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Two stage least squares is a widely used method of estimating the parameters
of a single structural equation in a system of simultaneous equations. The extension
of the biased estimation procedures at both stages of the two stage least squares
technique in simultaneous equations model is desirable so as to cope with the
problem of multicollinearity. Such a two stage technique is applied with the help of
ridge regression by Vinod and Ullah (1981). In a similar manner, three different
kinds of Liu estimators which are named with regard to their implementation stages
are proposed in this study. The mentioned estimators are compared theoretically and
the results are supported by a numerical example.

In addition, inequality restrictions are necessary to maintain structural
consistency in a system of simultaneous equations. Therefore, the idea of inequality
restrictions is applied to the two and three stage ridge regression estimation in the
presence of multicollinearity by following Liew (1976a). Inequality constrained two
stage and three stage ridge regression estimators are proposed by reducing the
primal-dual relation to the fundamental problem of Dantzig-Cottle (1967, 1974) and
solving with Lemke (1962) algorithm.

Key Words: Biased estimators, Multicollinearity, Simultaneous equations model,
Two stage estimation.
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Iki asamali en kiiciik kareler, esanli denklemler sisteminde bir tek yapisal
denklemin katsayilarin1 tahmin etmede kullanilan yaygin bir metottur. Coklu ic¢ iligki
problemini gidermek i¢in esanli denklemler modelinde iki agamali en kiigiik kareler
tekniginin her iki asamasinda yanli tahmin yontemlerinin gelistirilmesine ihtiyag
duyulmaktadir. Boyle bir iki asamali teknik ridge regresyon yardimiyla Vinod ve
Ullah (1981) tarafindan uygulanmistir. Benzer sekilde, bu ¢alismada uygulama
asamalarima gore adlandirilan ii¢ farkli Liu tahmin edici Onerilmistir. S6z konusu
tahmin ediciler teorik olarak karsilagtirilmis ve sonuglar niimerik uygulama ile
desteklenmistir.

Ayrica, esitsizlik kisiti esanli denklemler sisteminde yapisal tutarliligi
saglamak i¢in gereklidir. Bu yiizden, ¢oklu i¢ iliski olmasi durumunda esitsizlik kisiti
fikri Liew (1976a) calismasini izleyerek iki ve ii¢ asamali ridge regresyona
uygulanmistir. Primal-dual problem Dantzig-Cottle (1967, 1974) temel problemine
indirgenip Lemke (1962) algoritmasiyla ¢oziilerek iki ve {i¢ agamali ridge tahmin
edici onerilmistir.

Anahtar Kelimeler: Yanli tahmin ediciler, Coklu i¢ iliski, Esanli denklemler
modeli, Tki asamal1 tahmin.
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1. INTRODUCTION

Single equation regression models are considered to have a single dependent
variable that is expressed as a function of one or more explanatory variables.
Unidirectional relationship between the dependent and the explanatory variables for
the single equation regression model cannot be always maintained. In the case of a
bilateral or feedback relationship between the dependent and the explanatory
variables, more than one regression equation is required. That kind of regression
models, having more than one equation and feedback relationship between variables,
are called as simultaneous equations model. There are two approaches to estimate the
structural coefficients, namely single-equation methods (limited information
methods) such as two stage least squares (TSLS) and system methods (full
information methods) such as three stage least squares.

The TSLS has been widely used method of estimating the parameters of a
single structural equation since it is easy to apply and frequently preferred over
complete system techniques. The TSLS procedure is essentially such an instrument
variable technique that the explanatory endogeneous variables are replaced by their
instrumental variables in the first stage. These are ordinary least squares (OLS)
estimates obtained by using the exogeneous variables as predictors. At the second
stage, the OLS estimation is used to obtain the regression coefficients. The TSLS
method is proposed more or less independently by Theil (1953a, 1953b, 1954, 1961),
Basmann (1957) and Sargan (1958). Additional insights are pointed out by Amemiya
(1974), Kadiyala and Nunns (1976), Koutsoyiannis (1977), Intriligator (1978),
Anderson et al. (1986), Farebrother (1999) and Anderson (2005).

Multicollinearity relevant to the linear regression model is one of the most
widely known problems. The problem of multicollinearity which is native to single
equation estimation is addressed here by introducing simultaneous equations model.
This problem may still exists in individual equations of the simultaneous model. Due
to near linear relationship among predetermined variables and/or predictions of right
hand side endogenous variables, the TSLS often fails to provide stable and accurate

solutions. Namely, the estimation process turns out with poor precision and inflated
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parameter estimates with possible wrong signs. These considerations motivates the
development of the biased estimation. Initially, we examine several biased estimators
which are proposed to cope with the problem of multicollinearity in the linear
regression model in the second section.

In the linear regression model, one of the biased estimators is Stein estimator
which is started with seminal paper of Stein (1956) on estimating the multivariate
normal mean with a result that the usual estimator, the sample mean, can be
improved with respect to squared error loss. A shrinkage estimator that has uniquely
smaller quadratic risk than the sample mean is derived by the famous paper of James
and Stein (1961). Stein's result has been extended to a wide class of distributions and
loss functions and estimators which dominate standard estimators are often called
Stein estimators, Stein-rule estimators or Stein-type estimators to appreciate the
performance of Stein. Ridge estimator (RE) of Hoerl and Kennard (1970a) is
motivated from the fact that the matrix X'X is stabilized by adding small, positive
quantities to each of its main diagonal elements. The RE has been shown to give
more precise estimates of the regression parameters because its variance and its
mean square error are generally smaller than that of the OLS estimators. Although
the RE is practical, the choice of its biasing parameter is difficult since the RE has a
complicated function of this parameter. Besides the advantage of being linear
function of its biasing parameter, Stein type estimator is not efficient in practise due
to the same shrinkage of each element. Kejian (1993) introduced a new estimator
which combines the advantages of the RE and the Stein type estimator to handle
multicollinearity. This estimator, as a linear function of its biasing parameter, yields
convenient selection opportunity of the biasing parameter. Subsequently, Akdeniz
and Kagiranlar (1995) entitled this new estimator as Liu estimator (LE). The matrix
mean square error comparisons between the OLS estimator and the LE were given in
Sakallioglu et al. (1996). Sakallioglu et al. (2001) compared the RE and the LE with
the same criterion. There are lots of similar works performed about the LE in linear
regression model, afterwards.

Various kinds of improved estimators to overcome the collinearity issue have

recieved attention in the literature of simultaneous equations model and cited in the
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third section. Classical and Bayesian interpretations are presented in relation to the
ridge-like, shrinkage and some Bayesian estimators by Zellner and Vandaele (1975),
Mehta and Swamyy (1978), Maasoumi (1978), Maasoumi (1980), Srivastava et al.
(1978), Vinod and Ullah (1981) and Ullah and Srivastava (1988). Alternative
simultaneous equation estimators are examined by a Monte Carlo approach by
Wagner (1958), Nagar (1960), Raj (1980), Capps and Grubbs (1991), Agunbiade
and lyaniwura (2010) and Agunbiade (2011). Vinod and Ullah (1981) presented the
Stein type and the ridge type estimators at the first and/or second stage of the TSLS
in a simultaneous equations model. For the improved estimation of coefficients in a
structural equation, we consider three different kinds of the LEs' which are named
with regard to their implementation stages in the fourth section. Selection methods
for the biasing parameter are analyzed. The conditions for superiority of the proposed
estimator over conventional estimators like the TSLS estimator and the RE are
obtained under the mean square error criterion. The mentioned estimators are
compared theoretically and the results are supported by a numerical example and a
Monte Carlo simulation study.

To meet the demand to use prior and sample information for parameter
estimation of a regression model, inequality restrictions are utilized. In order to
maintain structural consistency, many empirical studies entails inequality restrictions
on parameters of a regression equation. That’s the reason for the inequality
constrained least squares (ICLS) estimation to be proposed. Liew (1976b) introduced
ICLS estimator by reducing primal dual relation to the to the fundamental problem of
Dantzig-Cottle (1967, 1974) and solving with Lemke (1962) algorithm. Toker and
Kagiranlar (2013) applied inequality restrictions to the ridge regression estimation to
deal with multicollinearity and proposed inequality constrained ridge regression
(ICRR) estimator. Such inequality restrictions are also required to sustain structural
consistency in a system of simultaneous equations. Liew (1976a) suggested a
generalized inequality constrained least squares (GICLS) estimation model and
enlarged the model to a two and three stage least squares estimation when the
parameters of the structural equations are constrained by inequalities. In the fifth

section, we based on this idea. To circumvent the problem of multicollinearity, we
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offer inequality constrained two stage and three stage ridge regression estimators.
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2. LINEAR REGRESSION MODEL AND SOME BIASED ESTIMATORS

2.1. The Linear Model

Let y and X,X,,...,X, denote the dependent and explanatory variables,

respectively. The relationship between the variables can be shown by a function f as

y= f(xi,xz,...,xp)+g.

The multiple linear regression model can be written as follows for the linear

function of f:
Ve =X B+ X+t Xy +E t=12,....T (2.1)
There are T sets of observations on vy, (xl,xz,...,xp) and ¢ . The parameters

By B, B, are the regression coefficients. The equation (2.1) can be written in the

matrix form:
y=XpB+e¢ (2.2))

where X is a T x p design matrix, y is a T X 1 vector of observable random

variables, £ is ap x 1 vector of unknown regression coefficients and eis aT x 1

vector of disturbances. The following conventional assumptions are often used:

e X is a non-stochastic matrix with p<T . If T < p, there will exist fewer
observations, t=1,2,...,T, than unknowns 3, 5,,..., B, that makes it hard

to think any reasonable estimation process. The assumption of a
nonstochastic nature of the elements in X is often emphasized by writing
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E(y|X)=Xp instead of E(y)=X f. This assumption is often weakened to

the assumption that the source of data in X is unrelated to the source of ¢ in
econometrics. However, if there is a relation between X and e, classical
regression methods are supposed to yield inadequate results that requires to
consider alternative methods.

The rank of X is p (full column rank). If the values of explanatory variables
are measured qualitatively, this asspumption is often satisfied and this
prevents the exact linear dependencies between the columns of X . The full
rank assumption is not disturbed by a time trend and/or certain dummy

variables.

The elements of € are non-observable random variables such that E(g)=0
and Var (&) =c’l, with o >0.The variance o is unknown, but it is the

same for each observation. Also, Cov(si,gj):o for i= j, namely the

covariances between the two random errors corresponding to two different

observations are zero.

Let A = diag(/ll, ...,Ap) be a diagonal matrix whose diagonal elements are

eigenvalues of X'X. Let T be a p X p matrix whose columns are the eigenvectors of
X'Xand TT' =T'T = L,. Then,

y=Za+e¢ e~(0,6%I,) (2.3)

is called canonical model where Z = XT,a =T'fand Z'Z = T'X'XT = A.

The statistician's task is now to estimate the unknown vector g of the

regression parameters in the model (2.2) on the basis of observations and

assumptions already stated. Linear estimators for the p x 1 vector of g are of the

form

f=Cy+d
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where C is an pxT non-stochastic matrix and d is a p X 1 non-stochastic vector. If

d is equal to the p x 1 zero vector, then the linear estimator is called homogeneous
estimator, otherwise the linear estimator is called heterogeneous (non-homogeneous )
estimator. A linear estimator £ is called unbiased for g if E(8) = B.

Comparisons of the performances of the different estimators can be made on

the basis of their mean square errors. The matrix mean square error (MSE) of an

estimator £ is

MSE(B) = E[(B~B)(B~B)]
= Var(F) + [Bias(§)][Bias(§)]

where the variance matrix of an estimator g is

var(§) = £|(F - £(B)) (B - £(A)) |
and the bias is
Bias(B) = E(B) — B.

The scalar mean square error (mse) of an estimator £ is defined as

mse(f) = E[(B-8) (8 - B)]
= Tr[Var(ﬁ)] + [Bias(ﬁ)]’[Bias(ﬁ)].

2.2. Principle of Ordinary Least Squares and the Need for Alternative

Estimators

Statisticians often use the method of least squares to estimate the parameters

of a linear regression model. The OLS estimator is obtained by minimizing the sum
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of squares of the error terms for the model (2.2). Thus,

F(B) = (y—XB)'(y — XB)
is differentiated with respect to g and equated to zero as

oF(P)_ XXB-XYy=0.

op
The normal equations are yielded as
X'XB = X'y. (2.4)

If X is full rank p, then XX is nonsingular and the unique solution of (2.4.), namely

the OLS estimator is:
B=XX)"Xy. (25.)
If X is not of full rank, the equation (2.4) has a set of solutions

B=(XX) XY+ (1-(XX) XX )w,

where (XX)  is a generalized inverse of XX and w is an arbitrary vector.

