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Abstract

Let F), be the free metabelian Lie algebra of rank n over a field K of characteristic zero.
In this work, we provide an explicit set of generators and a presentation of generators of
the algebra (F,;)S = FnS " N F,, of symmetric polynomials as a right K[X 2 15-module.
Besides, we compute the Hilbert series of the K -space (F)5".
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1 Introduction

Let K be a field of characteristic zero, K[X,] = K|[xi, ..., x,] be the polynomial
algebra on n commuting variables, ‘U be a variety of algebras over the ground field
K, F, = F,(*0) be the free algebra of rank n generated by X, in the variety ‘U.
In this respect, K[X,] is the free algebra of rank n in the variety of commutative
associative unital algebras. Hence, an element in K[X,] and F;, is a polynomial of
variables x1, ..., x, by the universal property of these free algebras. A polynomial
p(Xyn) € K[X,] (p(Xy) € Fy) is symmetric if

P(X1, ooy Xn) = p(Xn(1)s + -+ Xn(n))

forall w € S,.In other words, a polynomial is symmetric if it is preserved under every
permutation of generators. The set of all symmetric polynomials of K[X,] (respec-
tively F;,) forms a subalgebra that is called the algebra of invariants of S,, denoted by
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K[X,]5" (respectively FnS”). It is well known that the algebra K[X,]5 is generated
by the following algebraically independent elementary symmetric polynomials.

€1 = X1 ++xn
e =X1X2+ -+ X1 Xp +X2X3 + -+ Xp—1Xp
€3 = X1X2X3 + + -+ + X1X2Xp + X2X3X4 + - -+ + Xp—2Xp—1Xp

€n—1 = X1X2 -+ Xp—2Xp—1 + X1X2 - Xp—2Xp + -+ X2X3 - Xp_1Xp

€p = X1X2 - Xp—1Xpn

The algebra F,,S " of symmetric polynomials were studied in many papers appeared
recently. In the sequel, we list some of them considered in free and relatively free
algebras with polynomial identities.

x Free associative algebras. Initially Wolf [15] worked on the symmetric polynomials
of the free associative algebras. Recently, in [3] the authors provided a generating set
for the symmetric polynomials of F,, using Koryukin’s action given in [12], which
allows to decrease number of generators effectively, defined by an equivalence class
determined by an additional action of symmetric group on the right side. With these
two actions, the subalgebra of symmetric polynomials is generated by elements of the
form

pi = Z Xo(l) Xy, L=1,...,n.
o€eSy,

x Relatively free associative algebras with the polynomial identity (PD): [x, y][z, ] =
0. In this case F; is the free algebra of rank 2 in the variety of metabelian associative
algebras. In [8], the second named author found a finite generating set of Fzs 2

X1 +x2, x1x2 +x2x1, (x2 —xp[x2, x1], [x2, x1](x2 — x1) ,
x1(x2 — xp)[x2, x1]x2 + x2(x2 — xp)[x2, x1]x71 ,
x1[x2, x1](x2 — x1)x2 + x2[x2, x1](x2 — x1)X71.
x Relatively free associative algebra with the PI: [[x, y], z] = 0. It was showed in
[1] if, then (FZ’)S2 is the free left K[X2]%2-module generated by (xo — x1)[x2, x1],
and that (F3’)S3 is a free K[X3]% module of rank three, where F3 is the free algebra

in the variety generated by the infinite dimensional Grassmann algebra, where the
K[X3]53-free generators are

(x2 — x1)[x2, 11 + (x3 — x1)[x3, x1] + (x3 — x2)[x3, x2] ,
(x5 — xP)x2, x11+ (3 — xDlxs, 11+ (6F — x3)[x3, %21,

2 2 2 2 2 2
(x1x3 — xix2)[x2, x1] + (x1x3 — x7x3)[x3, x1] + (x2x3 — x5x3)[x3, x2] .

s Relatively free associative algebras with the PI: [x2, y] = 0. The authors proved in
[9] that the algebra FZS 2 is the free module of (CentF»)S? with 4 generators. Here, F»
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stands for the associative algebra generated by two generic traceless matrices, and the
four generators are the unity together with

2 2 2 2
X1+ x2, x3x1+x7x2, (x7 —x3)[x1, x2].

