
Ricerche di Matematica
https://doi.org/10.1007/s11587-026-01120-w

On symmetric polynomials of metabelian Lie algebras
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Abstract
Let Fn be the freemetabelian Lie algebra of rank n over a field K of characteristic zero.
In thiswork, we provide an explicit set of generators and a presentation of generators of
the algebra (F ′

n)
Sn = FSn

n ∩F ′
n of symmetric polynomials as a right K [Xn]Sn -module.

Besides, we compute the Hilbert series of the K -space (F ′
n)

Sn .

Keywords Invariants · Metabelian · Symmetric

Mathematics Subject Classification 17B01 · 17B30 · 05E05

1 Introduction

Let K be a field of characteristic zero, K [Xn] = K [x1, . . . , xn] be the polynomial
algebra on n commuting variables, V be a variety of algebras over the ground field
K , Fn = Fn(V) be the free algebra of rank n generated by Xn in the variety V.
In this respect, K [Xn] is the free algebra of rank n in the variety of commutative
associative unital algebras. Hence, an element in K [Xn] and Fn is a polynomial of
variables x1, . . . , xn by the universal property of these free algebras. A polynomial
p(Xn) ∈ K [Xn] (p(Xn) ∈ Fn) is symmetric if

p(x1, . . . , xn) = p(xπ(1), . . . , xπ(n))

for all π ∈ Sn . In other words, a polynomial is symmetric if it is preserved under every
permutation of generators. The set of all symmetric polynomials of K [Xn] (respec-
tively Fn) forms a subalgebra that is called the algebra of invariants of Sn denoted by
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K [Xn]Sn (respectively FSn
n ). It is well known that the algebra K [Xn]Sn is generated

by the following algebraically independent elementary symmetric polynomials.

e1 = x1 + · · · + xn
e2 = x1x2 + · · · + x1xn + x2x3 + · · · + xn−1xn
e3 = x1x2x3 + · · · + x1x2xn + x2x3x4 + · · · + xn−2xn−1xn
· · ·
en−1 = x1x2 · · · xn−2xn−1 + x1x2 · · · xn−2xn + · · · + x2x3 · · · xn−1xn
en = x1x2 · · · xn−1xn

The algebra FSn
n of symmetric polynomials were studied in many papers appeared

recently. In the sequel, we list some of them considered in free and relatively free
algebras with polynomial identities.
∗ Free associative algebras. Initially Wolf [15] worked on the symmetric polynomials
of the free associative algebras. Recently, in [3] the authors provided a generating set
for the symmetric polynomials of Fn using Koryukin’s action given in [12], which
allows to decrease number of generators effectively, defined by an equivalence class
determined by an additional action of symmetric group on the right side. With these
two actions, the subalgebra of symmetric polynomials is generated by elements of the
form

pi =
∑

σ∈Sn
xσ(1) · · · xσ(i), i = 1, . . . , n.

∗ Relatively free associative algebras with the polynomial identity (PI): [x, y][z, t] =
0. In this case F2 is the free algebra of rank 2 in the variety of metabelian associative
algebras. In [8], the second named author found a finite generating set of FS2

2 :

x1 + x2 , x1x2 + x2x1 , (x2 − x1)[x2, x1] , [x2, x1](x2 − x1) ,

x1(x2 − x1)[x2, x1]x2 + x2(x2 − x1)[x2, x1]x1 ,

x1[x2, x1](x2 − x1)x2 + x2[x2, x1](x2 − x1)x1.

∗ Relatively free associative algebra with the PI: [[x, y], z] = 0. It was showed in
[1] if, then (F ′

2)
S2 is the free left K [X2]S2 -module generated by (x2 − x1)[x2, x1],

and that (F ′
3)

S3 is a free K [X3]S3 module of rank three, where F3 is the free algebra
in the variety generated by the infinite dimensional Grassmann algebra, where the
K [X3]S3 -free generators are

(x2 − x1)[x2, x1] + (x3 − x1)[x3, x1] + (x3 − x2)[x3, x2] ,

(x22 − x21 )[x2, x1] + (x23 − x21 )[x3, x1] + (x23 − x22 )[x3, x2] ,

(x1x
2
2 − x21 x2)[x2, x1] + (x1x

2
3 − x21 x3)[x3, x1] + (x2x

2
3 − x22 x3)[x3, x2] .

