwy (4.29.)

where I'=diag(y;,7,,...7,) is the diagonal matrix of the eigenvalues of z'v -z and

7 ’s are in descending order.

The vector of the original parameters is given by
b=Ua. (4.30.)
-Specialized to the case s =1:

-For the BLUP, inserting these into (4.6.), we get

2 2 P Zg P N 2 P an
Jawe =(1-p)o +Z_I_2pz_l +p Z_I (4.31)
i-1 /i i-1 7 i-1 7

where Z, is the final row of Z, arranged in a column such that Z/Z =277 and

ni“ni i

2,2, =N;, 1=12,..,p.

-For the LRP, inserting these into (4.14.), we get
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Jipp =(L-p°)o” +Z(7/'+T(') —Zpi pz

i= l(7| +k)
+k {Z o izk“)')“} .

i=1

k
(7. + ) 432)

-For the LLP, inserting these into (4.15.), we get

(i +d)’ze (7, +d)’N,
Jup =@=p)e” +Z_1: 7+ 1) ; 7. + 17

i+ d°Z5 0 { (Zai = pzn.>a]
.21:7.(7.+1) aiP? +1)

(4.33)

4.4. The Comparisons of the Prediction Mean Squared Errors in Two Dimensional

Space

Following Friedman and Montgomery (1985) and Ozbey and Kagiranlar (2015),
we discuss the predictive performance of the BLUP, the LRP and the LLP. So,

comparisons of J, ., with Jg ,» and J, , with Jg ,, and J .. are made and stated in

the following three theorems.

Theorem 4.1:

11f a2 > 2K hen

‘] LRP < ‘J BLUP

ky,
tor o2 < 2T KPI2p(N, +hN,) —hy (25, + p°Z) - p*hZ;]
P°K2(4N, — p°Z2)
or for o > (7/2+k) [2p(AN, 'Zh N,) - h(im"‘pzz 0) - phZ5] iff Loz oz < f,(a?).
KZ(4N, — p?Z2) 2
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5 16 2 < 2724

a, <——=——=then J o <Jgup
k7,

for o2 (72+k) [2p(hN, +h,N,) = h (z5, + p°Z}) - p*h,Z;]

2 2 2

k24N, — p°Z2)
2 2
or for o2 < 2K T2p(hN; J;h N,) — fh(§m+p Z0) - p"Z5] e 02 < f,(a2).
K2(4N, — p?22) 2

3. If p=0, we get the Friedman and Montgomery’s (1985) results.

Where
hl+M 1 1
f.(a2) = Zo1 ,hl={—— N },h :{__ V2 }
N n m+k? ] |y (g +k)
(7, +k)> *
and

k2 a 2pk?a?
2

Proof: If the LRP is superior to the BLUP, then J , <Jg e - That is

k2a2
Zgz[w—[i)z - hZ] < Zglhl +M

where

-
I

F_L} A :[i_L}
" (71+k)2 e e! (72+k)2
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and
h, +M2
f.(a?) = | (4.34)
2 a,
22 _h,
(7, +K)

If p=0,then M =0,V =1 and 7 becomes A which is the eigenvalue of (Z'Z).

So,
Lty
A (A+k)°

f, (o) = 4.35.
e N I (4.35)
(L+k)?  (L,+Kk)* 4
(Friedman and Montgomery’s (1985) results).
If both
h+ M2 (4.36.)
ZOl
and
2 2
( K'a; _ —hz] (4.37)
(72 +k)

have the same signs, the condition for the superiority of the LRP over the BLUP is

251 20, < fo(3). (4.38.)
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If (4.36.) and (4.37.) have opposite signs, the condition for the superiority of the LRP
over the BLUP is

22,172, > f,(a2). (4.39))

It is obvious that if (4.36.) and (4.37.) have opposite signs, the right hand side of (4.39.)
IS negative, thus (4.39.) always holds. Consequently, at the region the LRP is uniformly
superior to the BLUP. The condition for the positiveness of (4.36.) can be written as

h + Mz > 0. (4.40.)