Note that the Lie subalgebra of F> is the free algebra of rank 2 in the variety generated
by the Lie algebra s/>(K).

x Relatively free associative algebras with the PI: (xy)z = (x2)y; x(yz) = y(x2).
The algebra of symmetric polynomials was described [5] in the free bicommutative
algebra F,, of rank n. As a special case, let n = 2. Then, (Fz/)s2 is generated by

1 +y2)z1+z22), (1 +y2)z1z2, 1y2(z1 +22) . yi1y22122

as amodule of K[y; + y2, y1y21K[z1 + 22, z122], where y; and z;’s stand for the left
and the right actions of x; and x;’s on elements of F}, respectively.

We also mention the works considered in noncommutative or nonassociative alge-
bras.
* Free metabelian Lie algebras. An infinite minimal generating set of the Lie algebra
Fzs 2 were given in [10], while a set of generators of (F,;)S", n > 2, was described
in [6] as a right K [X,,]1%"-module. In particular, if n = 2, then (Fz/)s2 is the free
K[X5]52-module generated by the single element [x3, x1, x —x1]. When n = 3, then
the K[X3]%3-module (F3’)S3 is (not freely) generated by

[x2, x1, X2 — x1] + [x3, x1, X3 — x1] + [x3, X2, X3 — x2],
[x2, x1, x2 — X1, x3] + [x3, x1, X3 — x1, x2] + [x3, X2, x3 — x2, x1],
[x2, x1, X2 — x1, X3, X3] + [x3, X1, X3 — X1, X2, X2] + [X3, X2, X3 — X2, X1, X1].

* Free metabelian Leibniz algebras. The description of symmetric polynomials and
their generating sets in free Leibniz algebra F,, were provided in [11, 13]. In the case of
rank 2, the K [ X,]52-module (Fz/)S2 is freely generated by the following four elements.

[x1, x1] + [x2, x2], [x1, x2] + [x2, x1],
[[x1, x11, x1] + [[x2, x21, x21, [[x1, x2], x1] + [[x2, x11, x2] .

x Free metabelian Poisson algebras. A generating set of symmetric polynomials in
the free Poisson algebra F;, were given in [7]. Recall that F,, is a Lie algebra with the
commutator “[.,.]”, and is an associative commutative algebra with the product *“.”.
The K[X>]%2-module (FQ/)S2 is generated by

[x2, X112 = y1), X1-Xx1+Xx2-X2, X1-X2
X1 X1 X]p+X2-X2-X2, X|-X]-X2+X]-X2-X2

[x2, x1]- (x2 — x1), [x2, x1,X1] - %2
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In the present study, we consider the free metabelian Lie algebra F),, and give a
presentation of generators of the algebra F,f " of symmetric polynomials for n > 3.
Additionally, we compute the Hilbert series of the graded K -space (F,:)S".

2 Preliminaries

A Lie algebra L is a vector space with a bilinear product [., .] called the commutator
satisfying the following identities.

[x,x] =0, [lx,y],z]l +Ily,zl, x] + [[z, x], y] = 0.
If the characteristic of the ground field is different from 2, then the first identity is
equivalent to [x, y] 4 [y, x] = O that is called the skew symmetry. The latter identity
is called Jacobi identity. A Lie algebra is abelian if [x, y] = 0; and it is metabelian, if
[[x, y],[z,t]] =0forall x, y, z,t € L.

Let 22 be the variety of metabelian Lie algebras over a fixed field K of characteristic
zero. Now, we denote by F,, = F, (A2) the free algebra of rank n > 2 generated by
X, = {x1,..., x,} in the variety 2.