∗ Relatively free associative algebras with the PI: [x2, y] = 0. The authors proved in
[9] that the algebra FS2

2 is the free module of (CentF2)S2 with 4 generators. Here, F2
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stands for the associative algebra generated by two generic traceless matrices, and the
four generators are the unity together with

x1 + x2, x22 x1 + x21 x2, (x21 − x22 )[x1, x2].

Note that the Lie subalgebra of F2 is the free algebra of rank 2 in the variety generated
by the Lie algebra sl2(K ).
∗ Relatively free associative algebras with the PI: (xy)z = (xz)y; x(yz) = y(xz).
The algebra of symmetric polynomials was described [5] in the free bicommutative
algebra Fn of rank n. As a special case, let n = 2. Then, (F ′

2)
S2 is generated by

(y1 + y2)(z1 + z2) , (y1 + y2)z1z2 , y1y2(z1 + z2) , y1y2z1z2

as a module of K [y1 + y2, y1y2]K [z1 + z2, z1z2], where yi and z j ’s stand for the left
and the right actions of xi and x j ’s on elements of F ′

2, respectively.
We also mention the works considered in noncommutative or nonassociative alge-

bras.
∗ Free metabelian Lie algebras. An infinite minimal generating set of the Lie algebra
FS2
2 were given in [10], while a set of generators of (F ′

n)
Sn , n ≥ 2, was described

in [6] as a right K [Xn]Sn -module. In particular, if n = 2, then (F ′
2)

S2 is the free
K [X2]S2 -module generated by the single element [x2, x1, x2 − x1]. When n = 3, then
the K [X3]S3 -module (F ′

3)
S3 is (not freely) generated by

[x2, x1, x2 − x1] + [x3, x1, x3 − x1] + [x3, x2, x3 − x2],
[x2, x1, x2 − x1, x3] + [x3, x1, x3 − x1, x2] + [x3, x2, x3 − x2, x1],
[x2, x1, x2 − x1, x3, x3] + [x3, x1, x3 − x1, x2, x2] + [x3, x2, x3 − x2, x1, x1].

∗ Free metabelian Leibniz algebras. The description of symmetric polynomials and
their generating sets in free Leibniz algebra Fn were provided in [11, 13]. In the case of
rank 2, the K [X2]S2 -module (F ′

2)
S2 is freely generated by the following four elements.

[x1, x1] + [x2, x2] , [x1, x2] + [x2, x1] ,

[[x1, x1], x1] + [[x2, x2], x2] , [[x1, x2], x1] + [[x2, x1], x2] .

∗ Free metabelian Poisson algebras. A generating set of symmetric polynomials in
the free Poisson algebra Fn were given in [7]. Recall that Fn is a Lie algebra with the
commutator “[., .]′′, and is an associative commutative algebra with the product “·′′.
The K [X2]S2 -module (F ′

2)
S2 is generated by

[x2, x1](y2 − y1) , x1 · x1 + x2 · x2 , x1 · x2
x1 · x1 · x1 + x2 · x2 · x2 , x1 · x1 · x2 + x1 · x2 · x2
[x2, x1] · (x2 − x1) , [x2, x1, x1] · x2
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In the present study, we consider the free metabelian Lie algebra Fn , and give a
presentation of generators of the algebra FSn

n of symmetric polynomials for n ≥ 3.
Additionally, we compute the Hilbert series of the graded K -space (F ′

n)
Sn .

2 Preliminaries

A Lie algebra L is a vector space with a bilinear product [., .] called the commutator
satisfying the following identities.

[x, x] = 0 , [[x, y], z] + [[y, z], x] + [[z, x], y] = 0.

If the characteristic of the ground field is different from 2, then the first identity is
equivalent to [x, y] + [y, x] = 0 that is called the skew symmetry. The latter identity
is called Jacobi identity. A Lie algebra is abelian if [x, y] = 0; and it is metabelian, if
[[x, y], [z, t]] = 0 for all x, y, z, t ∈ L .