The most common estimator for the unknown o2 is

(v=xB) (y=xB)

62
T-p

which is based on the residual vector of the least squares residuals £ = y — X and it

is unbiased for 2.
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One of the properties of the OLS estimator is
E(B)=4

which shows the unbiasedness of /3 that results in the Var(,B) = MSE(,B) as
MSE () =0 (XX) ™. (2.6.)

Gauss - Markov theorem establishes that £ is uniformly not worse than any
estimator 5 from the set of linear unbiased estimators for 5. Namely, the OLS
estimator of  is best linear unbiased estimator (BLUE) having the smallest variance
among the class of all unbiased estimators. However this theorem does not ensures
that this variance will be small. Multicollinearity results in large variances for the
OLS estimators of the regression coefficients implying that confidence intervals on S
will be wide and the point estimate 8 will be very unstable. We can find a biased
estimator § which has a smaller variance than the unbiased estimator /3 to ease this
problem. Decrease in variance will be more than the increase in bias of § so the MSE
of S8 will be less than the variance of 8 implying that 8 is a more stable estimator of
B. Besides this, confidence intervals on g will be much narrower by using the biased
estimator.

The optimality of the OLS estimator within the sets of linear unbiased
estimators does not mean that it is necessarily a good estimator as a whole. Although
£ is unbiased for 8, its expected squared lenght is greater than the squared lenght of
B resulting with the unreliable results. The squared distance of any other linear
unbiased estimators can be even greater than the squared lenght of B, but
nevertheless estimation with least squares in such situations can take the risk of an
individual estimate £ being far away from the true parameter 8. The squared distance

from S to the true parameter vector S is
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Li* = (B - B)' (B -8)
and the expected squared distance, E(L,?), is
E(L,?) = a?Tr(X'X)™?
=g2yP 2 (2.7)

J=1);

where ; >0, j=1,..,p are the eigenvalues of X'X . In the presence of

multicollinearity, at least one of the A; will be small and (2.7) implies that the

distance from the least squares estimate f to the true parameter 8 may be large.
Namely the vector 8 is generally longer than the vector g. This implies that the
method of least squares produces estimated regression coefficients that are too large
in absolute value. Alternative biased estimators 8 turn out to be not uniformly better

than the OLS estimator but nevertheless shorten f.
2.3. Multicollinearity

The numbers of observations are sometimes limited, variables do not vary
over a very wide range and thus the samples often do not provide enough
information. This lack of sufficient information and the corresponding loss of
precision of statistical results based on such data leads to what is commonly called
the multicollinearity problem. Multicollinearity means linear dependence among the
columns of X. A distinction is often made between exact multicollinearity and near
multicollinearity defined as follows:

Exact multicollinearity exists when the rank of X is less than p, namely the

columns of X denoted by x4, x5, ..., x,, are linearly dependent. In other words, there

exist nonzero constants a;, j = 1....p such that

p —
Zj=1 a; xXj = 0.

10
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Near multicollinearity exists when there are nonzero constants a; such that
p ~
Zj=1 a; xj = 0

where ~ denotes approximate equality.

Exact multicollinearity implies that X'X is singular, i.e. the smallest
eigenvalue is A4, = 0. Near multicollinearity means that X'X is nearly singular and
the smallest eigenvalue is close to zero.

When the condition of exact multicollinearity exists, the X’'X matrix is singular and
the OLS estimator 3 is not defined. Thus we can not obtain estimates of 8 using the
least squares estimation rule. When the variables exhibit near linear dependencies or

collinearity, the following consequences are:

e The variance of the OLS estimator is Var(f) = a2(X'X) ! so this means
that the sampling variances, standard errors and covariances of the OLS
estimator may be large. Large standard errors for the OLS estimators imply
that sampling variability is high, interval estimates are wide and the
information provided by the sample data about the unknown parameters is
relatively imprecise.

e To explain high variance of § clearly, the trace of variance matrix (2.6) of the

OLS estimator, the mse is:

mse(f) = a2 Tr(X'X)~1. (2.8.)
e Interms of the eigenvalues of X'X, the equation (2.8) is defined to be

MSE(B) =02 X0_ 47" > 022, " (2.9

For A, —» 0 and (2.9) implies that the MSE — oo which means that B is

subject to very large variance. High variance of regression coefficients would

11
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generally mean that the null hypothesis H,: §; = 0 will be more likely to be
accepted. Namely, the usual t-tests will lead to the conclusion that parameter
values are not significantly different from zero. This outcome occurs despite
possibly high R? or F-values indicating significant explanatory power of the
model for this combination of variables. The problem is that collinear
variables do not provide enough information to estimate their separate effects.
Another practical difficulty with the estimated students' t values based on
multicollinear data is that these values are highly unstable and often change
their signs and relative magnitudes with minor perturbations in data.
e Multicollinearity can result the estimated regression coefficients appearing

to have the wrong sign (Farrar and Glauber (1967), Mullet (1976)) i.e.
opposite to be a prior expectations of the researcher. Excessive caution is
required to trust on the appearance of wrong signs because wrong sign  may
not even be wrong.Visco (1978) and Leamer (1975) have shown by algebraic
methods that omitting a variable with relatively low t value cannot correct the
wrong sign of a regressor having a higher t value. However, replacing a less
significant regressor by another can indeed remove the wrong sign problem
in certain cases. Also omission of two collinear regressors at the same time
can change the signs of significant regressors and even make them

insignificant.

2.3.1. Identifying the Multicollinearity

The methods that have been proposed for detecting the presence and nature of
multicollinearity are discussed.
Examination of Correlation Matrix: Simple correlations r;; between pairs of
regessors can indicate linear associations between them. However, there is no
assurance that any of the pairwise correlations will be large for collinear
relationships involving three or more variables.
Variance Inflation Factors: Diagonals of (X'X)~! are called variance inflation
factors (VIF) by Marquardt (1970). For the standardized data, X'X is the correlation

12
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matrix and the (i, j))th element of the inverse (X'X)~* may be denoted as . Farrar
and Glauber (1967) were the first to suggest looking at the values of r// to diagnose
multicollinearity. Marquardt (1970) suggests a rule of thumb that VIF;, = r// > 5

indicates harmful multicollinearity. Theil (1971) shows that

1

) N S
(1=R;)lx;l

where ||x;||* = x,/x; and where R;? represents the squared multiple correlation
coefficient when x; (j-th column of X) is regressed on the remaining p — 1
regressors. When multicollinearity is present, Rjz will be large (close to 1) and the

denominator of r// will be close to zero, hence /7 will be large.

Eigensystem Analysis of X'X: The analysis of the characteristic roots of X’'X can
reveal the presence and perhaps the nature of multicollinearity. One or more small
eigenvalues imply that there are near linear dependence among the columns of X.

The condition number of X'X is

K = Amax
Amin )

There is no serious problem with multicollinearity if the condition number is
less than 100. However condition numbers between 100 and 1000 imply moderate to
strong multicollinearity and if x exceeds 1000, severe multicollinearity is indicated.

The condition indices of the X' X matrix are

Amax
Kj - /1]'

,J=12,..p.

Clearly the largest condition index is the condition number. The number of
condition indices that are large (say = 1000) is a useful measure of the number of

near-linear dependence in X'X.

13



2. THE LINEAR REGRESSION MODEL AND SOME BIASED ESTIMATORS
Selma TOKER

2.3.2. Solutions to the Multicollinearity Problem

Several techniques have been proposed for dealing with the problems caused

by multicollinearity.

2.3.2.1. Traditional Solutions to the Multicollinearity Problem

Additional Sample Information: The data do not include sufficient information
about the individual effects of control variables to enable us to estimate the
parameters of the statistical model precisely, in the presence of multicollinearity. One
solution is to obtain more information and include it in the analysis. Unfortunately
collecting data is not always possible because of economic constraints or because the
process being studied is no longer available for sampling. Also, the new observations
may suffer the same collinear relationships.

An alternative to new sample information is to add structure by introducing
non-sample information in the form of restrictions on the parameters.
Exact linear Constraints: One effect of using exact parameter restrictions is to
reduce the sampling variability of the estimators. The imposition of binding
constraints, even if incorrect restrictions produce biased parameter estimators. Exact
linear restrictions may be employed in the case of both extreme and near-extreme
multicollinearity.
Stochastic Linear Restrictions: Stochastic linear restrictions arise from prior
statistical information, usually in the form of previous estimates of parameters that
are also included in a current model. These linear stochastic restrictions act just like
additional observations, if the statistical information is unbiased, and thus they may
serve to aid in both situations of extreme and near extreme multicollinearity.
Linear Inequality Restrictions: Their use can improve the precision of estimation
when near-extreme multicollinearity is present and make it possible to estimate a
function that cannot be estimated because inexact restrictions may not effect the

dimensionality of the parameter space.
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2.3.2.2. Ad Hoc Solutions to the Multicollinearity Problem

It is noted that conventional procedures for combining sample and non
sample information can be used in an attempt to reduce the ill effects of
multicollinearity. Some of the ad hoc solutions are the biased estimators such as the
RE, LE and Stein type estimator, because the information it introduce is specific to

sample in hand.
2.4. Ridge Estimator

The RE
b= (X'X+kL,) X'y, k=0 (2.10))

IS a biased linear estimator introduced by Hoerl and Kennard (1970a). In the
presence of collinearity, this estimator can yield better estimates than the OLS
estimator 8. The use of this estimator is motivated from the fact that the matrix X'X
is stabilized when a positive number k is added to each of its main diagonal
elements. By increasing k, the ridge of matrix X'X + kI is raised so that X'X + kI
resembles more and more a diagonal matrix, which has an optimal condition. The
ultimate goal is to find some k which is large enough to reduce the variance
compared to the OLS estimator, but which is small enough to produce some
acceptable low bias.

Originally Hoerl and Kennard (1970a) obtained the RE by finding the point
on the ellipsoid centered at the OLS estimator 3 that is closest to the origin. This
consist of minimizing the distance B'p of a vector of parameters g from the origin

subject to the side condition:

B-B)x'x(B-B) = @,
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The optimization problem is solved using Lagrange multipliers. Differentiate
L=pB+7[(8-B)XX(B - B)—

to obtain
B+-X'X(B—p)=0. (2.11.)
The RE in the equation (2.10) is obtained by solving the equation (2.11) for

When the squared length of the regression vector g is fixed at c?, in order to
make the sum of squares minimum, the Lagrange multipliers is used to solve the

problem:

L= —XB)(y—XB)+(B'B—c?).
2.4.1. Properties of the Ridge Estimator

The RE can be written in the form

3 = X'X+ kD7 X'y =WX'y, k=>0.

Since

E(Be) = WX'XB = f — kW,

Bias(B,) = —kWB,

Var(B) = a*WX'XW,

the MSE of the RE is
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MSE(By) =W (a2 X'X + K2B'BIW. (2.12.)
The mse of the f,, is obtained from the (2.12) as
mse(,[?k) =Tr (MSE([?,{))
= o2YP_ M4 k2R(X'X + k)2 (2.13)

J=L (2 j+k)°

where 4; >0, j = 1,...,p are the eigenvalues of X'X.

The total variance decreases as k increases, while the squared bias increases
with k. There are values of k for which the mean square error is less for 3, than it is
for the usual solution 3. These can be summarized in the following results:

e The total variance is a continuous, monotonically decreasing function of k.
e The squared bias is a continuous, monotonically increasing function of k.
e Existence Theorem (Hoerl and Kennard, 1970a): There always existsa k > 0

such that mse (&) < mse(&) and

0.2

k < (2.14)

2
Xmax

where @, &, and a2, are the OLS estimator, the RE and the maximum

coefficient from the canonical model (2.3), respectively.

2.4.2. Choice of the Ridge Parameter

There exist several ways to determine k. For determining an appropriate k,

two methodical approaches are subjective and objective methods.