In the sequel, we use left normed commutators; that is,

[x,y,z] =[x, y], z] =[x, yladz

where adz is the adjoint operator acting on the right side. The algebra F;, has a K -linear
basis [2, 4] consisting of elements of the form

i, xj,xj.oxj ], i>j<jg=<-=<ji

Let u be an element in the commutator ideal F,, of F, generated by elements of the
form [x, y]. Then, clearly [x, y, u] = 0 and

0="[x,y,ul +[y,u,x]+[ux,yl=—[uy x]+[u x,yl

Thus [u, x, y] = uadxady = wadyadx = [u, y, x] by the above equality. Conse-
quently, F,, is a K[X,]-module by the action

up(Xy,) = up(ad(X,)) = up(adx, ..., adxy)
and in particular, ux; = [u, x;] = uadx; , where u € F),.
2.1 The wreath product

We use same notations as in [6] for the embedding of the free metabelian Lie algebra
F, in an abelian wreath product of Lie algebras suggested by Shmel’kin [14]. Let

KU, = Spang U, = K{uy, ..., u,}
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KT, =Spang T, = K{t1, ..., 1y}
be the abelian Lie algebras with bases U,, and T;,, respectively. We set

W, =u1 K[X,]®--- ®u,K[X,]

that is the free right K[X, ]-module with free generating set U,,, and we assume that
W, a Lie algebra with trivial multiplication. The semidirect sum W, X KT, with
elements of the form

n n
w=Y wipi(Xp)+ Y _eiti, pi(Xn) € K[X,l,0; € K. ey
i=1 i=1

is equal to the abelian wreath product (KU, )wr(KT,), in which the multiplication
defined by

(W, Wol = [T, Th]1 =0, [u; pi(Xy), tj] = uijpi (Xn)xja
where i, j = 1, ..., n. makes it a metabelian Lie algebra. Due to the universal prop-
erty of the free metabelian Lie algebra F, in the variety 22, we may extend every
mapping X, — (KU,)wr(KT,) to a homomorphism F, — (KU,)wr(KT,). Now
the homomorphism § : F,, — (KU,)wr(KT,) defined by

S:xi—>ui+t, i=1,...,n,

is a monomorphism as a special case of the embedding theorem of Shmel’kin [14].
Consequently, if

[ =) Ixi,xj1pij(Xn) € Fy,  pij(Xy) € K[X,],

i>j
then
5(f) =) (uixj —ujx;)pij(Xn) € Wiy.

i>j

Furthermore, § ! (w) € F where w is of the form (1) if and only if w € W, and by
[14, Theorem 2] we have the following.

inpi(xn) =0. (2)
i=1

2.2 Symmetric polynomials
Recall that a polynomial p(X,) € F, is symmetric if
Pxi, . xp) =T p(X1, .oy Xn) = p(Xr(l), - - Xa(n)
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for all # € S,. Due to the fact that 8((F,§)S") € W,,S”, it sufficies to work in the free
module W,,. We assume that S,, acts on W,, as follows.

n

n
Tow=m- Zuipi(Xn) = Zun(wpi(xna), R )]

i=l1 i=1

In the sequel, we fix some notations given below.

eq=ij,---qu, l<ji<---<js=<n,qg=1,....m 3)

e = "xjoxj, 1<ji<<jg<ng=1...n-1 “)
Ji#i

(”) Z Xjj e Xj,, l<ji<---<js<n,g=1,...,n-2; 5)
1.}

n
81+q=Z Z UiXjy - Xj,, i# 1,0 Jgg=0,1,...,n— 1.

i=1 ji<--<jgq
e =0 for k <0; e,(j)zo for k <Qork >n;
e,(j”=0 for k <OQork>n—1;¢e=1; e(()’)_l; e(()ij)zl.

The following two results are due to [6], where the corollary gives a set of generators of
K[X,]5-module Wns " while an implicit expression of a generating set of the K [X 215 -
module (F,;)S" was provided in the theorem.