LetA2 be the variety ofmetabelian Lie algebras over a fixed field K of characteristic
zero. Now, we denote by Fn = Fn(A2) the free algebra of rank n ≥ 2 generated by
Xn = {x1, . . . , xn} in the variety A2.

In the sequel, we use left normed commutators; that is,

[x, y, z] = [[x, y], z] = [x, y]adz

where adz is the adjoint operator acting on the right side. The algebra Fn has a K -linear
basis [2, 4] consisting of elements of the form

[xi , x j , x j1 , . . . , x jk ] , i > j ≤ j1 ≤ · · · ≤ jk .

Let u be an element in the commutator ideal F ′
n of Fn generated by elements of the

form [x, y]. Then, clearly [x, y, u] = 0 and

0 = [x, y, u] + [y, u, x] + [u, x, y] = −[u, y, x] + [u, x, y].

Thus [u, x, y] = uadxady = uadyadx = [u, y, x] by the above equality. Conse-
quently, F ′

n is a K [Xn]-module by the action

up(Xn) = up(ad(Xn)) = up(adx1, . . . , adxn)

and in particular, uxi = [u, xi ] = uadxi , where u ∈ F ′
n .

2.1 The wreath product

We use same notations as in [6] for the embedding of the free metabelian Lie algebra
Fn in an abelian wreath product of Lie algebras suggested by Shmel’kin [14]. Let

KUn = SpanKUn = K {u1, . . . , un}
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KTn = SpanK Tn = K {t1, . . . , tn}
be the abelian Lie algebras with bases Un and Tn , respectively. We set

Wn = u1K [Xn] ⊕ · · · ⊕ unK [Xn]

that is the free right K [Xn]-module with free generating set Un , and we assume that
Wn a Lie algebra with trivial multiplication. The semidirect sum Wn � KTn with
elements of the form

w =
n∑

i=1

ui pi (Xn) +
n∑

i=1

αi ti , pi (Xn) ∈ K [Xn], αi ∈ K . (1)

is equal to the abelian wreath product (KUn)wr(KTn), in which the multiplication
defined by

[Wn,Wn] = [Tn, Tn] = 0, [ui pi (Xn), t j ] = ui pi (Xn)x j ,

where i, j = 1, . . . , n. makes it a metabelian Lie algebra. Due to the universal prop-
erty of the free metabelian Lie algebra Fn in the variety A2, we may extend every
mapping Xn → (KUn)wr(KTn) to a homomorphism Fn → (KUn)wr(KTn). Now
the homomorphism δ : Fn → (KUn)wr(KTn) defined by

δ : xi → ui + ti , i = 1, . . . , n,

is a monomorphism as a special case of the embedding theorem of Shmel’kin [14].
Consequently, if

f =
∑

i> j

[xi , x j ]pi j (Xn) ∈ F ′
n, pi j (Xn) ∈ K [Xn],

then
δ( f ) =

∑

i> j

(ui x j − u j xi )pi j (Xn) ∈ Wn .

Furthermore, δ−1(w) ∈ F ′
n where w is of the form (1) if and only if w ∈ Wn , and by

[14, Theorem 2] we have the following.

n∑

i=1

xi pi (Xn) = 0. (2)

2.2 Symmetric polynomials

Recall that a polynomial p(Xn) ∈ Fn is symmetric if

p(x1, . . . , xn) = π · p(x1, . . . , xn) = p(xπ(1), . . . , xπ(n))
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for all π ∈ Sn . Due to the fact that δ((F ′
n)

Sn ) ∈ WSn
n , it sufficies to work in the free

module Wn . We assume that Sn acts on Wn as follows.