2.4.2.1. Ridge Trace

Hoerl and Kennard (1970a) suggested ridge trace method (subjective method)
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which considers the p elements of the RE as functions of k, all of them plotted into
one figure. Theil (1963) seems to have independently suggested a similar plot. When
data is collinear the regression coefficients appear to change very rapidly as k varies
for small values. At some value of k they stabilize; the rate of change slows down to
almost zero. The user then chooses the value of k at which the functions begin to
stabilize. This methods of choosing k is subjective since the judgment of the ridge
trace depends on the user. Also, the impression of stability will be quite different
when the ridge trace is considered for different range of k values.

Hoerl and Kennard (1970b) recommended standardizing the data before
plotting on a ridge trace, so as to retain numerical comparability of regression
coefficients. Vinod and Ullah (1981) points out that the appearance of a ridge trace
that does not plot standardized regression coefficients may be dramatically changed
by a simple translation of the origin and scale transformation of the variables.

2.4.2.2. Estimation of k

An estimator k, as a choice of k, can be seen as an objective method in the
sense that the choice of k only depends on y.

For any given parameter values (8 # 0, ¢?) there exists some optimal k,y,

for which MSE (ﬁkopt) < MSE (B )for any k > 0 and

_ po?

kope =5 (2.15.)
Based on this idea, some ad-hoc possibilities for determining an estimator for

k is considered.

Estimator from Hoerl and Kennard (1970a): Hoerl and Kennard (1970a)

suggested an estimator for k in the equation (2.14). By replacing the OLS estimates

of the o2 and a?2,,,, estimator of k is determined as
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Estimator from Theobald (1974): Theobald (1974) extended the result of Hoerl and
Kennard (1970a) above. Weighted mean square error E(f — ﬁ)'B(ﬁ — B), where B

is non negative definite matrix for different estimators S, is used to compare the OLS
estimator and the RE. Thus, Theobald (1974) suggested an estimator for k

=

ﬂ

Il
23
h=y)] IIN)

where 62 and f are the OLS estimates.
Estimator from Hoerl, Kennard and Baldwin (1975): Hoerl, Kennard and
Baldwin (1975) used the two results in improving an algorithm for selecting k.

Firstly, k in the equation (2.15) is considered. Secondly, the general form of optimal

2
values for k; = % is evaluated. For combining these individual k; to obtain a single
j

value of k, Hoerl, Kennard and Baldwin (1975) proposed the use of harmonic mean
of the k; values. So, an estimator of k for automatic selection of choice is

62

kuks =5
HKB B’

i

=)

~ ~2
Estimator from Hoerl and Kennard (1976): The estimator kyxp = %which is
proposed by Hoerl, Kennard and Baldwin (1975) often produces small value of k.
An iteration of estimation process is proposed to remedy this problem by considering

a sequence of estimates of g and k:

~2
3 ik =22
ﬁ 0 B'B

=2

) N L
Fiko) * by = zro S m i
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R b p8*
Frla) by = grosms
N __ p3?
BreCke): ke = 5o a0y

k., —k.
The sequence is continued if ”1'2 L > 20T "3 where T :ltr(X'X)’l,
- p
J

otherwise it is terminated and 3, (k; ) is used. Since T increases with the spread in

the eigenvalues of X'X allowing further shrinkage as the degree of ill conditioning in
the data increases, this choice of termination criterion is selected.

Estimator from McDonald and Galarneau (1975): McDonald and Galarneau
(1975) offer choosing k so that

BibBe=B'B—-62%5_, 47" (2.16.)

If the right hand side of (2.16) is negative, k is taken zero (OLS) or k is taken oo
(Bx = 0). Both methods were not better than OLS in all cases.
Estimator from Lawless and Wang (1976):Lawless and Wang (1976) give a

different, Bayesian oriented motivation for the corresponding estimator kg as

follows:

~2
ki ==—— .
LW ﬁ'X’Xﬁ

It is also indicated that the usage of k,y, increases the performance of the RE in
comparisons with the OLS estimator with a Monte Carlo simulation.
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2.5. Stein Type Estimator

Stein (1956) pointed out that the standart estimator of the normal mean can be
improved under certain conditions. At first, this result was confusing for the
statisticians. Then, the result interpretated in many papers for the regression analysis.
A family of biased estimators, called Stein-type or Stein-rule estimators, with smaller
mean square error are offerred as an alternative to the OLS estimator.

The Stein estimator for £ is
5 ca? 5
Bs = (1-57) B (2.17.)

where ¢ > 0 is any constant and Bis the OLS estimator. When o2 has an unknown

value in (2.17), James and Stein (1961) consider the following estimator

where c is an arbitrary constant and o2 has been substituted by its unbiased estimator

T-p '

~~
uu
Sz = —
T-p

The Stein type estimator can be written in a form as follows:

A k'1 A
Bor = (1- 355 B (2.18)

where k; > 0 is an arbitrary scalar constant.

Some properties of the Stein type estimator (2.18) are:

(T-p)k,0?

ﬁ’X’Xﬁ B'

Bias ([?ST) =
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mse(Bsr) = a2Tr(X'X)~!

(T-p)ki0*

TOTE [B'B8(4+ k(T —p+2))—2B'X'XB)Tr(X'X)71.

The Stein type estimator dominates the OLS in the sense of mean square
error. For the eigenvalues A; = --- = A, of the matrix X'X, 4, < B'X'XB/B'B < 14

is concluded from Rao (1973) and then it is approved that from mse(fsr) that
mse(Bsr) < mse(B) for

2
T—p+2

0<k < d—2)

whered =2, Y7 A7t >2and Y0 A7t =Tr(X'X)™
Mayer and Willke (1973) introduced an estimator called shrinkage estimator

or contraction estimator

(&) =—f, §=0 (2.19))

1+8

as an alternative biased estimator to the OLS estimator.When, the shrinkage

parameter ¢ is fixed, (2.19) is a homogeneous estimator that satisfies

E(B®) =18

1+68

0.2

Var (/?(5)) = o (0™

The OLS estimator is multiplied by the same factor 1/(1 + &) so the sign and the

proportion of the individual estimates are resumed. The factor y = 1/(1 + §) lies
between 0 and 1 when § > 0. In the case of X'X = I,,, B = B(k), namely the ridge

estimator with parameter k is the same as the shrinkage estimator with § = k.

22



2. THE LINEAR REGRESSION MODEL AND SOME BIASED ESTIMATORS
Selma TOKER

2.6. Liu Estimator

The RE and the Stein-type estimator are two fundamental biased estimators
which are proposed in the case of multicollinearity. Both of the estimators have some
advantages and disadvantages.

Although the RE is practical, we have difficulty in the choice of its biasing
parameter since the RE has a complicated function of this parameter. The condition
number of X'X + kI decreases for sufficiently greater values of k. However, the
values of k is expected to be smaller in practice. Therefore, stability of the ridge
regression can not be provided.

Besides the advantage of being linear function of its biasing parameter, Stein
type estimator is not efficient in practise due to the same shrinkage of each element.

Liu (1993) introduced a new estimator which combines the advantages of the

RE and Stein type estimator to handle multicollinearity:
A -1 . A
By =(XX +1) (x y+d,5), 0<d <1 (2.20)

This estimator (2.20), as a linear function of its biasing parameter, yields
convenient selection opportunity of the biasing parameter. Subsequently, Akdeniz
and Kagiranlar (1995) entitled this new estimator as the LE.

The equality 0 = k'/2p8 + &' is considered with the model (2.2) by using the
least squares estimation and the RE is derived. In a similar manner, the LE is
obtained by using the equation df = 8 + €.

Some properties of this estimator are discussed below:

Ford =1, ﬁd :,3. Besides this, ,Bd can be written as

By =(X'X+1) (X' X +dI)B (2.21)

23



2. THE LINEAR REGRESSION MODEL AND SOME BIASED ESTIMATORS
Selma TOKER

and

E(B, )= (X' X 1) (XX +dI)p
Var(4;) ="M (XX) "M
where M; = (X'X + 1)"Y(X'X + dI). There exists 0<d <1 such that the

mse of j, outperforms the mse of f. The MSE and the mse of the B,

(2.21) are:

MSE (B, )= 0"M (XX) "M +(M, = 1) B8/ (M - 1),
mse( B, )=Tr( "M, (XX) M, )+8/ (M, =1)(M, 1)

e For the canonical form of the model (2.3), the LE is &, =(A+1)" (A+dl)a

and the mse of the ¢, is

—+(d—1)2_zp: % . (2.22))

(2.22) is minimized at
P at-o0? /& ot + Aad
i1 ( , +1)2/i=1 A (i, +1)2
2 2
IEPEIR S E VID Lﬂ’“z . (2.23.)
i1 A (/1. +1) i1 A, (/7,I +1)

af and o’ are replaced with their unbiased estimate &7 —6°/4 and 67 in

d

the equation (2.23), thus
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i-1-67(y L [y & (2.24)
TA+)) T (A1) o
(2.24) is generalized to
. : 1 Ta7
d_. =1-hé’ ' 2.25.
opt G[iﬂﬂfl(ﬂflﬁ-l) g(ﬂfl_i_l)zJ ( )

where h > 0.
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3. SIMULTANEOUS EQUATIONS MODEL

3.1. Nature of Simultaneous Equations Model

The cause and effect relationship in the single equation models ran from
explanatory variables (X) to dependent variable (Y) . However, a one way
relationship like that is not valid for simultaneous equations models. There is a two
way, simultaneous relation between X and Y therefore it will be more complicated to
determine the dependent and explanatory variables. In such models, if one does not
consider the information provided by other equations in the system, parameters of a
single equation may not be estimated. If the explanatory variables are stochastic or
nonstochastic and are not distributed independently of the stochastic disturbance
term the assumption of the OLS estimators are inconsistent. Consider the following

system of equations

Yii = Bio + Br2Yai + V11 Xy +ups (3.1)

Yoi = Bao + Ba1Yii + Va1 X1 + up; (3.2)
where Y; and Y, are mutually dependent variables; X; is an explanatory variable and
u, and u, are the stochastic disturbance terms. Y; and Y, are both stochastic so, if the
explanatory variable Y, in the equation (3.1) and Y; in the equation (3.2) are not
distributed independently with u; and u,, respectively, the OLS estimation of these
equations will be inconsistent. For the simple Keynesian model of income
determination is as follows

Ct = BO + ﬁlYt + ut, O < ﬁl < 1 (33)

Yt == Ct + It' (34)

The variables C,Y,I,t and u are defined as consumption expenditure,
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income, investment, time and stochastic disturbance term, respectively. B, and j; are
the parameters. The first equation is the consumption function and the second one is
the national income identity. From economic theory, 3, is expected to be between 0
and 1. It is clear that C and Y are interdependent and Y; in equation (3.3) is not
expected to be independent of the disturbance term. Since the change in u, affects C,
Y; is also affected because of bilateral relationship. Thus, the OLS method is
inapplicable to equation (3.3). While estimating the parameters of the consumption
function, the assumptions of the classical linear regression model are E(u;) = 0,
E(u?) =0?, E(uu;) =0 (for j#0) and Cov(l,u,) =0 . Under these
assumptions, it can be shown that Y, and u, are correlated and f3; is inconsistent for

B

Replacing C; in the equation (3.3) to the equation (3.4), Y; can be written as:

Yo =Bo+ B1Ye +u +1;

_ BO 1 1
1B + 1-6; Ie+ 1-B1

Us.

Covariance between Y; and u; is

Cov(Yy,uy) = E[Y, — E(Y)][ur — E(up)]

o
by (3.5.)
and it is different from zero since o2 is positive. To show the inconsistency of the
OLS estimator 3;, the probability limit is checked whether it is equal to its true

value. 3, can be written as

ﬁA _ X(C=0O)(¥:=Y)
L™ S(v-1)2

. X Yeue
= bt Yyt

28



3. THE SIMULTANEOUS EQUATIONS MODEL Selma TOKER

where the lower case letter shows deviations from the mean value. Its probability

limit is as follows

plim(By) = plim (By) + plim (_ZEY;:Z‘;;’I)

= plim(¥ yrue/n)
1 plim(Xy¢/n) ’

As the sample size n increases, the sample covariances between Y and u will
approach to population covariance (3.5) and similarly the sample variance of Y will

be close to its population variance o%. Finally,
.5 o?/(1-B1)
plim(B,) = B, + Tl

Since, 0 < B; < 1 and o2 and o are both positive, plim(f,) is always greater than
P

For the standard notation of simultaneous equations model, consider M
structural equations that present the relationships among M jointly determined
endogenous variables, N predetermined variables and M random errors. The model

can be stated as

Y11Y1 t V21Y2 o+ Yi1Yu + BraXxs + BoaXp oo+ ByixXy = Uy
Y12Y1 + V22Y2 o+ Y2V + Bi2X1 + B22Xz oo+ By2Xy = Uy

YimY1 t VamY2 -+ YumYu + BimX1 + BamXz .. + BymXy = Uy (3.6.)

and represents T observations on M endogenous variables by (T x 1) vectors
V1, -, Ym,; N predetermined variables by (T x 1) vectors x4, ...,xy and M random
error variables by (T x 1) vectors u,, ..., uy. The equations are known as structural
or behavioral equations which describes the structure of an economic model. The

y's and B's are structural parameters or coefficients of the endogeneous and
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predetermined variables, respectively. Endogenous variables are determined within
the model and stochastic. Predetermined variables are determined outside the model
and nonstochastic. Predetermined variables consist of exogenous-lagged or not- and
lagged endogenous.