Z01

After substituting the value of M , we get

2 2 252 2 72
o > (7, +Kk) [Zp(h1N1";h§Nz)_hl(5012+P Z)-p hzzz]. (4.41)
p K (4N, - p°Z;)

And the condition for the positiveness of (4.37.) can be written as

al > @ra+k), (4.42))
Ky,

Of course, the opposite conditions are needed for the negativeness of (4.36.) and (4.37.).

The vertical asymptotes of the hyperbola f () are at the points

ol = (7, +k)z[z,o(thl+thz)_hl(Zgl"'/ozzlz)_,ozhzzzz] (4.43))
5 = A43.
P’k (4N, - p°Z})

and
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@tk

4.44.
= (4.44.)

Theorem 4.2:

2y, +(1+d)
@-d)y,

(1) [ZP(SN +5,N,) =, (20, + p°Z) = p°s,Z;]
p*(1—d)*(4N, - p°Z;)

1If af > ,then J,,» < Jg e

for

(o +D120(5N: +5,N,) =8, (25,4 P°20) = P21 g T2 _ ¢ ().

or for a; > )
P (1 d) (4N, - Z 2) Z01

2y, +(1+d)
@-d)y,

(7, +1)2[2p(51N1 +5,N,) =5 (Zgl + pzzlz) - pzszzzz]
p*(1—d)*(4N, - p*Z;)

2.If o < ,then J,» < Jg e

for o >

(o +D°[2p(sN, + ;Ny) =8, (26, + P°20) = P27 i Too g ()

or for o < S
p*(L-d)* (4N, - p°Z3) Zoy

3. If p=0, we get the Ozbey and Kagiranlar’s (2015) results.

Where
S+ , i
f7(a22): 2221 1Sl:|:i_Ld)2:|’52:{i_ (7z+d)2} and
A=dye; o no nn+)) V2 77, +0)
(7/2+1)2

(L-d)* p’a?

M = p?s, Z2 + p?'s, —
P Sd3L TP (7/2+1)

2p(1—d)?ea?
}zz ZpQNl—Zp{SZ—M}NZ.

(7, +1)2

Proof: If the LLP is superior to the BLUP, then J,,, <Jg . Thatis
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AN2 2
zgz{m— 52} <zt s +M

(72+1)2
where
1-d)* p’al 2p(1-d)*a’
M:ZSZZ+23——( 2122 -2ps,N, —2p|s, — ==~ 72 IN_,
P oié '0|:2 (7/2+1)2 2 PN 2P S, (7/2+1)2 2
{1&} o _F_ <n+d>2}
- .S, =
71 71(71‘”-)2 V2 72(72+1)2
and

M
S, +—

Z
2
L2 s

(72+1)2 ?

If o=0,then M =0,V =1 and 7 becomes A .
So,

{1_(A+m2}
& A +1)

fr () = (+dy _ (-d)e; 1

(4.46.)

A+’ (+D)" 4

(Ozbey and Kagiranlar’s (2015) results).

If both
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S, + MZ (4.47)
Z01
and
_A4)2 42
d-d) % s, (4.48.)
(7/2 +1)

have the same signs, the condition for the superiority of the LLP over the BLUP is
25,128, < f.(a). (4.49.)

If (4.47.) and (4.48.) have opposite signs, the condition for the superiority of the LLP
over the BLUP is

22,122, > 1,(03). (4.50)

It is obvious that if (4.47.) and (4.48.) have opposite signs, the right hand side of (4.50.)
is negative, thus (4.50.) always holds. Consequently, at the region the LLP is uniformly

superior to the BLUP. The condition for the positiveness of (4.47.) can be written as

M
s, +—->0.
01

After substituting the value of M , we get
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a?> (72 +1)2[2p(31N1 +5,N,) -5, (2621 +,02212)—,0252222].