π · w = π ·
n∑

i=1

ui pi (Xn) =
n∑

i=1

uπ(i) pi (xπ(1), . . . , xπ(n))

In the sequel, we fix some notations given below.

eq =
∑

x j1 · · · x jq , 1 ≤ j1 < · · · < jq ≤ n, q = 1, . . . , n; (3)

e(i)
q =

∑

jl 
=i

x j1 · · · x jq , 1 ≤ j1 < · · · < jq ≤ n, q = 1, . . . , n − 1; (4)

e(i j)
q =

∑

jl /∈{i, j}
x j1 · · · x jq , 1 ≤ j1 < · · · < jq ≤ n, q = 1, . . . , n − 2; (5)

ε1+q =
n∑

i=1

∑

j1<···< jq

ui x j1 · · · x jq , i 
= j1, . . . , jq , q = 0, 1, . . . , n − 1.

ek = 0 for k < 0 ; e(i)
k = 0 for k < 0 or k ≥ n ;

e(i j)
k = 0 for k < 0 or k ≥ n − 1 ; e0 = 1 ; e(i)

0 = 1 ; e(i j)
0 = 1.

The following two results are due to [6], where the corollary gives a set of generators of
K [Xn]Sn -moduleWSn

n while an implicit expression of a generating set of the K [Xn]Sn -
module (F ′

n)
Sn was provided in the theorem.

Corollary 1 The K [Xn]Sn -module W Sn
n is generated by the polynomials ε1+q , q =

0, 1, . . . , n − 1.

Theorem 2 The K [Xn]Sn -module (F ′
n)

Sn is generated by the polynomials gi j =
δ−1(hi j ), 1 ≤ i < j ≤ n, where

hi j = jεi e j − iε j ei . (6)

3 Main results

3.1 Explicit generators

Our first result exhibits the explicit generators of the K [Xn]Sn -module (F ′
n)

Sn .

Theorem 3 The K [Xn]Sn -module (F ′
n)

Sn is generated by

gi j =
∑

1≤k<l≤n

[xl , xk](xl − xk)(e
(kl)
i−1e

(kl)
j−2 − e(kl)

j−1e
(kl)
i−2)

where 1 ≤ i < j ≤ n.
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Proof Initially, we have by Equations (3), (4), and (5) that

eq = e(i)
q + xi e

(i)
q−1 ; e(i)

q = e(i j)
q + x j e

(i j)
q−1 . (7)

We also obtain the followings by direct computations.

je j = x1e
(1)
j−1 + · · · + xne

(n)
j−1 , ∀ j ∈ {1, . . . , n}. (8)

We have to rearrange the expression of hi j in order to obtain its inverse image and
confirm the equality δ−1(hi j ) = gi j . Now let

hi j = u1hi j1 + · · · + unhi jn (9)

where hi jk ∈ K [Xn] are the coefficients of free generators uk of the free K [Xn]-
module Wn . Computations give by Theorem 2, Equations (7) and (8) that

hi j1 =( je jεi − ieiε j )u1 = je j e
(1)
i−1 − iei e

(1)
j−1

=(x1e
(1)
j−1 + · · · + xne

(n)
j−1)e

(1)
i−1 − (x1e

(1)
i−1 + · · · + xne

(n)
i−1)e

(1)
j−1

=(x2e
(2)
j−1 + · · · + xne

(n)
j−1)e

(1)
i−1 − (x2e

(2)
i−1 + · · · + xne

(n)
i−1)e

(1)
j−1

=Ai j − A ji

where

Ai j =(x2e
(2)
j−1 + · · · + xne

(n)
j−1)e

(1)
i−1

=x2(e
(12)
j−1 + x1e

(12)
j−2)(e

(12)
i−1 + x2e

(12)
i−2 ) + x3(e

(13)
j−1 + x1e

(13)
j−2)(e

(13)
i−1 + x3e

(13)
i−2 )

+ · · · + xn(e
(1n)
j−1 + x1e

(1n)
j−2)(e

(1n)
i−1 + xne

(1n)
i−2 )

since e(1)
i−1 = e(12)

i−1 + x2e
(12)
i−2 = · · · = e(1n)

i−1 + xne
(1n)
i−2 . Thus, we have that

hi j1 = − x2(x2 − x1)(e
(12)
i−1 e

(12)
j−2 − e(12)j−1e

(12)
i−2 ) − x3(x3 − x1)(e

(13)
i−1 e

(13)
j−2 − e(13)j−1e

(13)
i−2 )