In the matrix notation, the model (3.6) can be written as

YT+ XB=U (3.7)
where
Y11 Y21 - YMm1
y = J’?z J’?z }’1:/12
Yir Y2r - YMT
and
X111 X21 XN1
X X X
y = |*2 ?2 N2
X1t  Xor XNT

are the matrices of observations on M jointly dependent and N predetermined

variables. Further, in (3.7)

Y11 V21 - VM1
r= V?z V?z VI\:/IZ
Yir Y2r - YMT
and
Bi1 B21 - Bwi
Pir  Bar - Bar
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are the matrices of structural coefficients and

ull uzl “en uMl

u22 uzz aes uMZ
U= : : . :

ulT uzT “en uMT

denotes the matrix of structural disturbances. The columns of I' and B are the
coefficients of different equations in (3.6), the first column of I' and B are the
coefficients of first structural equation and last column of I' and B are the coefficients
of Mt equation.

The assumptions for the model are:

1. M structural equations are set interdependently in the simultaneous equations of
(3.6), by M jointly dependent and N predetermined variables. y; = (V1¢, «» Yut)
and x{ = (x1¢, ..., xy¢) are T row vectors of observations on all jointly dependent
and predetermined variables. I" in (3.7) is a nonsingular matrix.

2. The elements of each row of the matrix X are independently distributed of the
structural disturbances in the corresponding row of U. Equivalently, it can be
stated that the elements of X are nonstochastic and fixed.

3. The rank of X isN <T. This implies that the columns of X are linearly
independent and X'X is nonsingular.

4. For t=1,..,T, u; = (uyg ..., Uy;) are the row vectors of the structural
disturbances matrix U. The T row vectors are independent random variables with
mean E(u;) =0, variance Var(u;) = o and covariances Cov(u, ujpr) =
o;j (t=1t") and Cov(u;,w;) =0(t#t") where i,j=1,..,M . Thus the

structural disturbances have zero mean and they are homoscedastic.
The reduced form equations and the associated reduced form coefficients can

be obtained from the structural equations. The reduced form of the equations can be
derived by solving the equations for jointly dependent variables in terms of the
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predetermined variables and stochastic disturbances. Matrix notation (3.7) is

postmultiplied by I'™*

YIT 1+ XBr-'=ur-1

and the reduced form is yielded as follows:

Y = XIT + V. (3.8)

Coefficients matrix of the reduced form is

I=-Brt
T Tham
_ [ o ] (39)
TINg *** TINM

and disturbances matrix of the reduced form is

V=ur-
Vi1 VM1
= : (3.10.)
Vit VMmT

The OLS methods can be used for estimating the reduced form
coefficients since predetermined variables and stochastic disturbances seem on
the right side equations, solely and predetermined variables are not correlated
with disturbances.

As a summary, for the tt™" row of the variables, the models in (3.7) and

(3.8) are written as

yil + x{B = uj,

r 1A 1A
Vi = X0+ vy
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and

Yyi+XBi=u
is one of the specific equation (say, the first) in the model.
3.2. Problem of Identification

If the structural parameters can be determined from the estimates of reduced
form parameters, that equation is regarded as identified. In other case, it is
unidentified or underidentified. Under consideration of identification, two different
cases are exactly identified case where unique values of structural parameters can be
obtained and overidentified case where more than one value of structural parameters
can be acquired.
3.2.1. Underidentification

Consider the demand and supply function, respectively

le = afo + CZlPt + ult, al < 0 (311)

Qt =Po+ P1Pc +uz, 1 >0 (3.12)
and the equilibrium condition is Q¢ = Q. P is the price, Q¢ is quantity demand, Q*°
IS quantity supply, t is time, a, B are the parameters and u,, u, are stochastic
disturbances. By solving the equilibrium condition, equilibrium price is obtained as

P, =TI, + v, (3.13)

where
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M, = B (3.14)

ay—P1

and v, = %’;it. Replacing P; in the equation (3.13) into the equation (3.11) or

(3.12):

Qr =TI +wy (3.15.)
where

I, = "‘12?"%‘;051 (3.16.)
and w, = Ertiar—Pathay (3.13) and (3.15) are reduced form equations and reduced form

a1—p1
coefficients are given in equations (3.14) and (3.16). Four structural coefficients
ay, a1, o and By can not be estimated uniquely since there exists only two reduced
form coefficients which contain all four structural coefficients.

3.2.2. Exact ldentification

The former demand and supply function could not be identified since P and Q
exists in both functions and there is no more information. Suppose that demand and
supply functions are as follows:

Qt = ao + 0(1Pt + azlt + ult, a1 < O, az > O (317)

Q¢ = Bo + B1Pe + B2Pe—1 + Uz, 1 >0, B2 > 0. (3.18.)

Demand function includes an additional variable, income of consumer I which is an

exogenous variable. There is a price lagged one period predetermined variable
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additionally for the supply function. By equating demand to supply the equilibrium
price is solved as

Pt - HO + Hllt + HZPt—l + Ut (319)
_ Bo—ag — __% — B2 — Uat—Uie
where I1, = Y I, T I1, por) and v, I

Substituting P; into (3.17) or (3.18), Q; is obtained as

Qt = l-[3 + H4It + H5Pt_1 + Wt (320)
_ a1fo—aof1 - _ az P — a1 — AUze—P1Use
where I1; = e p I, wp Us = o and w; T p

There are six structural coefficients «,, a;, @y, By, f1 and B, in the
equations (3.17-3.18) and six reduced form coefficients I1, I1,, I1,, I3, 1, and IIs to
estimate in the equations (3.19-3.20). The structural coefficients can be estimated
uniquely, namely the parameters of both demand and supply equations can be
identified since there exists six equations in six unknowns.

3.2.3. Overidentification

Suppose that the supply function remains the same as before and a wealth

variable R is added to the demand function.

Qt = ao + 0(1Pt + azlt + 0(3Rt + ult, a1 < 0, az > O (321)

Q¢ = Bo + B1Py + B2Pe—1 + Uz, 1 >0, B2 > 0. (3.22)

Using market clearing mechanism the equilibrium price and quantity are as
follows:
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Pt = HO + Hllt + Hth + H3Pt_1 + vt (323)
Qt = H4 + Hslt + H6Rt + H7Pt_1 + Wt (324)
_ Bo—ag — __ % - __% — Bz - _ a1Bo—aoB1
where HO N a—pB1’ Hl a—pB1’ HZ a—p1’ H3 ar—B1’ H4 ar-p1 '
M. = — azp1 , - _ asfq ’ — @182 ’ — @1Upe—Brliy and — uzt—uu.
5 ;=P 6 ay—P 7 ay—p1 t ay;—f1 Ve ay—p1

Seven structural coefficients are comprised by the model (3.21-3.22) while
the number of reduced form coefficients in the equation (3.23-3.24) is eight. Unique
estimation of all parameters is not possible since the number of equations is greater
than the number of unknowns.

Although the supply function remains the same as equation (3.18) it is not
identified in the system (3.21) and (3.22) because of over sufficiency of information.
The exclusion of the income variable from the supply function in the model (3.21)
and (3.22) is enough for identification. However in the system (3.21) and (3.22), both
of the income and wealth variable is excluded which means too many restrictions on

supply function and more variables are excluded than necessary.

3.2.4. ldentification by Zero Restrictions

If an equation in a model excludes one or more variables that are present
elsewhere in the model, identification of this equation is possible. Since the
coefficients of variables do not appear in an equation it is known as zero restrictions
criterion. Suppose that m; +1 <M joinly dependent and N; < N exogenous
variables enter any one structural equation of the system (say, the first) and to
identify one endogeneous variable as the left hand side variable let its associated

coefficient equal minus one. With some rearrangements, variables can be written as:

[yi Y1 Yi]

Y
X=[X; Xil,
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where Y; and Y; are matrices of T observations on m, included and mi = M — m; —
1 excluded jointly dependent variables, respectively. Similarly X; and Xi are
matrices of T observations on N, included and Ni = N — N; excluded exogenous

variables.

1
Y1 = [—Y1]
0

and

are the first column of T and B, respectively with order of m; x 1 and N; X 1. The
order of zero vector inyismj X 1 and the order of zero vector in 3 is Nj x 1.
Thus,

y1=Y1y1+X:B +uy (3.25.)
is the first equation of the system where u, is the first column of U.

*
Ty, Iy 15,

Y, Yi]=1[X; X} .
[v1 1 11 =[X1 1] M, My, I

] v, V, V] (3.26))

is the partition of the reduced form equation where m;;, m,; are N; X 1and N7 x 1
vectors, I1;4, I1,; are N; X m; and N X m; matrices, respectively. v;, V; and V; are
Tx1, Txm, and T x mj disturbances corresponding to y,, Y; and Y;. To obtain
the relationship between the parameters of the equation (3.26) with the reduced form

parameter such a relation from (3.9)-(3.10) is

r+B=0 (3.27.)
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VT = U. (3.28)

For the first column of I and B in the equation (3.27)

lly;+B,=0
1 g Hh] —B4

* - = O
Mo Il Iy gl +[ 0 ]

is obtained. Then, the identifiability relationships between the structural parameters

and the reduced form parameters for the first equation is as follows:
Ty = Myys + B4 (3.29)
M1 = I1 Y1 (3.30.)
For the first column of T" in the equation (3.28)

Vyi=u

[vi Vi Vi]

1
Y| =W

0

provides the relation as follows:
Vl = VlYl + ul. (331)

These relationships have been obtained after using a prior restrictions on the
coefficients.
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3.2.5. Rules for Identification

To determine the identification of an equation in a system of simultaneous
equations there are two conditions which are order and rank conditions.
A necessary condition for identification is the order condition and can be

stated as:

e If M —1 endogenous or predetermined variables are excluded from one
equation of the model of M simultaneous equations, it is just identified. It is
overidentified under the case of excluding more than M — 1 variables.

¢ Inamodel with M simultaneous equations, the condition for identification for
one of the equation is N —n > m — 1 (equality means just identified) where
N is the number of predetermined variables including intercept, n is the
number of predetermined variables in a given equation and m is the number

of endogenous variables in a given equation.

Even the order condition is satisfied, the equation can not be identified since
the condition is only a necessary conditon. That is, although N—n>m—1is
satisfied, the equation can be unidentified since the predetermined variables excluded
from this equation but present in the model may not all be independent.Therefore,
there may not be one to one correspondence between the structural and reduced form
coefficients to estimate the structural coefficients.

Rank condition of identification which is both necessary and sufficient is as

follows:

e A necessary and sufficient condition in order to provide the identification of
an equation in a model of M equations in M endogeneous variables is to find
a nonzero determinant of order (M — 1)(M — 1) from the coefficients of the
variables excluded (endogenous and predetermined) from that equation but

included in the other equations of the model.
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3.3. Methods of Estimation

It is useful to think of estimators of the equation (3.25) as falling into two
main classes. The first principal class of estimators take account of the fact that the
equation to be estimated is part of a simultaneous system but uses prior restrictions
only on the equation to be estimated, ignoring what may be known about the rest of
the system. Such estimators obtained by single equation methods are called limited

information estimators:

e Indirect Least squares (ILS)
e Two stage least squares (TSLS)
¢ Ridge type estimators

e Stein type estimators
The second princial class of estimators uses the fact that the equation to be estimated

is part of a simultaneous system; it also uses all the prior restrictions on that system

in estimating any equation. The members of full information estimators are:

e Full information maximum likelihood estimator

e Three stages least squares (3SLS)

3.3.1. Limited Information Estimators

The first equation of the system (3.25) can be rewritten as

y1 = Yiv1+X1B1 +uy
- Z181 + ul (332)

for

7, = [Yl Xl]
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5 =]

where y; is a T x 1 vector having the left hand jointly dependent variables, Z, is a
T X p, matrix where p; = m; + N; whose first m; columns contains Y; which is our
T X m; matrix of m; right hand jointly dependent variables and the last N; columns
of Z; contains X; which isa T x N; matrix of included exogenous variables. Also, vy,
and B; are m; X 1 and N; x 1 coefficient vectors respectively and §; is a p; X 1
vector.