(4.51.)
i p*(L-d)* (4N, - p*Z})
And the condition for the positiveness of (4.48.) can be written as
o2 > 2t ed) (4.52))
1-d)y,
Of course, the opposite conditions are needed for the negativeness of (4.47.) and (4.48.).
The vertical asymptotes of the hyperbola f,(c) are at the points
= (72 +1)2[2,0(31N1 +5,N,)—s, (251 §r pzzlz) - pzszzzz] (4.53.)
5 53.
P A—d)*(4N, - p°Z})
and
ol = 272+—(1+d) (4.54))
1-d)7,
Theorem 4.3:

Lifats 2202+ D" = (r +K)* (r, +d)°
27 1 lA=d) (7, + k) =K (r, +1)°]

(7, +1)2[2p(r1N1 +N,) - rl(zgl + pzzlz) _pzrzzzz]

,then J » <Jre

for o <
“ PAA-d) (4N, - p°Z2)
2 _ 2 292y 2. 52 2
orfor a22>(72+1) [Zp(rll\il_'_rZNg) "1(201_2'_102 Zl) ,0 rZZZ] Iff Z_022< fs(a22)
P (1-d) (4N2—,0 Zz) Zy,
2 Vi +D =(r, +K) P (y, +d)?
2. If ; <212 « 2 cthen J,» < J e

72[(1_d)2(7/2 + k)2 _k2(72 +1)2]
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(7, +1)2[2P('1N1 +1N,) - rl(zgl + pzzlz) _pzrzzzz]

for a? >
? p’L—d)*(4N, - p°Z})

p*(L—d)*(4N, — p°Z2) Zg,

3. 1f p=0, we get the Ozbey and Kagiranlar’s (2015) results.

2 2 252 2, 2 2
or for a,zz < (7, +D[2p(hN, + N,) =1 (25, + p°Z]) — p1,Z5] iff Ly, < fg(a22)_

n+
azz[ (1_d)2 ~ kz J_rz )
(7 +1)? (7, + k)?

I’z{ ! _(71+d)2} I’=|: . (72+d)2}and
' (7/1+k)2 71(7/1+1)2 - (72+k)2 72(7/2+1)2

M=

Where fy () =

_(@-d)’p’a;
(72 +1)2

Proof: If the LLP is superior to the LRP, then J  , < J g Thatis

M =prZ’ + p{r2

N2 2
}z; —2prN, —2,{@ —M}NZ.

(7, +1)2

2 {(1_‘3’)20522 ka;

—~ -1, <z r+M
02 (]/2+1)2 (]/2+k)2 2:| 01'1

where

_(-d)*pia

2 25(1—d)? o2
M =p°rZ; +p{l’2 2 2}222 _ZprlNl_ZP{rz_M N,
(7, +1)

(7 +1)2

r{ 2 _(71+d)2} r{ Vo (72+d)2:|
' (71+k)2 7/1(71"'1)2, ? (7/2'|'k)2 72(72‘”-)2

and
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L+

z
fo(a?)= = . .55.
8(“2) 2[(1_(1)2 kz J (4 55)
a, 2 2 -
(7, +1) (72 +k)

If p=0,then M =0,V =1 and 7 becomes 1.

So,
[ A (td)
- (A+k)° AA+D*
fo(al) = 4.56.
8(a2) (/’12+d)2 +(1—d)2a22 y ﬂq ~ k2a22 ( )
(L +D" (L+D)" (A+k)? (4 +k)’
(Ozbey and Kagiranlar’s (2015) results).
If both
re (4.57.)
ZOl
and
42 2
af[(l d)2 -k Zj—rz (4.58.)
(72 +D)° (7, +k)
have the same signs, the condition for the superiority of the LLP over the LRP is
25,122, < f(a?) (4.59.)
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If (4.57.) and (4.58.) have opposite signs, the condition for the superiority of the LLP
over the LRP is

22,172, > f,(c). (4.60.)

It is obvious that if (4.57.) and (4.58.) have opposite signs, the right hand side of (4.60.)
is negative, thus (4.60.) always holds. Consequently, at the region the LLP is uniformly
superior to the LRP. The condition for the positiveness of (4.57.) can be written as

M
L +—>0.
01

After substituting the value of M , we get

a> (7, +1)2[2p(l’1N1 +LN,) -, (Zgl +,02le) _pzrzzzz].

(4.61.)
’ p*(L-d)* (4N, - p*Z})
And the condition for the positiveness of (4.58.) can be written as
o> 75(72+1)2_(72+k)2(72+d)2 (4.62.)