− · · · − xn(xn − x1)(e
(1n)
i−1 e

(1n)
j−2 − e(1n)

j−1e
(1n)
i−2 )

and in general for any fixed k ∈ {1, . . . , n}, we obtain that

hi jk =
l 
=k∑

l

−xl(xl − xk)(e
(kl)
i−1e

(kl)
j−2 − e(kl)

j−1e
(kl)
i−2). (10)

Finally,

hi j =
n∑

k=1

ukhi jk =
∑

1≤k<l≤n

(ul xk − ukxl)(xl − xk)(e
(kl)
i−1e

(kl)
j−2 − e(kl)

j−1e
(kl)
i−2) (11)
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which completes the proof. �

Example 1 Let us illustrate the generators of gi j for n = 2, 3, 4.
∗ n = 2. K [X2]S2 = K [e1, e2], and

g12 = [x2, x1](x2 − x1).

∗ n = 3. K [X3]S3 = K [e1, e2, e3], and
g12 = [x2, x1](x2 − x1) + [x3, x1](x3 − x1) + [x3, x2](x3 − x2)

g13 = [x2, x1](x2 − x1)x3 + [x3, x1](x3 − x1)x2 + [x3, x2](x3 − x2)x1

g23 = [x2, x1](x2 − x1)x
2
3 + [x3, x1](x3 − x1)x

2
2 + [x3, x2](x3 − x2)x

2
1

∗ n = 4. K [X3]S3 = K [e1, e2, e3, e4], and
g12 = [x2, x1](x2 − x1) + [x3, x1](x3 − x1) + [x3, x2](x3 − x2)

+ [x4, x1](x4 − x1) + [x4, x2](x4 − x2) + [x4, x3](x4 − x3)

g13 = [x2, x1](x2 − x1)(x3 + x4) + [x3, x1](x3 − x1)(x2 + x4)

+ [x3, x2](x3 − x2)(x1 + x4) + [x4, x1](x4 − x1)(x2 + x3)

+ [x4, x2](x4 − x2)(x1 + x3) + [x4, x3](x4 − x3)(x1 + x2)

g14 = [x2, x1](x2 − x1)x3x4 + [x3, x1](x3 − x1)x2x4
+ [x3, x2](x3 − x2)x1x4 + [x4, x1](x4 − x1)x2x3
+ [x4, x2](x4 − x2)x1x3 + [x4, x3](x4 − x3)x1x2

g23 = [x2, x1](x2 − x1)
(
(x3 + x4)

2 − x3x4
)

+ [x3, x1](x3 − x1)
(
(x2 + x4)

2 − x2x4
)

+ [x3, x2](x3 − x2)
(
(x1 + x4)

2 − x1x4
)

+ [x4, x1](x4 − x1)
(
(x2 + x3)

2 − x2x3
)

+ [x4, x2](x4 − x2)
(
(x1 + x3)

2 − x1x3
)

+ [x4, x3](x4 − x3)
(
(x1 + x2)

2 − x1x2
)

g24 = [x2, x1](x2 − x1)(x3 + x4)x3x4 + [x3, x1](x3 − x1)(x2 + x4)x2x4
+ [x3, x2](x3 − x2)(x1 + x4)x1x4 + [x4, x1](x4 − x1)(x2 + x3)x2x3
+ [x4, x2](x4 − x2)(x1 + x3)x1x3 + [x4, x3](x4 − x3)(x1 + x2)x1x2
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g34 = [x2, x1](x2 − x1)(x3x4)
2 + [x3, x1](x3 − x1)(x2x4)

2

+ [x3, x2](x3 − x2)(x1x4)
2 + [x4, x1](x4 − x1)(x2x3)

2

+ [x4, x2](x4 − x2)(x1x3)
2 + [x4, x3](x4 − x3)(x1x2)

2

3.2 A presentation

Note that in Remark 10 of [6], a presentation of the K [Xn]Sn -module (F ′
n)

Sn was
asked, and the relation

kgi j ek − jgike j + ig jkei = 0, (12)

were provided for 1 ≤ i < j < k ≤ n. In this section, we were motivated by
this question and gave a presentation of the K [Xn]Sn -module (F ′

n)
Sn with respect to

the generators gi j . Furthermore, we computed the Hilbert series H((F ′
n)

Sn , t) of the
K -space (F ′

n)
Sn .