From the partitioned form of the reduced form equations (3.26), y, and Y; can

be written as follows:

y1 = [X1 Xl][ ]+V1

= X1T[11 + X1T[21 + V1 (333)
I
Y, =[X; Xi] H11] +Vi
21
= X1H11 + X;HZI + Vl (334)

where X7 is aT X Ny, N = N — Ny, matrix of excluded predetermined variables;
Ty, Ty are N; X1 and Nj x 1 vectors, I1y;, II,; are Ny Xxm; and Nj X m,

matrices and v, V; are T X 1 vector and a T X m; matrix, respectively.

[nll _ H11 ]
1T21 10%

is obtained from the restrictions (3.29) and (3.30). Let the matrices m, J; and I1;

which are order of N X 1, N X p; and p; X 1, respectively, written as

1'[11]

T = [“21
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I
J1 = [H1 0
and
Hll]
. =
! 10%

[, I and 0 in J; are N X my, N; X N; and Ni X N; matrices, respectively. The
relationship between the structural parameters of the first equation (3.25) and the

reduced form parameters can be written as
T[l = ]181. (335)
3.3.1.1. Indirect Least Squares Estimator

The method of ILS obtains the estimates of the structural coefficients from
the OLS estimates of the reduced form coefficients. Firstly, the reduced form
equations, in which dependent variable is the only endogenous variable and a
function of only predetermined variables, are obtained from the structural
coefficients. Then, OLS method is applied to the reduced form coefficients
individually since the explanatory variables predetermined and uncorrelated with the
disturbances. If an equation is just identified due to the one to one correspondence
between the structural and reduced form coefficients unique estimates of the
structural coefficients are obtained from the estimated reduced form coefficients.

The ILS estimator of y; and 3, is obtained by using the relation (3.35),
m, =]J;8,. Firstly, m; and J; are substituted by their OLS estimates from (3.33)-
(3.34). From the equation (3.33)

<1 [M11
y1 = [X1 X{] 1'[21] + vy
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the OLS estimate of m, is obtained as follows:

i, = (X'X)"X'y;. (3.36.)
Since the equation (3.34)

Y, =[X; X gi] +V;

=XII, +V, (3.37)

is solved and 1 is yielded as

I, = (X'X)"X'Y,. (3.38))
With the help of (3.38), /; is as follows:

L=[M ) (3.39)
From (3.36) and (3.39), the equation (3.35) becomes

7, = J16;. (3.40.)

Secondly, 6, is solved from (3.40) to obtain the ILS estimator as

N
81 =1 ™

where
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3.3.1.2. Two Stage Least Squares Estimator

An alternative limited information estimators is the TSLS estimator. The
advantages and resilience of the TSLS estimator have been pointed out by numerous
analysts; Intriligator (1978), Koutsoyiannis (1977), Namboodiri, Carter and Blalock
(1975) and it is the most versatile structural equation estimating techniques. It is
consistent, less sensitive than most methods of equation misspecification and
performes well in terms of bias and mean square error. As a single equation
technique TSLS is easy to apply and is frequently preferred over complete system
techniques because it is less sensitive to both specification error and multicollinearity
than full information maximum likelihood and three stages least squares methods.

The TSLS procedure is essentially an instrument variable technique, where in
the first stage the explanatory endogeneous variables are replaced by their
instrumental variable. These are the OLS estimates obtained by using the exogeneous
variables as predictors. At the second stage, the OLS estimation is used to obtain the
regression coefficients.

For the equation (3.32), the TSLS is another estimator for &6, in over-
identified case. It can be obtained from (3.40), by premultiplying with X and
applying the least squares to solve the equation with

§? = (Xﬁl - XT151) (Xﬁ1 - XT151)
= ﬁ;X,Xﬁl - ﬁ;X'Xj\lﬁl - 8,1T1X,Xﬁ1 + 8;]\:’1X,XT181

By derivating with respect to §, and equating it to zero, it is resulted in
—2J1X'X®; + 2]1X'X];8, =0
and 8, can be obtained as:

8, = (JiX'X],) T XX,
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Substituting

and

8, is as follows:

5= [ e, (‘)]]

_' i, x'x1, nxx[o] nxx 5, ]

1 olx'xi, xx[ ] 0JX'Xf,

XX, [X%, ] [AXX3,
| X(XT,  XiX X)X,

This is Theil's TSLS estimator and its two stages are not apparent. There is an

alternative to show this estimator. The structural equation (3.25) can be written as

y1 = Yiv1+X1B1 +uy
=Yv1+X1B1 +vi —Vivs

Where Ve = VlYl + Ujp. Then,

y1=v1(Y1 = V)+X1B1 + v

=[Y1 Vi Xi] [Eﬂ t+v;

45



3. THE SIMULTANEOUS EQUATIONS MODEL Selma TOKER
_ Y1
=X X [g!| +v,
where Y; = XII; + V;. Since
XJ, = X [n I]
1 1 0
= [XIl;  X4]
and
z1 =E(Z,)
= [E(Y1) EXy]
= [XIl;  X4], (3.41.)
y;1 can be finally written as
y1 = XJ16; +vq
== 2181 + V1. (342)
Then, the TSLS estimator is

11, and thereby Z, are not known in practise. By using I1, (3.38) at the first stage, Z,

is estimated as

N

1= [Xﬁ1 X1]-

Therefore, (3.43) can be writtten as

46
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= (1X'X]0) " 11 X'y,

= (X'X],) X XA,
For

z1 = [Xﬁ1 X1]
= XXX, X4l
= X(X'X)‘1X'Z1,

8, can be written as

81 = (ZIXX'X) XX(X'X)"1X'Z,) 1 ZIX(X'X) "Xy,
= (ZIX(X'X)"1X'Z) "1 Z5X (X' X)Xy,

The TSLS method can be clarified with the consideration of the following

model with income and money supply functions, respectively:
Yie = Bro + BurYor + V11 X1 + V12 Xor + usy (3.46.)
Yot = Bzo + Ba1Yie + Uz (3.47.)

Y;, Y5, X; and X, are income, stock of money, investment expenditure and
government expenditure, respectively on goods and services. X; and X, are
exogenous variables. The model specification must be changed for the income
function since it is underidentified. The money supply equation is overidentified and
can not be estimated by the ILS method since the estimate of ,; is not unique.
Because of the possible relation between Y; and u,, the OLS method gives

inconsistent estimates when it is applied. The OLS method can be applied to the
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money supply function by the means of instrumental variable for Y;, that is
uncorrelated with u,. Two stages of the process is as follows:
Stagel: To get rid of the correlation with u,, Y; is regressed on all the predetermined

variables in the system as

Ylt = ﬁo + ﬁlet + ﬁZXZt + ﬁ’t' (348)

i, are the usual OLS residuals and Y;, is an estimate of the mean value of Y

conditional upon the fixed X's:

?11' = ﬁo + ﬁlet + ﬁZXZt'

A reduced form regression equation (3.48) can be shown as

Yie = ?115 + 1,

and includes two parts of which are a linear combination of the nonstochastic X

variables, ¥;,, and a random component, ;.

Stage 2: The money supply equation can be written as

Yor = Bao + P21 (Yie + ) + gy
= B0 + PorVie + uf

where u; = u,; + B, In large samples ¥;, is uncorrelated with u; asymptotically,
therefore the OLS method can be applied to this equation resulting with consistent
estimates of the parameters of the money supply function.

Although the TSLS estimator has several desirable properties and thus is a
preferred method of equation estimation, it is neverthless extremely sensitive to

multicollinearity. One of the most popular procedure for coping with the
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multicollinearity problem is to use one of a family of biased, variance reduced
estimation methods known as ridge regression. In the presence of multicollinearity
ridge regression usually generates estimates with smaller variance than the OLS
methods, thus in theory two stages ridge regression should generate estimates with

smaller variance than the TSLS.
3.3.1.3. Ridge Type Estimators

A generalized ridge estimator (GRE) of 8, in the equation (3.42) where

E(v;) = 0 and E(v,v;) = wy4, can be written as
SSRE = (Z1Z, + HKH")~Z}y, = HAH'&LS (3.49.)

where H is the matrix of the eigenvectors of ZjZ, such that H'H =1 and A=
diag(q;) a diagonal matrix of g; = y;(y; + k;)~*, where the y;'s withj = 1, ..., p are
the eigenvalues of Z;Z,, and the k;'s are the diagonal elements of the matrix of ridge

constants K. An ordinary RE is a special case of the GRE, where K = KI:
SRE = (Z1Z, + KD)~Z}y,. (3.50.)

For given Z,, the ridge estimators are operational. However, I1, and thereby Z, are

not known in practise. The estimators (3.49) and (3.50) becomes operational with the

use of I1, (3.38) and Z (3.44). Then the operational RE is

2RE 2,2 _12,
8RE = (ZiZ, + K1) Ziy,
TrvIvy -1, '
= (JiX'XJ, + kI) JiX'y,
= (ZIX(X'X)"1X'Z, + KDT1ZIX(X'X) X'y, (3.51.)

and the operational GRE is
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SSRE = (ZIX(X'X)™'X'Z; + HKH") "1 ZiX(X'X) "' Xy;. (3.52.)

Since the usual OLS estimator of I1; is used at the first stage, these estimators are
called as second stage ridge estimators. When k or K = 0 as a special case, the ridge
estimators turn to the TSLS estimator (3.43).

In the presence of multicollinearity, the data matrix X'X is ill conditioned,
then the value of Z;Z; = J;X'X]J, will decrease. Namely, the 815 estimator does not
give reliable results when the exogenous variables are collinear. Besides this, the first
stage OLS estimator is also affected because of the ill conditioning of X'X. Ridge
type estimators for I1; can be used instead of the OLS estimator I1,. The GRE of I,

can be written as
M, = (X'’X + GKG) X'y, (3.53))

where G is the matrix of eigenvectors of X'X and K is the matrix of ridge constants.

By using I1; (3.53), Z, is estimated as
7, =[x, X]. (3.54.)

With the help of A (3.54), a new estimator of §, instead of the TSLS estimator is

obtained

= (—1=

8, = (Z\Z,) Ziy, (3.55.)

which can be called first stage generalized ridge and second stage least squares

estimator. If Z, (3.54) is used in 8$RE given in the equation (3.49),

~ = = -1~
§SRE = (Z1Z, + HKH') Ziy, (3.56.)
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is called two stage generalized ridge estimator. Similarly, the RE of I1; can be

written as
M, = (X'’X+ kD" X'y, (3.57.)
where k > 0 is the ridge constant. Z, is estimated using 11, in the equation (3.57) as
7, =[x, X]. (3.58.)

First stage ridge and second stage least squares estimator is obtained by means of Z

in the equation (3.58) as
~ = = _1=
8:(R) = (Z41Z1) Ziyy. (359)

8RE given in the equation (3.50) is found in practise by using Z in the equation
(3.58):

SRE = (7,7, + K1) Ziyy (3.60.)
and called two stage ridge estimator.
3.3.1.4. Stein Type Estimators

To consider the Bayesian interpretation, assume y;~N(Z;8;, o,,]) and the

prior distribution of 5, ~N(3,,t?A,) for given IT; and §,. With given A,, ®,4, T and

the data, the mean of the posterior density of 8,, namely the Bayesian estimator, is

58 =5, + (1 - (4t + =217,) A;l) (8, - &,). (3.61)
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By considering 8, ~N(0,t2(Z;Z;)~1) and substituting A; = Z;Z; and §; = 0
in the equation (3.61), a special case of Bayesian estimator, a Stein-type estimator is

as follows

557 = (1-522-) 6., (3.62)

T2+ w11

An operational form of Stein-type estimator is as follows

5 =(1-£11) 5, (3.63))

T, X'XTy

where &, = (X'’X)"X'y,, ¥; =y, — Xft;, g, is an arbitrary scalar and §; is the TSLS

estimator.
3.3.1.5. Instrumental VVariable Estimators

For the model (3.32), Y; is correlated with u, because of the equations (3.37)
and (3.31) and that is why the OLS estimator

8, = (Z1Z) ' Z1y,

is inconsistent. Further, the distinction between Y; and X; in the Z; and identifiability
restrictions namely all information regarding the variables which are not included are
disregarded by the OLS method. There are many estimation techniques to dissipate
the problems that Y; and u; are not independent and disregarding of the
identifiability restrictions. One of the method is generalized instrumental variable
(GIV) estimator. In this procedure, Z; = [Y; X;i] is estimated as Z; = [V, X,]

where ¥; and Z; are called instrumental variables matrix. Namely, Y; is substituted
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with variables that have high correlation with ¥; and no correlation with u, in the

limit so that

. Zlul
plimr_ o p

= 0. (3.64.)