Corollary 1 The K[X, 15 -module Wns” is generated by the polynomials €144, ¢ =
0,1,....,n—1.

Theorem 2 The K[X,]5-module (F,;)S" is generated by the polynomials g;j =
§71(hij), 1 <i < j <n, where

]’lij = j8,’€j — i8j€,'. (6)

3 Main results
3.1 Explicit generators

Our first result exhibits the explicit generators of the K [X,,]5"-module (F,;)S”.
Theorem 3 The K[X,]5 -module (F,;)S" is generated by

kl) (ki kl) (ki
gi= . Dbuxdr —xe el — el

I1<k<l<n

where 1 <i < j <n.
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Proof Initially, we have by Equations (3), (4), and (5) that
eq — e(l) +x e() . e‘(]l') (U) +x e(U) (7)

We also obtain the followings by direct computations.

(1)

]e]—x]e] e +xe vVjiefl,...,n}. (8)

Jl’

We have to rearrange the expression of /4;; in order to obtain its inverse image and
confirm the equality 51 (hij) = gij - Now let

hij = uihiji +-- -+ uphijn O]

where h;jr € K[X,] are the coefficients of free generators u; of the free K[X,]-
module W,,. Computations give by Theorem 2, Equations (7) and (8) that

. . . 1 .
hij1 =(jejei —iejgj)y, = ]ejeg )1 —ieje 5 )1
—(xle;1)1 4+ 4 Xy e )e (xlefl)l + - +Xn€,(n)1)€(])
—(xze] 1+ +xne(") )e(l) (x2 efz)l +- +x,16,(”)1)e(1)

=Aij — Aji
where

1] —(X2€j i 6’ )e(l)

(12) 12 (12) (12 13) (13)y,,(13) (13)

—xz(ej 1+ 1€;” (e, +xae; 2)+x3(e] l—i—x]e] (e, +x3e;75)
4. +xn(e(lnf+x eﬁln%)(el(lnl)_’_ X,e l(an))

since e(l) = 61(121) + x2 e(lz) = el(lnl) + xne(m) Thus, we have that

it = — a2 — 0D 02612 s el 03

e = A — ) )
and in general for any fixed k € {1, ..., n}, we obtain that
Ik
kl) (kl kl kl
hije =Y —xi1(x — xi)(ef e — e ™). (10)

!

Finally,

n

kl) (ki kil ki
hij =Y urhije =y (uxi —wex) (v — x) (e e — e ey (1)
k=1 1<k<l<n
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which completes the proof. O

Example 1 Let us illustrate the generators of g;; forn =2, 3, 4.
xn=2. K[X2]%2 = K[ey, e3], and

g12 = [x2, x1](x2 — x1).
xn =3. K[X3]53 = K[ey, 2, €3], and

g12 =[x2, x11(x2 — x1) + [x3, x1]1(x3 — x1) + [x3, x2](x3 — x2)
813 =[xz, x11(x2 — x)x3 + [x3, x1](x3 — x1)x2 + [x3, x2](x3 — x2)x)

€23 = [x2, x11(x2 — x1)x3 + [x3, X1 1(x3 — x1)x3 + [x3, ¥2](x3 — x2)x7
xn =4, K[X3]% = K[ey, e2, €3, e4], and

g12 =[x, x1](x2 — x1) + [x3, x11(x3 — x1) + [x3, x2]1(x3 — x2)
+ [x4, x11(xs4 — x1) + [x4, x2]1(xa — x2) + [x4, x3] (x4 — x3)

g13 = [x2, x11(x2 — x1) (x3 + x4) + [x3, x11(x3 — x1)(x2 + x4)
+ [x3, x2](x3 — x2) (x1 + x4) + [x4, x11(x4 — x1) (32 + x3)
+ [x4, x2]1(x4 — x2) (x1 + x3) + [x4, x3](x4 — x3) (X1 + x2)