Let En = {e1, . . . , en} and Ei j
n = En \ {ei+1, . . . , e j−1}, where i + 1 < j . Then

we have the following result.

Theorem 4 Every symmetric polynomial p ∈ (F ′
n)

Sn can be expressed as

p =
n−1∑

i=1

gi(i+1)ri(i+1) +
∑

i+1< j

gi j si j (13)

for uniquely determined ri(i+1) ∈ K [En], si j ∈ K [Ei j
n ].

Proof We perform the proof in two steps: The expression of Equation (13), and the
uniqueness.
Step 1.We know by [6] that the K [Xn]Sn -module (F ′)Sn is generated by gi j , 1 ≤ i <

j ≤ n. On the other hand, by Equation (12) we have that e j gik is contained in the
K [Xn]Sn -module generated by gi j and g jk for 1 ≤ i < j < k ≤ n; that is

e j gik ∈ 〈gi j , g jk〉K [Xn ]Sn (14)

Now let p ∈ (F ′
n)

Sn be an arbitrary symmetric polynomial. Then p is of the form

p =
∑

1≤i< j≤n

gi jvi j

for some vi j ∈ K [En] by [6]. We have to show that p can be expressed as in Equation
(13). If n = 2, then there is nothing to prove. Let n ≥ 3. We have that v1n =
v

(2)
1n + e2w

(2)
1n for some v

(2)
1n ∈ K [E13

n ] = K [En \ {e2}], w
(2)
1n ∈ K [En]. Therefore,

g1nv1n = g1n(v
(2)
1n + e2w

(2)
1n ), and thus

g1nv1n = g1nv
(2)
1n mod〈g12, g2n〉
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by Equation (14). Similarly, v
(2)
1n = v

(3)
1n + e3w

(3)
1n for some v

(3)
1n ∈ K [E14

n ], w
(3)
1n ∈

K [En]. Hence,
g1nv1n = g1nv

(3)
1n mod〈g13, g3n〉.

This process implies

g1nv1n = g1nv
(n−1)
1n mod〈g1(n−1), g(n−1)n〉.

for some v
(n−1)
1n ∈ K [E1n

n ]. One may assume by similar steps that the coefficient v jn

of g jn is contained in K [E jn
n ]; and in general v jk ∈ K [E jk

n ] for j + 1 < k.
Step 2. Initially, recall by Equation (6) that

δ(gi j ) = hi j = je jεi − ieiε j , 1 ≤ i < j ≤ n.

Now let

0 =
n−1∑

i=1

gi(i+1)ri(i+1) +
∑

k+1<l

gkl skl

for some ri(i+1) ∈ K [En], skl ∈ K [Ekl
n ]. We have to show that

ri(i+1) = skl = 0 , i = 1, . . . , n − 1 , k + 1 < l.

Note: We need to keep in mind that

e(1)
q − (1 j)e(1)

q = e(1)
q − e( j)

q

= (x j e
(1 j)
q−1 + e(1 j)

q ) − (x1e
(1 j)
q−1 + e(1 j)

q )

= (x j − x1)e
(1 j)
q−1 , 2 ≤ j ≤ n, 1 ≤ q ≤ n,

for the transposition (1 j) ∈ Sn . This can be generalized as follows.

e(1,...,k)
q − (1(k + 1))e(1,...,k)

q = (xk+1 − x1)e
(1,...,k,k+1)
q−1

for 1 ≤ k ≤ n − 1.
In the sequel, we initially perform computations for n = 2, 3, 4 as an illustration

of an algorithm solving the equation.
∗ Assume that n = 2 and g12r12 = 0, for some r12 ∈ K [E2] = K [e1, e2], which
implies that δ(g12r12) = h12r12 = 0 and

0 =(2e2ε1 − e1ε2)r12 = (2e2(u1 + u2) − e1(u1e
(1)
1 + u2e

(2)
2 ))r12

in the free module W2 generated by u1 and u2. That is,

h121r12 = (2e2 − e(1)
1 e1)r12 = 0
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where h121 is the well defined coefficient of u1 in the expression of h12. Thus

p1 = h121r12 − 2e2r12 = −e(1)
1 e1r12 ∈ K [E2]

is a symmetric polynomial, and it is preserved under the action of the transposition
(12). Therefore,