8, is chosen in the given sample data as,

o
T

=0

or

2y — Z,8,) =0, (3.65.)
(3.65) can be written as

211 = 212,68, (3.66.)
which is called as normal equations and thus the solution for &, is

8§ = (212,) 2y (3.67.)

To write the instrumental variables in a general class, ¥; can be written as SY;

where S is the matrix chosen arbitrarily, therefore Z; can be writtten as

21 = [SY1 Xl]
=57, + (1 - S)ZlD (3.68.)

where D = [8 (I)] so that Z,D = [0 Xy]. Then, diverse options for S is considered

to provide the uncorrelation between SZ; and u;. For S = X(X'X)"1X' the GIV

53



3. THE SIMULTANEOUS EQUATIONS MODEL Selma TOKER

estimator reduces to the TSLS estimator as a special case. For S = X(X'X +

HKH")~1X’, the GIV estimator in the equation (3.67) can be written as

8" = [2iSnZy + D'Zi(I = S\)Zy] M ZiSy + D'Zi (I — Sy (3.69)

which is first stage ridge and second stage least squares estimator defined before.

3.3.2. Full Information Estimators

The compact model from the M structural equations

V1 = Z18;+uy

ym = ZmSu+uym (3.70.)

can be written as

y=Z5+u (3.71)

where y is an MT x 1 vector; for Z; = [V; X;]andp = ¥, (m; + Ny).

is an MT X p matrix; § is ap x 1 vector and u is an MT x 1 vector with E(uu') =

I®I; where  is the Kronecker product.

The matrix of the instrumental variables can be written similar to the equation
(3.68) as
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A 0
7 =
0 Zm
for
Zi = [?i Xi]

=SZ,+ (I —S)Z;D
where Z;D = [0  X;]. Z can be written in the compact form
7 =UyR8)Z + [, — S$)]ZRD. (3.72.)
Since the Z (3.72) neglects the joint dependence of u and the dispersion

matrix X, it is not convenient for the model (3.70). Therefore, an MT X p weight

matrix of a weighted instruments is defined as

wW=_C"1'Ql)Z
W, 0
_ _ (3.73)
0 Wiy

The normal equations given in the equation (3.66) can be generalized to
W’ZSFGIV = W’y (374)

to obtain the solution for full information GIV (FGIV) estimator. W in the equation
(3.74) is replaced with (3.73):

(2'E'®I7)Z)Spqy = 2'E7'®lr)y.
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3SLS estimator can be obtain as a special case of the solutions of the normal

equation  (3.74) by choosing S=XX'X)"'X' and X=X where

6, = (yi — 2:8) (y; — 2;8;)/T is the (i,/)th element of £ and §; is the TSLS
estimator of ;" equation. Then, W in the equation (3.73) is

W = (£71®I;) (Iy®X(X'X) "1X)Z

= E1XX'X)"X')Z. (3.75.)

Therefore, with W from the equation (3.75), the FGIV estimator turns to 3SLS
estimator as the solution to the normal equation (3.74):

[Z'(E71@X(X'X)™1X")Z] 83515 = Z'(E71@X(X'X) X" )y.

Then, 8,515 , Where the name three comes from the estimation of £ by the
second stage residuals, is as follows:

83515 = [2/ (B 1@X(X'X)1X)z] " Z' (ET1@X(X'X) 71X )y.
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4. TWO STAGE LIU ESTIMATOR

To overcome the problem of multicollinearity, one accepted estimation
procedure often suggested is biased estimation. Since the LE is preferable to the RE
and the Stein type estimator, we introduce the LE at the first, second and both stages.

The ordinary LE of 8, for the equation (3.42) can be written as

81F = (Z1Z, + D7 (Z1y, + d61°)
= (Z1Z1 + D)™N(Z1Z, + dI) 67°, (4.1)

where 0 < d < 1 and 655 is the TSLS estimator as defined in the equation (3.43).
For given I1, and Z;, the LE will be operational. Since I1; and Z; are not known in

practise, we can use [T, (3.38) and Z (3.44), hence the LE in the equation (4.1) will

be operational as follows:
A~ o o -1 o A
8 = (212, +1) (Ziy, +d8y), (4.2)

where §; is the TSLS estimator in the equation (3.45). This estimator (4.2) can be
called second stage LE because we use I1, at the first stage. For a special case where
the biasing parameter d is equal to zero, the second stage LE reduces to the TSLS
estimator. We deal the LE at the second stage but with regard to the ill conditioned
X'X matrix, the OLS estimator at the first stage, IT;, is also affected. Under this

circumstances, the LE of the reduced form parameter I1,
I =XX+Dt (XY, +dIl,), (4.3)

where 1, is as defined in the equation (3.38), can be used instead of the OLS

estimator. With the help of [T, (4.3) and thereby

N

1= [Xﬁ1 X1]’ (4-4-)
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a first stage Liu and second stage least squares estimator of &, for the equation (3.42)

is defined to be
:I = -1 :I
8:(L) = (2121) VARZE (4.5.)

We can also apply the LE at both stages. We obtain Z:1 (4.4) through 1T, (4.3),

then substitute in the eqution (4.1) to define two stage LE as follows:
~ =~ = -1, =~ .
SIE = (212, +1) (Ziy, +dby). (4.6.)

4.1. Comparisons of the Two Stage Ridge Estimator and the Two Stage Liu

Estimator

The performance of an estimator can be evaluated by a mean square error
criterion and we can manage the problem of choosing between the TSLS estimator
and biased estimators.

If an estimator &, outperforms &; with respect to the MSE criterion then
mse(Sl) > mse(Sz). Since using the mse is convenient for application, we use the
estimated mse in the numerical example. The unknown parameters are replaced with
their proper estimates in practise.

The model in the equation (3.42) can be turned into a canonical form by
orthogonal transformation. LetZ = Z,P, a; = P'8, and P is an orthogonal matrix
suchthat Z'Z = P'Z{Z,P = A, = diag(Ays, ..., A1p, ) where 1,; are the eigenvalues

of Z;Z,. The canonical form of the model (3.42) is
yvi=Zay + vy. 4.7)
The TSLS estimator can be written likewise in the equation (3.43):
als = A7'Z'y,. (4.8.)
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For the unknown A; and Z, A, is substituted by

Kl :P’ZA:IL 1P

and Z is replaced with

with the help of Z (3.44). Then, the TSLS estimator is found as follows:

A~ A—=151
a, =A"Z'y,.

The RE and the LE at the second stage can be written as follows:

aff = (A, +KD)Z'y,
= A1y1,

atf = (A + D7Y(Z'y, + dal®)
= (AL + D7 (A +dDAT 2y,

= Ay,

In practise, aXF and alf can be given as:
-~ -1
aft = (A, +kl) Z'yy,

@l = (R, +1) " (2'y, + day).

(4.9.)

(4.10.)

(4.11)

(4.12.)

(4.13)

If @, and &, are two estimators of a; and &;, respectively, there is a relation

between these models such as @; = P’'8; and MSE (a;) = P'MSE(5;). The MSEs

and the mses of the mentioned estimators are
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MSE (a¥®) = 62A7Y,

MSE (alf) = 62(Ay + D7Y(A; + dDATY (A, +dD(A + D7
+(1 - d)2(A; + D7ty (A + D7

MSE(CZfE) = 62 (Al + kl)_lAl(Al + kl)_1+k2(A1 + kl)_lalall(Al + kl)_l

mse(alS) = Tr[o?A7], (4.14))

mse(atf) = Tr[o?(A; + D71(A; + dDATY(A, + dD) (A, + D7
+(1—d)?aj(Ay + DAL + D7y, (4.15)

mse(aRE) = Tr[o?(A; + KD7IA; (A, + KI)71]
+kZaj (A + KD71(A; + kKD ay. (4.16.)

We substitute 62, o; and A; with

52 = 0n-Zi2) (%) (4.17))
1= T—ps ’ o

@&, and A,, respectively, in the equation (4.14), (4.15) and (4.16) to obtain the
estimated mses of the estimators a5, atf and aRE. To compute the estimated
mse, we should also find an appropriate biasing parameter which is given in the
subsequent section.

To compare the MSEs' of the atf and afE, we give the following theorems
similar to the comparisons in the linear regression model by Sakallioglu et al. (2001).
We use a result from Farebrother (1976) as a Lemma to prove the theorems.

Lemma. (Farebrother, 1976): Let A be a positive definite (p.d.) matrix, c be a

nonzero vector and 6 be a positive scalar. Then 84 — cc’ is p.d. if and only if
c’A"lc< 6.
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For the first theorem let d be fixed for the MSE.

Theorem.4.1.:

a. If Bias(atf)' (A, A} — A,A%) " 1Bias(alf) < o2 then MSE (aRE) — MSE (alf) is
p.d.for0 < k < kj;

b. If Bias(aRE)' (A,A, — A, A}) 1Bias(aff) < o2 then MSE (atf) — MSE (afE) is

p.d.for0 < k;; < k

Ai(1-a)
).i+d

where k; = , ki; = min{k;} and k3; = max{k;} fori =1, ..., p;.

Proof. Let A, = MSE (aff) — MSE (a}F).

A, = 0%(4,A) — A,A%) + Bias(aRE)Bias(akE)' — Bias(atf)Bias(alf)’
=a?[(A + KDTIA (A + KDY — (A, + D7Y(A, + dDATY(A, +dD (A, + D7

+Bias(aff)Bias(aff)’ — Bias(atf)Bias(akt)’

— 2| q; Mi _ apra)? P
=0 [dlag{alﬁ_k)Z lli(lli"'l)}i:l

+Bias(aff)Bias(afE)’ — Bias(atf)Bias(akt)’

A A% — A, A% will be p.d. if and only if 22,(Ay; + 1)2 — (Ay; + k)2(Ay; + d)? > 0 or
Ai4i+1D) — (A +k)(A4;+d) >0 for every i=1,..,p; . This inequality
requires that A; A} — A,A5 is p.d. for 0 < k < ky;. Since Bias(aff)Bias(alf)’ is
p.d., A, is p.d. if 02(4, 4] — A,A}) — Bias(atE)Bias(atE) is p.d. According to the
Lemma, the sufficient condition is Bias(atf)' (A, A} — A,A,) " Bias(alf) < 2.

Similarly, let A, = MSE (atf) — MSE (aFE):

A, = 62(A,A, — A AY) + Bias(aRE)Bias(aR?) — Bias(alf)Bias(alf)’.

A,A, — A A7 will be p.d. if and only if (A; + k)(A44; +d) — A,;(A4; + 1) > 0 for
every i =1,..,p; . This inequality requires that A,A, — A;A; is p.d. for
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0 <k<ky,; . From the Lemma, the sufficient condition is
Bias(afE)' (A,45—A,A)) " 1Bias(afF) < o2,
For the second theorem let k be fixed for the MSE.

Theorem.4.2.:

a. If Bias(aRE)' (4,4, — A1 A)) " Bias(aff) < o2 then MSE (atf) — MSE (afE) is
pd.for0 < dj; <d<1

b. If Bias(att) (A A} — A,AL) " 1Bias(alf) < a? then MSE (aRE) — MSE (atf) is

pd.for0 <d< dj; <1

Ai(1-k)
Ai+k

where d; = , di; = max{d;} and d3; = min{d;} fori =1, ..., p;.

Proof. Let A; = MSE (alf) — MSE (aRF).