2y l@=d) (7, + k) =K, +1)°1

Of course, the opposite conditions are needed for the negativeness of (4.57.) and (4.58.).

The vertical asymptotes of the hyperbola f,(c) are at the points

o = (72 +1)2[2p(l’1N1+ erz)_rl (Z§1+p2212)_p2r2222]
2=
p*(A—d)* (4N, - p*Z7)

(4.63))
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and

o2 = 12+’ = (1 +K)(r, +d)° (4.64.)
2T lA—d)Y (o, + k)P — K2y, + 1)1 64.

4.5. Numerical Example

In this section, we illustrate our theoretical results using the example given by
Friedman and Montgomery (1985) (i.e, k=0.1 and r,=0.95) and Ozbey and
Kagiranlar (2015) (i.e., d =0.9).

We choose the correlation error as p=05, (y=13y,=01),
zy=-12,,=2,Z,=1and Z,=15.

Firstly, let us consider the predictive performances of the LRP and the BLUP.
From (4.34.), we get

0.714844c; —18.0428

fo(@) == 250 75
25027,

(4.65.)

which is a hyperbola with a horizontal asymptote at > = 25 and a vertical asymptote at

a? =30. (4.66.)

Because both zZ,/zZ and « are positive, we are interested only in the points which lie
in the first quadrant. Figure 4.1. (p =0.5) illustrates the regions for the superiority of
the predictors. As it seems, in this example, the trade-off occurs from the value o =0

till =25 and over the value «’ =30. For smaller values of o, the LRP is
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uniformly superior to the BLUP. Again, for small values of the ratio z;,/z;,, the trade-

off is on the LRP's side.

15 4 2 15 4 2
14 fG(aZ) 14 fa(az)
13 o 13 A
12 12 4
11 11 o
10 10 | A B
A B
9 1 9
8 8
; 1 RHO=-0.9 Z 1 RHO=-0.7
5 - A=Jige < Jpp 5 A=Jie < Jgupe
4 4 B=Jire > Jowe 4 4 B=Jie > Jure
3 4 3 4
2 2
14 14
2 2
0 a, 0 a,
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
15 4 2 15 - 2
14 - fe(az) 14 fS(aZ)
13 o 13 A
12 4 12 -
11 A 11 -
10 A 10 A
9 A 9 A B
8 8
] RHO=-0.5 o ——RHO=-0.3
5 A=dige < Jpp 5 A= < Jae
g ] B=Jir > Jar g ] B=Jie > Jowue
2 2
14 14
2 2
0 —_— ; ' a, 0 —_— a,
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
15 2 15 9 £ (o2
14 1 fe(@z) 14 4 o(d)
13 A 13 A
12 A 12 A
11 11 A
10 4 A 101 B A B
9 9
8 1 8
7 A 7
J— = ——RHO=0.1
6 1 RHO=-0.1 6 |
5 A=Jd .. <J 5 A= J
2 = Jire BLUP 2 = Jre <Jar
3 1 B=Jie > Jaip 31 B=Jie > Jaip
2 2
1 14
2 2
0 a, 0 a,
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15 2 15 2
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Figure 4.1. The pmse comparisons between the LRP and the BLUP with different RHOs
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ﬁife(azz) 12: fe azz)
13 13
12 A 12
11 - 11
104 B A B 10 B A B
9 1 9
8 1 8 1
é | RHO=0.7 Z i ——RHO=0.9
57 A= i < Jae 51 A=Jire < Jaue
: ; B=Jige > Jaue g : B=Jie > Jaip
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Figure 4.1. The pmse comparisons between the LRP and the BLUP with different RHOs
(Continued)

-The effect of p on the predictive performance of the LRP estimator and the BLUP

estimator is described in Table 4.1.

Table 4.1. p and «; values for the LRP vs. the BLUP

P -0.9 0.7 0.5 0.3 0.1
a?  (0,585) (0,54.0)  (0,50.3)  (0,46.0) (0, 42.2)
p 0.1 0.3 05 0.7 0.9

a? (37.9,181.1) (34.0,50.8) (25,30.0) (14,26.0) (6.9, 22)

Table 4.1. shows that if p=-0.9,...,—0.1 gets larger as a value, the interval of o; gets
smaller. That means, the subspace of observation to be predicted when the LRP is
uniformly superior to the BLUP gets smaller. And the interval of «; when
0 =0.1,..,0.9 is fluctuating from large to small and from small to large because it

depends on the value of p.