0 = p1 − (12)p1 = −(e(1)
1 − e(2)

1 )e1r12 = −(x2 − x1)e1r12

Hence, r12 = 0 in the integral domain K [X2], since (x2 − x1)e1 
= 0.
∗ Let n = 3 and

g12r12 + g13s13 + g23r23 = 0

where r12, r23 ∈ K [E3], and s13 ∈ K [E13
3 ] = K [e1, e3]. Similarly we have

h121r12 + h131s13 + h231r23 = 0,

that is

(2e2 − e(1)
1 e1)r12 + (3e3 − e(1)

2 e1)s13 + (3e(1)
1 e3 − 2e(1)

2 e2)r23 = 0.

Then, by the fact that

p1 = −e(1)
1 e1r12 − e(1)

2 e1s13 + (3e(1)
1 e3 − 2e(1)

2 e2)r23 ∈ K [E3]

we have

0 = p1 − (12)p1
x2−x1= −e1r12 − e(12)

1 e1s13 + (3e3 − 2e(12)
1 e2)r23 (15)

and get
p2 = −e(12)

1 e1s13 − 2e(12)
1 e2r23

is symmetric. However,

0 = p2 − (13)p2
x3−x1= −e1s13 − 2e2r23.

This implies e2 divides s13 ∈ K [e1, e3]; that is, s13 = 0 and hence r23 = 0. Now
going back to Equation (15) we have r12 = 0.
∗ Let n = 4 and

g12r12 + g13s13 + g23r23 + g14s14 + g24s24 + g34r34 = 0

where r12, r23, r34 ∈ K [E4], and si j ∈ K [Ei j
4 ]. We obtain the followings, by similar

steps.

0 = (2e2 − e(1)
1 e1)r12 + (3e3 − e(1)

2 e1)s13 + (3e(1)
1 e3 − 2e(1)

2 e2)r23
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+ (4e4 − e(1)
3 e1)s14 + (4e(1)

1 e4 − 2e(1)
3 e2)s24 + (4e(1)

2 e4 − 3e(1)
3 e3)r34

p1 = −e(1)
1 e1r12 + (3e(1)

1 e3 − 2e(1)
2 e2)r23 − e(1)

2 e1s13

− e(1)
3 e1s14 + (4e(1)

1 e4 − 2e(1)
3 e2)s24 + (4e(1)

2 e4 − 3e(1)
3 e3)r34 ∈ K [E4]

0 = p1 − (12)p1
x2−x1= −e1r12 + (3e3 − 2e(12)

1 e2)r23 − e(12)
1 e1s13

− e(12)
2 e1s14 + (4e4 − 2e(12)

2 e2)s24 + (4e(12)
1 e4 − 3e(12)

2 e3)r34

p2 = − 2e(12)
1 e2r23 − e(12)

1 e1s13

− e(12)
2 e1s14 − 2e(12)

2 e2s24 + (4e(12)
1 e4 − 3e(12)

2 e3)r34 ∈ K [E4]

0 = p2 − (13)p2
x3−x1= −2e2r23 − e1s13

− e(123)
1 e1s14 − 2e(123)

1 e2s24 + (4e4 − 3e(123)
1 e3)r34

p3 = − e(123)
1 e1s14 − 2e(123)

1 e2s24 − 3e(123)
1 e3r34 ∈ K [E4]

and finally

0 =p3 − (14)p3
x4−x1= −e1s14 − 2e2s24 − 3e3r34

That is,
e1s14 + 2e2s24 + 3e3r34 = 0 (16)

where s14 = s14(e1, e4), s24 = s24(e1, e2, e4), r34 = r34(e1, e2, e3, e4). Equation 16
implies that e3 | e1s14+2e2s24 where e1s14+2e2s24 does not depend on e3 in the alge-
bra K [e1, e2, e3, e4] generated by algebraically independent variables e1, e2, e3, e4.
That is, e1s14 + 2e2s24 = 0, and that e2 | e1s14 which does not depend on e2. There-
fore, s14 = 0, and inductively s24 = r34 = 0. Now going back to the previous step,
the process works as in the case n = 3: Firstly s13 = r23 = 0, and later r12 = 0.
∗ In general, let n ≥ 2 and