A; = 02(4,A5—A,A)) + Bias(alE)Bias(alt) — Bias(afE)Bias(alE)’
= o?[(Ay + D7 (AL + dDATH (A, +dD (A + D7 — (A + KD7A; (A, + kD71

+Bias(al®)Bias(alt) — Bias(aff)Bias(akE)’

— ~2|qi Aitd)® A P
-7 [dlag {l1i(7t1i+1) (hi+’<)2}i=1

+Bias(al®)Bias(alt) — Bias(aff)Bias(akE)’

A AL — A AL will be p.d. if and only if (A3; + k)2(A; +d)? —25,(A; + D2 >0
foreveryi = 1,...,p;. Two roots of (A;; + k)?(Ay; + d)? — A2,(Ay; + 1)2 = 0 are

k(Aj+1)
dli =1 —Wand dZi =1

| =207 -Aik—2)
/1i+k

,Where0 <d;; <1for0 < k < 1.

Thus the inequality requires that A,A, — A;A} is p.d. for0 <d; <d <1.
Since Bias(atE)Bias(alf)’ is p.d., Ag is p.d. if
2(4,4A, — A A}) — Bias(afE)Bias(afE)’ is p.d. According to the Lemma, the
sufficient condition is Bias(aRE)' (A,A, — AA}) " Bias(afE) < o2.

In a similar way, let A, = MSE (afE) — MSE (atE).

A, = 0%(A A} — A,AL) + Bias(aRE)Bias(aRE) — Bias(alf)Bias(alt)’
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A A — A, A, will be p.d. if and only if 22,(A; + 1)2 — (A; + k)?(A44; +d)?2 >0
for every i = 1,...,p;. Thus the inequality requires that A;A; — A,A5 is p.d. for
0 <d < dy; < 1. From the Lemma, the sufficient condition is Bias(aif)' (4,4} —
A,AY) 1Bias(atf) < o2

4.2. Selection of the Biasing Parameter

4.2.1. Biasing Parameter for the Liu Estimator at the Second Stage

Theorem 4.3.: If d > d$°" then MSE (a}®) — MSE (alf) > 0 where d5°" =1 —

202

ajay’

Proof. The difference between the MSEs of a; and ai® is as follows:

As = MSE (alS) — MSE (atF)
= o?[A7Y — (A + D7Y(A, + dD AT (A + dD (A + D7
-1 -d*U + D taga; (A + D7
=1-dA + D44, + D1

where A; = 2621 + (1 + d)o2A7! — (1 — d)a, af. Sakallioglu et al. (1996) shows

1+d

-1 2
that A > 0 if and only if a3 [I + TAII] oy < %1' To obtain Ag > 0, we check

whether A; > 0. Since (1 + d)o?A7! > 0, we look for the condition to provide
26%1 — (1 — d)ayay > 0. Then, the sufficient condition for 2621 — (1 — d)a,a; >

2
Oisd > 1— 22 as it is stated in the theorem.

a1

ds°™ is estimated by substituting «; and o? with &, and 62 (4.17),
respectively.

Liu (1993) proposed the estimate of d and its generalized form, at which the
mse of the LE is minimized. By this way, we can write that mse(atf) is minimized

at

63



4. TWO STAGE LIU ESTIMATOR Selma TOKER

P1 1

Yis1i (e D)

i A9 HI=12 (A 41

dpin = 1 — g2 — Aty (4.18.)
p1_ %
Flagi+1)°

for the canonical model (4.7). The equation (4.18) can be generalized to

p1 1

A . 21: . .

dmin(h) = 1 — he2 ——Aaildy+) (4.19.)
p1 %1
i=1(11i+1)2

where h > 0 and and 67 is as in the equation (4.17).
4.2.2. Biasing Parameter for the Liu Estimator at the First Stage
For the canonical form of the model in the equation (3.37), let D = XQ,

n, = Q'II; and Q is an orthogonal matrix such that D'D = Q'X'XQ = A, =
diag(Az1, ..., Azp,) Where A; are the eigenvalues of X'X. The canonical form of the
model is

The OLS estimator of n, is

ﬁl = Alelyl. (421)

Also, the LE of n, is

11" = (A + D7DV + dify),
where 7, is as in the equation (4.21).

Since there is a relation between these models such as 7; = Q'Il; and

MSE(7,) = Q'"MSE(I1, )Q for any two estimators 7, and IT;, the MSEs and the
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mses are as follows:

MSE(fi;) = 0%A3%,
MSE(RYE) = 62(A, + DA, + dDAZY (A, +dD (A, + D71
+(1 = d)2A, + D7 (A + D7,

mse(fi;) = Tr[o?Az"],

mse(RYE) = Tr[o?(A, + D7H(A, + DAY (A, +dD (A, + D71
+(1 - d)?n1(A; + DA, + D7,

In a similar way to the previous subsection, we give a sufficient condition

with a theorem.

202

771771.

Theorem 4.4.: If d > d5°™ then MSE (fj;) — MSE (fiE) > 0 where d5°" = 1 —

Proof.

A¢ = MSE (1) — MSE(Ai")
=02[Ay; — (A, + DA, + dDAZE(A, + dD (A, + D71
—(1-d)?@A + DIy (A + D7
=1 -d)A, + DAL N, + D7

where A, = 2621+ (1 + d)o?A;1 — (1 — d)nynf. IF A, > 0 then 44 > 0. We check
whether 2621 — (1 — d)nym; > 0 since (1 + d)o?A31 > 0. Then, the sufficient

202

7)1711.

condition to provide 2621 — (1 — d)nym} > 0isd > 1 —
n, and a2 is replaced with 7, and

62 = (Y1—D71)' (Y1—-D7)1)

; 2 (4.22)
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respectively to obtain d5°™.

We can state that mse(fLE) is minimized at

P2 1
jmin _ A2 Z1=105(A54+1)
dy'" =1- 065 —*5—

P2 _ i

=1 (ay41)?

and the generalized type of the estimate is

yP2—L
Fmi A~ 1=12,5:(25;+1
dgnm(h) =1- ho_22 21(A221 )’
p2 _ M1i

i=1(12i+1)2

where h > 0 and 67 (4.22) for the canonical model (4.20).

4.2.3. Biasing Parameter of the Two Stage Liu Estimator

We confront with the choice of d at both stages for the two stage LE. For the

first stage, the selection of the parameter is the same with the LE at the first stage.

Namely, d$°™ = d5°™ and d7¥™ = dJ*". Then, we can determine the selection of

the parameter for the second stage. We consider the canonical form of the model in

the equation (3.42):

yl = 691 +171.

(4.23)

where C = Z;R, 6; = R'S; and R is an orthogonal matrix such that C'C =

R'Z\Z,R = A3 = diag(23y, ..., A3p, ), A3; are the eigenvalues of Z{Z,. The TSLS

estimator is

0L = AF1C'y,.

The two stage LE is
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0L = (A5 + D71(C'y, + dBES).

Besides this, when A5 and C are not known these are substituted with

Similarly, 8- can be written in practise,
GLE = (R +1) ' (Z'y, + dd,).

There is a relation between these models such as 8; = R'8; and MSE(8,) =
R’MSE(S1 )R for 8, and &,, any two estimators of 8, and &, respectively. The

MSESs of the mentioned estimators are
MSE(655) = 62A3%,

MSE(6¥E) = 6%(A5 + D71(A5 + dDAZY(A; + dD (A3 + DT
+(1—-d)?(A; +D710,0i(A; + D71,

mse(0L5) = Tr[o2A31], (4.24)

mse(0LE) = Tr[o?(A; + D71(A; + dDAZY(A5; + dD(A; + D71
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+(1—-d)?8 (A + D71(A; + D7 1o, (4.25.)

The estimated mses of the 855 and 6E are obtained by replacing o2, 8, and
A5 with

52 = 020 (1n=C8,) (4.26.)
T-p1

0, and A, respectively in the equations (4.24) and (4.25). A sufficient condition is

given like the previous subsection:

202

Theorem 4.5.: If d > d5°™2, MSE(6X5) — MSE(6£E) > 0 where d5°™? = 1 — o
1Y1

Proof.
A, = MSE(655) — MSE(6EF)
=02[A; — (A; + D71(A; + dDAZI (A3 + dD (A5 + D71
—(1-d)?(A; +D710,07(A; + DT
=1 -d)A;+D A (A; + D71

where As = 26%1 + (1 + d)o?A3t — (1 — d)8,6}. To provide 4, > 0, we should
check whether Ag > 0. Since (1 + d)o?A3* > 0, the sufficient condition to obtain

202

2021 - (1—-d)8,0; >0isd >1———.
616,

To estimate d5$°™2, @, and 62 (4.26) are put into place of 6; and o2,
respectively.

As the estimate of d, which minimizes the mse of the LE, is introduced in

Liu (1993), for the canonical model (4.23), mse(H£F) is minimized at

1
=
=125;(434+1)
— =
p1_ %1
L=1(13i+1)2

d;nmz =1- 5.2
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and the generalized type is

P1 1
Ami ~0 Zi=105(A5;+1
dgan(h) =1 haz 31(@231 )

P1 1i

L=1(13i+1)2

where h > 0 and &2 is as in the equation (4.26).

4.3. Numerical Example

We take the model of U.S. economy constructed by Klein (1950). Klein
Model I, which is based on annual data in the period between 1920-1941. It
comprises three behavioral equations which are consumption, investment and labor,

respectively as follows:

Ct = 60 + 61Pt + 62Pt_1 + 63(Wt + Wt’) + ut,
It = 66 + 6{Pt + 6éPt_1 + 6éKt_1 + ui-,
Wt = 5(,)’ + 6{,Xt + Sé,Xt—l + 6:;,(1: - 1931) + ué’.

Also, three identities such as

Xt:Ct+It+Gt7
P =X — W, — Ty,
Ki=Ki_ 4 +1;

are included.

C is aggregate consumption, P is total profits, W is total wages paid by
private industry, W' is the government wage bill, I is net investment, K is the stock
of capital goods, X is the total production of private industry, G, is government
nonwage expenditure and T is business taxes in a year.

The six endogenous variables are C, P, W, I, K and X . The eight

predetermined variablesare G, T, t, W', K_;, P_,, X_; and intercept.
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The consumption function can be written in the form of the equation (4.7) as
follows:

[%1]

[Cll P1 W1+W1’ 1 PO |63| Uy
= : E : S
C21 P21 W21 + W2,1 1 P20 60 Uzq

82

where the subscript 21 refers to the last of the 21 annual observations of the period
1921 to 1941. Z; consists of two submatrices; Y; contains the values of the
explanatory jointly dependent variables and X; contains the values of the explanatory
predetermined variables

The investment function can be shown similarly:

61
I P, 1 Py Kyl u}
[ : ‘ =[ S S S T A 1 oY S
I, P i 1 Py Kyol|d Uy
83
and finally the labor function is
017
W, X, i1 X, =107 | quy
[ = : ]|66’|+ :
Wa4 X1 11 X5 10 Uy

5
03

The numerical results for the estimators are given by using the canonical
forms and both of the three functions are examined separately. First of all, we
investigate the mse performances of the LE to be compared with the TSLS. The

estimates of the biasing parameters are given as it is handled in the subsection 4.2.
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For the first function, in the case of the TSLS estimation, 62 = 3.9562 and
mse(ak®) = 6.7130. We investigate which estimator gives better outcomes in the
sense of the mse. The condition number of X is 1.95 x 108 so there is a severe
multicollinearity. For this reason, using the OLS at the first stage gives unreliable
results and the LE is preferred to use at the first stage. For this function we encounter
with a multivariate regression model (4.20) while computing the results for the LE at
the first stage. So, 62 is shown as 67(1) and 62(2) and also similar expressions are
used for d,, ds°™ and dy¥™. For the LE at the first stage: 67(1) = 4.7656 and
62(2) = 3.0774. Thus, the estimate of the biasing parameter for the first stage is
chosen as d,(1) = 0.9976 and d,(2) = 0.9991 s0 as to be greater than d5°™(1) =
0.9956 and ds°™(2) = 0.9971, respectively (Theorem 4.4). Then, the condition

number of Z becomes 8.22 x 10*. Consequently, it is concluded that the LE should
be applied at the second stage, too. For the LE at the second stage 3 = 3.9564.
Since the estimate of the second biasing parameter should be greater than d5°™? =
0.9712, it can be chosen as d = 0.9722 (Theorem 4.5) and eventually m$e(6£) =
6.5676 shows that it is less than mSe(at).