Secondly, let us consider predictive performances of the LLP and the BLUP.

From (4.45.), we have the function

0.023631c. —4.08314
0.008264 o2 —1.73554

f (al)= (4.67.)
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with a horizontal asymptote at o2 =172.786 and a vertical asymptote at

a? =210 (4.68.)

Figures 4.2. (p=0.5) illustrates the regions for the superiority of the predictors. As it
seems, in this example, the trade-off occurs from the value o =0 till o =172.786
and over the value o =210. For smaller values of ¢, the LLP is uniformly superior to

the BLUP. Again, for small values of the ratio z7,/z;,, the trade-off is on the LLP's

15 4 2 15 4 2
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13 A 13 A
12 12 A
11 11 A
10 A 10 A
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8 8
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12 A 12 A
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3] A=13,,<] > A=, <]
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Figure 4.2. The pmse comparisons between the LLP and the BLUP with different RHOs
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Figure 4.2. The pmse comparisons between the LLP and the BLUP with different RHOs
(Continued)

-The effect of p on the predictive performance of the LRP estimator and the BLUP
estimator is described in Table 4.2.

Table 4.2. p and «? values for the LLP vs. the BLUP

p -0.9 -0.7 0.5 -0.3 0.1
ol (0, 750.8) (0, 666.3) (0,595.8)  (0,513.5) (0, 442.2)
p 0.1 0.3 05 0.7 0.9

a?  (359.3,1687.2)  (286.1,420.9) (172.7,210) (71.8,133.8) (15.9,58)

Table 4.2. shows that if o =-0.9,...,—0.1 gets larger as a value, the interval of o gets
smaller. That means, the subspace of observation to be predicted when the LLP is
uniformly superior to the BLUP gets smaller. And the interval of « when
0 =0.1,..,0.9 is fluctuating from large to small and from small to large because it

depends on the value of p.

86



4. THE PREDICTIVE PERFORMANCE EVALUATION OF BIASED REGRESSION
PREDICTORS WITH CORRELATED ERRORS Issam DAWOUD

Finally, let us consider the predictive performances of the LLP and the LRP.
From (4.55.), we get

5.764463 - 0.241740

f,(a?) = 4.69.
o(@2) 0.023631c +13.95969 (4.69.)
which is a hyperbola with a vertical asymptote at
al =23.84. (4.70.)

Figures 4.3. (p=0.5) illustrates the regions for the superiority of the predictors. As it
seems, in this example, the trade-off occurs below the value «; = 23.84 till &5 =0. For
smaller values of «, the LLP is uniformly superior to the LRP. Again, for small values

of the ratio z¢,/z3,, the trade-off is on the LLP’s side.
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Figure 4.3. The pmse comparisons between the LLP and the LRP with different RHOs
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Figure 4.3. The pmse comparisons between the LLP and the LRP with different RHOs
(Continued)

-The effect of p on the predictive performance of the LRP estimator and the BLUP

estimator is described in Table 4.3.

Table 4.3. p and « values for the LLP vs. the LRP

p -0.9 -0.7 -0.5 -0.3 -0.1
al (47.9,2738.4) (44.2,2732.8) (41.1,3038.5) (37.5,3906) (34.4,9107.4)
p 0.1 0.3 0.5 0.7 0.9

al (0, 30.7) (0, 27.4) (0, 23.8) (0, 20.0) (0, 15.1)
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Table 4.3. shows that if p=-0.9,...,—0.1 gets larger as a value, the interval of o’ gets
larger. That means, the subspace of observation to be predicted when the LLP is

uniformly superior to the LRP gets larger. And if o =0.1,...,0.9 gets larger as a value,

the interval of o gets smaller. That means, the subspace of observation to be predicted

when the LLP is uniformly superior to the LRP gets smaller.