0 =
n−1∑

i=1

gi(i+1)ri(i+1) +
∑

k+1<l

gkl skl

for some ri(i+1) ∈ K [En], skl ∈ K [Ekl
n ]. Then the algorithm defined above implies,

after n − 1 steps that
n−2∑

i=1

iei sin = (1 − n)en−1r(n−1)n
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where the expression on the left does not depend on en−1. Thus

n−3∑

i=1

iei sin = (2 − n)en−2s(n−1)n

where the expression on the left does not depend on en−2. Following this process,
one obtains s1n = 0, . . . , s(n−1)n = 0, respectively. Later, r(n−1)n = 0 is a direct
consequence. Inductively, one shows

s1 j = 0, . . . , s( j−2) j = 0, r( j−1) j = 0

where j = n − 1, . . . , j = 2, respectively. �

Similar steps used in the proof of Theorem 4 results in the corollary below.

Corollary 5 The generators gi(i+1), 1 ≤ i ≤ n − 1, are free in the K [Xn]Sn -module
(F ′)Sn ; i.e., the submodule generated by g12, . . . , g(n−1)n is a free right K [Xn]Sn -
module of rank n − 1.

3.3 The Hilbert series

It is well known that the free metabelian Lie algebra Fn is a graded algebra and it can
be expressed as

Fn =
⊕

k≥1

F (k)
n

where F (k)
n stands for the homogeneous subspace of degree k of Fn . Similarly, (F ′

n)
Sn

is graded, and
(F ′

n)
Sn =

⊕

k≥3

((F ′
n)

Sn )(k)

since ((F ′
n)

Sn )(1) = ((F ′
n)

Sn )(2) = 0 as a result of Theorem 4. Therefore, the Hilbert
series of (F ′

n)
Sn can be formalized as

H((F ′
n)

Sn , t)
∑

k≥3

dim
(
((F ′

n)
Sn )(k)

)
tk

The next theorem is our last result of the paper.

Theorem 6 The Hilbert series H((F ′
n)

Sn , t) of the K -space (F ′
n)

Sn is

H((F ′
n)

Sn , t) =
⎛

⎝
n−1∑

i=1

t2i+1 +
n−3∑

i=0

n−i−3∑

j=0

t2i+ j+4
j∏

k=0

(1 − tk+i+2)

⎞

⎠
n∏

i=1

1

1 − t i
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Proof Theorem 4 can be expressed as follows: The K [En]-module (F ′
n)

Sn has the
presentation

(F ′
n)

Sn =
n−1⊕

i=1

gi(i+1)K [En] ⊕
⊕

i+1< j

gi j K [Ei j
n ]

Therefore,

H((F ′
n)

Sn , t) =
n−1∑

i=1

tdeg(gi(i+1))H(K [En], t) +
∑

1≤i≤n−2
i+2≤ j≤n

tdeg(gi j )H(K [Ei j
n ], t)

=
n−1∑

i=1

t2i+1
n∏

i=1

1

1 − t i
+

∑

1≤i≤n−2
i+2≤ j≤n

t i+ j
∏

1≤k≤i
j≤k≤n

1

1 − tk

=
(
n−1∑

i=1

t2i+1 + Hn

)
n∏

i=1

1

1 − t i

where

Hn =
n−2∑

i=1

n∑

j=i+2

t i+ j
j−1∏

k=i+1

(1 − tk) =
n−3∑

i=0

n∑

j=i+3

t i+ j+1
j−1∏

k=i+2

(1 − tk)

=
n−3∑

i=0

n−i−3∑

j=0

t2i+ j+4
j+i+2∏

k=i+2

(1 − tk) =
n−3∑

i=0

n−i−3∑

j=0

t2i+ j+4
j∏

k=0

(1 − tk+i+2)

and we are done. �
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