814 =1[x2, x1](x2 — x1)x3x4 + [x3, x1](x3 — X1)x2X4
+ [x3, x2](x3 — x2)x1X4 + [x4, x1]1(x4 — x1)x2X3
+ [x4, x21(x4 — x2)x1x3 + [x4, x3] (x4 — x3)Xx1X2

823 = [x2, x1](x2 — x1) ((X3 +x4)% — X3X4>
+ [x3, x1](x3 — x1) ((xz + x4)2 — xox4

+ [x3, x21(x3 — x2) ((X1 +x4)% — x1x4

+ [x4, x2](x4 — x2) ((Xl +x3)% = x1x3

)
)
o Lea, 2110 = x0) (@2 + 29) = 3233 )
)
)

+ [x4, x3]1(xs — x3) ((x1 +x2)% = x122

824 = [x2, x1](x2 — x1) (x3 + x4)x3x4 + [x3, x1](x3 — x1) (X2 + X4)X2X4
+ [x3, x21(x3 — x2)(x1 + x4)x1x4 + [x4, x1](x4 — x1) (X2 + X3)X2x3
+ [x4, x21(x4 — x2) (x1 + x3)x1x3 + [x4, x3] (x4 — x3) (X1 + X2)X1%2
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234 = [x2, x11(x2 — x1) (x3x4)% + [x3, x11(x3 — x1) (x2x4)*
+ [x3, 221 (x3 — x2) (x1x4)% 4 [x4, 211 (g — x1) (x2x3)?

+ [xq, 221 (xg — x2) (x103)% + [x4, x3](xa — x3) (x162)*
3.2 A presentation

Note that in Remark 10 of [6], a presentation of the K [X,,]1%"-module (F,;)S" was
asked, and the relation
kgijer — jgikej +igjrei =0, (12)

were provided for | < i < j < k < n. In this section, we were motivated by
this question and gave a presentation of the K[X,]%-module (F ,:)S" with respect to
the generators g;;. Furthermore, we computed the Hilbert series H ((F,ﬁ)S", t) of the
K -space (F,;)S".

Let E, = {e1,...,e,} and E}} = E, \{eit1,...,ej—1}, wherei + 1 < j. Then
we have the following result.

Theorem 4 Every symmetric polynomial p € (F,;)S" can be expressed as

n—1
p=Y_ gGitnricin + Y &ijsij (13)
i=1 i+1<j

for uniquely determined r;; 1y € K[E,), sij € K[Ej,j].

Proof We perform the proof in two steps: The expression of Equation (13), and the
uniqueness.

Step 1. We know by [6] that the K [ X, ]5"-module (F')S» is generated by g;;, 1 <i <
J = n. On the other hand, by Equation (12) we have that e;g;x is contained in the
K [X,1%-module generated by gijand gjx for1 <i < j <k < n;thatis

e;j8ik € (8ij» &jk) K[X, 15 (14)

Now let p € (F,;)S" be an arbitrary symmetric polynomial. Then p is of the form

p= Z 8ijVij

1<i<j<n

for some v;; € K[E,] by [6]. We have to show that p can be expressed as in Equation
(13). If n = 2, then there is nothing to prove. Let n > 3. We have that vy, =
v 4 eow? for some v\> € K[E}?] = K[E, \ {e2}], w\>) € K[E,]. Therefore,

In

2 2
81nVin = g1n(v§n) + ezwgn)), and thus

2
81nVin = glnvf,,) mod(g12, g2n)
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by Equation (14). Similarly, vﬁ) = vﬁ) + e3w(3) for some v\ € K[E14] w(3)

1n
K|[E,]. Hence,
_ (3)
gnVin = &1nV),, mod(g13, &3n).

This process implies

-1
8lnVin = glanf, ) mod{(g1(n—1)» &n—1)n)-
for some vg_]) ek [E,ll"]. One may assume by similar steps that the coefficient v,

of gj, is contained in K[E,{"]; and in general vj; € K[E,'{k] forj+1 <k
Step 2. Initially, recall by Equation (6) that

0(gij) = hij = jeje; —ieigj, 1 <i<j=<n.