4.6. Conclusion

This chaper derived the LRP and the LLP predictors and investigates the
predictive performance of the BLUP, the LRP and the LLP predictors. The pair-wise
comparisons of these predictors are made in terms of the pmse criterion at a specific
point in the two-dimensional regressor variable space.

The predictive performances of the LRP compared to the BLUP as well as the LLP
compared to the BLUP and the LRP. In this context, the PMSE of the above mentioned
predictors are developed and three theorems are given.

The theoretical consequences are illustrated by a numerical example, and the

regions are assigned for the superiority of the proposed predictors. For some values
of >, there are trade-offs between the relative effectiveness of the predictors. The

effectiveness of these techniques is also affected by the location of the prediction point.
Hence, the choice of the predictor may depend on the location of the point to be
predicted and on the degree of multicollinearity, as well as on the degree of correlated

errors ( o). This implies that it is theoretically possible to determine such a region.
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5. CONCLUSIONS

The prediction problem of linear models belongs to the most important problems
of the statistical inference of linear models. Since the linear regression model plays an
important role in prediction, so we discuss some issues about it.

Firstly, although the OLS estimator is the BLUE of regression parameters in a
linear regression model, we can improve upon the variability of an estimator or a
predictor of a regression coefficient when the unbiasedness criterion can be skipped. So,
the optimal heterogeneous, homogenous and homogenous-unbiased estimators of the
MSE are introduced and discussed by many authors. Since the goodness of fitted model
criterion is quite often ignored which is used to investigate the performance of
estimators, EBLF is proposed in which the MSE, the ZBLF and the PLF are just special
cases of it. Therfore, we derive the optimal heterogeneous, homogenous and
homogenous unbiased estimators of the EBLF criterion and we make comparisons
between the optimal heterogeneous and the optimal homogenous estimators as well as
other comparisons are introduced by giving some corollaries under some conditions in
terms of the EBLF risk. In addition, we make all pair-wise comparisons among the
optimal heterogeneous, homogenous and homogenous-unbiased predictors in terms of
the PMSE criterion.

Secondly, it is well-known that the predictive performance of a regression
equation can be adversely affected by multicollinearity and correlated errors such that
the presence of multicollinearity has serious effects on the OLS estimates of the
regression coefficients. The popular methods in the presence of multicollinearity are the
ORR and the Liu estimators. Under multicollinearity we extend the idea of Friedman
and Montgomery (1985) and Ozbey and Kagiranlar (2015) after introducing two linear
convex combination estimators of the operational optimal heterogeneous estimator; the
LOR estimator compared to the OLS and the ORR estimators and the LOL estimator

compared to the OLS, the Liu and the LOR estimators. The comparisons of these
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estimators are in terms of the pmse criterion at a specific point in the two-dimensional
regressor variable spaces. In this context, the pmse of the LOR and the LOL estimators
are developed and five theorems are given. In addition, three corollaries are given here
illustrating that the theorems given by Friedman and Montgomery (1985) and Ozbey and
Kagiranlar (2015) are just special cases of the Theorems 3.1, 3.3 and 3.5. The theoretical
consequences are illustrated by a numerical example and the regions are assigned for the
superiority of the proposed estimators.

Finallly, in the general linear model, the GLS estimator is the BLUE. However,
in view of the interdependence of the disturbances, the pattern of sample residuals
contains information which may be used to modify the regression function in order to
reduce the pmse. So, Goldberger (1962) derived the BLUP in the general linear
regression model and found its pmse but when multicollinearity occurred among
regressors, it is useful to use the biased regression estimators to find the biased
predictors in order to reduce the pmse. This information exploited in the biased
predictors derived. So, we extend this idea by introducing the LRP and the LLP
predictors.. Then, the pmse of the above mentioned predictors are developed and the
pair-wise comparisons of these predictors are made in terms of the pmse criterion at a
specific point in the two-dimensional regressor variable space by investigating the
predictive performances of the LRP compared to the BLUP and the LLP compared to
the BLUP and the LRP in three theorems. Also, the theoretical consequences are
illustrated by a numerical example, and the regions are assigned for the superiority of the

proposed predictors.
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