Now let

0= Zgz(z+1)rz(z+1) + Y gusu

k+1<l

for some r;j+1) € K[E,], sk € K[E,]jl]. We have to show that
rig+) =8 =0, i=1,....,n—=1, k+1<1.
Note: We need to keep in mind that

D (1)elh = el — ey

1 (1 1 (1
Z(XJe((IJ;“‘eqj))_( ((1]])+eq]))

(1)

g1 2=Jj=n l=gq=n,

= (x; —xp)e

for the transposition (1) € S,. This can be generalized as follows.

ef ) = (1 + D)efl 0 = Gogr —wp)eg Y
forl <k<n-—1.

In the sequel, we initially perform computations for n = 2, 3, 4 as an illustration
of an algorithm solving the equation.
* Assume that n = 2 and gior12 = 0, for some r1p € K[E2] = Kley, e2], which
implies that 6(g127r12) = h12r12 = 0 and

1 2
Rt Mzeé Mria

0 =Q2eze1 —e1&2)r12 = Qea(uy +uz) —ey(uye
in the free module W, generated by u| and u;. That is,

1
hioiria = 2e2 — 65 Yen)rip =0
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where K171 is the well defined coefficient of u; in the expression of /1. Thus
1
p1 = hpiria —2exrip = —ei derriy € K[Ex]

is a symmetric polynomial, and it is preserved under the action of the transposition
(12). Therefore,

1 2
0=p —(2)p1 = —(eg ) eg ))elrlz = —(xp — xpeqri2
Hence, r1» = 0 in the integral domain K[X»], since (xo — x1)e; # 0.

% Letn = 3 and
g12r12 + 813513 + 823723 =0

where ri2, 23 € K[E3], and s13 € K[E313] = Key, e3]. Similarly we have
hi21r12 + hi31s13 + hozirz =0,
that is
(e8]

(2ey — eil)el)rlz + (Bez — eél)el)sB + (e, ez — Zeél)ez)rn =0.

Then, by the fact that

p1= —eil)emz - 651)31513 + (3651)63 - 265“62)&3 € K[E3]
we have
0=p1—12p1 "=" —erri —ef Persiz + Bes — 2e] Ver)rz  (15)
and get
P2 = —eimelm - 2eilz)ezrz3

is symmetric. However,

0=pr— (13)p2 “=" —e1s13 — 2e2r23.
This implies e, divides s;3 € K[eq, e3]; that is, s;3 = 0 and hence rp3 = 0. Now
going back to Equation (15) we have rj» = 0.
* Letn = 4 and

812712 + 813513 + 23723 + 14514 + g24524 + 834734 =0

where 712,723,134 € K[E4], and s;; € K [Eii ]. We obtain the followings, by similar
steps.

1 1 1 1
0= e — eg )el)rlz + (Bez — eg )el)slg + (365 )63 — Zeg )ez)r23
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1 1 1 1 1
+ (deqg — eg )el)s14 + (46% )e4 — 2e§ )ez)sz4 + (4e§ )e4 — 3e§ )e3)r34

1 1 1 1
p1= —65 Jeiriy + (365 Je3 — 2e§ der)ras — e§ Jeisi3

— egl)elsm + (4651)64 — 2€§l)ez)sz4 + (46%1)64 — 3e§1)e3)r34 € K[E4]

- 12 12
0=pi — (12)p1 =" —e1ria + (Bez — 2e{ P er)ray — i

12 12 12 12
— eé )els14 + (4eq — Zeé )62)S24 + (435 )e4 — 365 )63)7'34

€1513

6512) (12)

p2 = —2e; “exraz —e| e1s13

— eémelsm — 2e§12)ezsz4 + (4eilz)e4 — 3eélz)e3)r34 € K[E4]

0=ps— (13)p2 =" —2err3 —e1513
123 123 123
— eg )€]S14 — 26‘5 )ezsz4 + (4eq — 3e§ )63)r34
65123)6

123 123
p3=— 1514 — 265 Yers24 — 365 Yesrss € K[Eq4]

and finally

0=p3— (14)p3 =" —e1s14 — 2e2504 — 3e3r34

That is,

e1514 + 2exs04 + 3e3rzy =0

n—1
0= gia+nria+n + Y 8kiskl
i=1 k1<l

n—2
Zieisin = —=n)ep_1r@p-1m

i=1

@ Springer

(16)

where S14 = 514(61, 64), S04 = 524(61, en, 64), r3gq = V34(61, e, es, 64). Equation 16
implies that e3 | eys14+2e2524 Where e 514 +2e2524 does not depend on e3 in the alge-
bra K[ey, e2, e3, e4] generated by algebraically independent variables ey, e2, e3, es.
That is, e1s14 + 2e2524 = 0, and that e; | e1s14 which does not depend on e,. There-
fore, s14 = 0, and inductively so4 = r32 = 0. Now going back to the previous step,
the process works as in the case n = 3: Firstly s13 = rp3 = 0, and later rj» = 0.

x In general, let n > 2 and

for some r;;+1) € K[E,], skt € K [E,’fl ]. Then the algorithm defined above implies,
after n — 1 steps that
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where the expression on the left does not depend on e;,—1. Thus

n—73

Z iejSin = (2 = n)en—28(n—1yn
i=1

where the expression on the left does not depend on e;,_>. Following this process,

one obtains 51, = 0,...,5u—1)» = 0, respectively. Later, r(,—1), = 0 is a direct
consequence. Inductively, one shows

517=0,...,5-2; =0,rj-1; =0

where j =n —1,..., j = 2, respectively. O
Similar steps used in the proof of Theorem 4 results in the corollary below.

Corollary 5 The generators gji+1), 1 <i < n — 1, are free in the K[X 15" -module
(F)Sn; ie., the submodule generated by g1, ..., &m—1)n IS a free right K[X,]5-
module of rank n — 1.

3.3 The Hilbert series

It is well known that the free metabelian Lie algebra F), is a graded algebra and it can

be expressed as
h- @
k>1

where F, ,Sk) stands for the homogeneous subspace of degree k of F;,. Similarly, (F,’l)S"

is graded, and
Fp)S = @Pr)sH®
k>3

since ((F,;)S")(l) = ((F,:)S")(z) = 0 as a result of Theorem 4. Therefore, the Hilbert
series of (F,;)S” can be formalized as

H((Fp)%, 0 ) dim(((F))®) et

k>3
The next theorem is our last result of the paper.

Theorem 6 The Hilbert series H((F))5",t) of the K -space (F))%" is

n—3n—i—3 n
. 1
I\ Sn _ 2i+1 2i+j+4 k+l+2
H((Fp)S, 1) = §:r +§Oj §Oﬁt H(l ) _]"!l_ﬂ.
i J i=
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Proof Theorem 4 can be expressed as follows: The K[E,]-module (F,Q)S" has the
presentation

n—1
(FD%" = @ giarnKIE & €D gijKIE]
i=1 i+l<j

Therefore,

n—1
H((F};)S”’ t) = Z tdeg(gi(iJrl))H(K[En]’ 1)+ Z tdeg(gij)H(K[E;l/], 1)

i=1 1<i<n-2
i+2<j<n
; 1
_ 2i+1 l+J
= t
Z H + 2 "l ==
1<i<n-2 1<k<i
i+2<j<n J=<k=n
n—1 n 1
_ 2i+1
(Seem) 1
i=1 i=1
where
n—2 n j—1
Hi= > 1" ﬂ <1—f">—Z ORAE § KU
i=1 j=i+2 k=i+1 i=0 j=i+3 k=i+2
n—-3n—i—3 JHi+2 n—3n—i—3
— Z t21+/+4 l_[ a-— t)_z Z t21+]+4 1_[(1 k+l+2)
i=0 j=0 k=i+2 i=0 j=0
and we are done. O
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