We can also use the estimate of the biasing parameter d7*"(1) = 0.5992
and dJ""(2) = 0.6511, at which the mse is minimized, for the first stage. The
condition number of the Z=1 becomes 8.2702 x 10*. Then, for the second stage the

estimate of biasing parameter is d7*™(2) = 0.9602 and mse(8+F) = 6.6734.
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Two stage LE
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20+

d

Figure 4.1(a). Estimated mse values of the TSLS estimator and the two stage LE for
the first equation.

By means of Figure 4.1(a), the biasing parameter d is plotted against the
estimated mse values of the TSLS estimator and the two stage LE for the first
function. Firstly, we use the estimate of d,(1) = 0.9976 and d,(2) = 0.9991 for
the first stage. Then, the horizontal axis shows the possible biasing parameter

estimates of the second stage.
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Figure 4.1(b). Estimated mse values of the TSLS estimator and the two stage LE for
the first equation.
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Figure 4.1(b) only shows some part of the Figure 4.1(a), where the estimated
mse values of the two stage LE is smaller than the estimated mse values of the
TSLS estimator. Namely, the only difference for the Figure 4.1(b) is the interval of
d, whichistakenas 09 < d < 1.

The case of the TSLS estimation for the second function results in 62 =
2.4198 and mSe(akS) = 99.6343. Due to excessive condition number of X, the LE
is used at the first stage and the estimate of o7 is 67 = 4.7653. d5°™ = 0.9962 and
by choosing d = 0.9982, namely d > d5°™ (Theorem 4.4), the condition number of
Z=1 becomes 3.5290 x 107. Thus, the LE should be also used at the second stage and
the estimate of o2 is 3% = 2.4199. For chosen d = 0.9892, which is greater than
ds$o™ = 0.9882 (Theorem 4.5), mée(6+F) = 97.5836 . It is apparent that the
estimated mse diminishes.

In the case of biasing parameter which minimizes mse, i.e. dJ%" = 0.5992,
the condition number of Z, is 33233 x 107. For d7""2 = 0.7534, m3e(HLE) =
80.1448.

400

TSLS estimator
""""" Two stage LE

sl "

300} -

280 | -

mse

200 ]

150 F -

100

d

Figure 4.2. Estimated mse values of the TSLS estimator and the two stage LE for
the second equation.

73



4. TWO STAGE LIU ESTIMATOR Selma TOKER

The estimate of biasing parameter d = 0.9982 (d > ds°™) is used for the
first stage. Afterwards, the estimated mse values are plotted depending on possible
biasing parameter estimates of the second stage.

The TSLS estimation outcomes for the third function are: 2 = 2.7035 and
mse(alS) = 7.4963. Since there is a severe multicollinearity for X, the LE is used at
the first stage. For the LE at the first stage: 67 = 14.2391. The estimate of biasing
parameter for the LE at the first stage is chosen as d = 0.9987 so as to be greater
than d5°™ > 0.9967 (Theorem 4.4). The condition number of Z, becomes 4.1445 x
10° that shows the LE should be used at the second stage, too. For the LE at the
second stage: 52 = 2.7036. Since the second biasing parameter should be greater
than d$°™? = —1.1767, it can be chosen as d = 0.90 (arbitrarily chosen so as to be
d > 0) and mse(0LE) = 6.4543. The results exhibit the decrease in the estimated
mse.

When the biasing parameter that minimizes mse, i.e. d7*™ = 0.6549, is used,
the condition number of Z=1 is 4.1246 x 10> so we deduce to use the LE at the

second stage, too. For d7¥™?(h) = 0.8830 where h = 0.01, m8e(6+F) = 6.4083.

TSLE estimatar
""""" Twio stage LE

1 1 1 1 1 1 1 1 1
0 0.1 0z 0.3 0.4 0.5 0.6 0.7 0.2 0.2 1
d

Figure 4.3. Estimated mse values of the TSLS estimator and the two stage LE for the
third equation.
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The estimated mse values of the TSLS estimator and the two stage LE are
plotted via Figure 4.3, for the third function d = 0.9987, which is greater than d5°™,
is used for the first stage than the possible biasing parameter estimates of the second
stage is given in the horizontal axis.

Since the values chosen for the biasing parameter are very high (namely it is
close to 1), the estimated coefficients of the two stage LE are very close to the
estimated coefficients of the TSLS estimator. Therefore, we didn't asses the new
estimator in the context of estimated coefficients. We only show that the two stage
LE outperforms the TSLS estimator in the sense of the mse.

Afterwards, the mse performances of the LE and the RE are examined. The
following practical results for the Theorem 4.1 and Theorem 4.2 are obtained. o and
a, are substituted by 62 and @, to compute the estimated mse values.

Firstly, the computations are carried out for the first function and 62 =
3.9562. Letd = 0.9 be fixed. The values of k; are yielded by using Theorem 4.1:

k;: 0.0404, 0.0992, 0.0998, 0.0999.

mse(atf) = 6.98 and for k =0.03 (0 < k < kj; = 0.0404), mSe(alf) = 10.64
therefore aif has a smaller estimated mse value than afE. Since the condition in
Theorem 4.1(b) is not satisfied, the estimated mse value of aff for 0 < k;; =
0.0999 < k is not smaller than m3e(altf).

Let k = 0.02 be fixed. From the Theorem 4.2 the values of d; are:

d;: 0.9483, 0.9795, 0.97992, 0.97999.

Ford = 093(0 < d < d}; = 0.9483 < 1), mSe(atf) = 6.67. Since
mse(alf) = 10.63, the estimated mse value of alf is smaller. For the Theorem
4.2(a), the condition is not satisfied so aXf does not have smaller estimated mse
value than aff for0 < dj; =0.97999 <d < 1.

Secondly, numerical outcomes are given for the second function and
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62 = 2.4198. Letd = 0.9 be fixed and mse(atf) = 85.059. Using Theorem 4.1

the values of k; are generated as:

k;: 0.0026, 0.09995, 0.099996, 0.099999.

For k = 0.001(0 < k < ki; = 0.0026), mse(aRE) = 3780.94. Thus,
alf has a smaller estimated mse value than aff. However, the condition for the
part(b) of the Theorem 4.1 is not satisfied and the estimated mse value of aRE is not
smaller than the estimated mse value of alf for 0 < k;; = 0.099999 < k.

Let k = 0.02 be fixed. mSe(aff) = 1316.85. The values of d; are written

from the Theorem 4.2 as follows:

d;: 0.5376, 0.9797, 0.97998, 0.97999.

For d = 052(0 < d < dj; = 05376 < 1) , mée(atf) =11848 .
mse(alf) is smaller than mse(afE) as it is claimed in the Theorem 3.2(b). aRE
does not have smaller estimated mse value than at® for 0 < d;; = 0.97999 < d <
1 because the condition is not satisfied.

Finally, numerical computations for the third function are obtained and
6% = 2.7035. Letd = 0.9 be fixed. Theorem 4.1 results in the following values of
k;:

k;: 0.0287, 0.09985, 0.09996, 0.09999.

Fork = 0.01(0 < k < k;; = 0.0287, mSe(aff) = 19.58. mSe(alf) =
6.450 is smaller than m38e(aRE) that accords with the assertation of the part (a) of
the Theorem 4.1. Nevertheless, the condition for the part(b) of the Theorem 4.1 is not
satisfied so as to obtain smaller estimated mse value of aff than alf for 0 < k;; =
0.09999 < k.
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Let k = 0.02 be fixed and mSe(aff) = 18.57. The values of d; are yielded
by using Theorem 4.2:

d;: 0.9286, 0.97989, 0.97997, 0.97999.
For d = 091(0 < d < di; = 09286 < 1) , mée(atf) = 6.55 which is
smaller than mse(aRE). But m8e(aff) can not be obtained as smaller than
mse(atf) for 0 < dj; = 0.97999 < d < 1 since the condition of the Theorem
4.2(a).
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5. INEQUALITY RESTRICTIONS IN SIMULTANEOUS EQUATIONS
MODEL

In empirical studies, there is a need to the prior and sample information for
parameter estimation to sustain structural consistency in a linear regression model.
Liew (1976b) offered ICLS estimation in this sense. In the presence of
multicollinearity, inequality restrictions are applied to the ridge regression estimation
by Toker et al. (2013). Inequality constrained ridge regression (ICRR) estimator is
proposed to deal with this problem.

Inequality restrictions are also required to maintain structural consistency in a
system of simultaneous equations. Liew (1976a) presented two stage and three stage
least squares estimation with inequality restrictions on parameters. We intend to
apply inequality restrictions to ridge regression estimation and propose inequality
constrained two stage and three stage ridge regression estimators to handle

multicollinearity.

5.1. Inequality Constrained Least Squares Estimator

An inequality constrained model is

y =XB + ¢, (5.1)

AB =c, (5.2)

where y is an n X 1 vector of observations on the dependent variable; X has a full
column rank of n X p nonstochastic explanatory variables matrix; g isap X 1 vector
of unknown parameters; A is an m X p fixed matrix; c is a vector of m components.
€ isann X 1 vector of disturbances with expectation E(¢) = 0 and dispersion matrix
Var(e) = o°I.

The primal-dual relation of Dorn (1960) and Mangasarian (1962) is as

follows
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primal:

minz = f(f) (5.3)
subject to

AB =c,
B is unrestricted in sign and
dual:

max Q = f(Bo) = Bo'Vf(Bo) +¢'A (5.4.)
subject to

AL =Vf(Bo), A =0,

where f () is a differentiable and convex function of £ and Vf(B,) is the gradient
vector evaluated at 8, which is a solution to the primal problem and A is a dual
vector.

To introduce the least squares estimator with inequality restrictions on
parameters, Liew (1976b) followed Dorn (1960) and Mangasarian (1962) to
introduce the primal-dual relation similar to the equations (5.3) and (5.4)
primal:

minz _ (1

g =(G)o-xBro-xp

subject to

AB =c (or A —v =0),
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where £ is unrestricted in sign and v is a nonnegative m component surplus vector,

dual:

Ml = () o'y = BXXB) + A

subject to

AA+Xy=XX)B, 2 =0, (5.5
where A is an m component dual vector and g is a solution to the primal problem.
Solution can be obtained by reducing the primal dual relation to the fundamental

problem of Dantzig-Cottle (1967, 1974) and calculating with Lemke (1962) or
Dantzig-Cottle (1967, 1974) algorithms as:

v=WAl+gq (5.6.)
or

L1 -wifz] =q
subject to

vA=0,v>0and 1 >0, (5.7.)
where

W =AX'X)4,

q=Af —c,

B=XX)"Xy. (5.8.)
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A sufficient condition of the solution requires the matrix X'X to be p.d. and
A%, v* are nonnegative complementary solutions of the problem. By replacing A* in
equation (5.5), Liew (1976b) obtained the ICLS estimator, S, as:

Bic = X' X)Xy + (X'X) AN
=F+ (X'X) A2 (5.9.)

If the parameters of the model are not restricted, A* becomes zero and S,

becomes equal to # (5.8) which is the OLS estimator. If the parameters are
constrained by equalities all the elements of A* in the complementary solution
becomes positive (1* > 0) which implies v* = 0 and

A= —(AX'X)TA)(AB - ©).

Thus, B; reduces to the equality constrained least squares estimator as:

Be =B+ (X'X) A (AX'X) AN (e - AB).
5.2. Inequality Constrained Ridge Regression Estimator

To overcome deficiency of multicollinearity, RE is developed for the model

(5.1) by Hoerl and Kennard (1970a) as the solution to the following problem:

O =XB)'(y—XB) + k(B'B — d) (5.10)

where (y — XB)'(y — XB) is minimized subject to 8’8 = d, where d is a constant,
and k is a Lagrangian multiplier. Toker et al. (2013) apply the idea of inequality
restrictions to the ridge regression to cope with multicollinearity. Therefore, this
objective function (5.10) is adopted to the primal-dual relation of Dorn (1960) and

Mangasarian (1962) as follows:
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primal:

minz _

g~ () [ —XB) (v — XB) + k(B'B — )]
subject to
AB =c (or AB—v =0),

where £ is unrestricted in sign and v is a nonnegative m component surplus vector

and d is a constant,

dual:
max Q_ () &'y — BX'XB — k' — kd) + A
subject to
Al+X'y=X'X+kDB, 2 =0 (5.11.)

where 1 is an m component dual vector and § is a solution to the primal problem.
The primal-dual relation reduce to the fundamental problem as it is in the
equations (5.6)-(5.7):
v= Wil+gq
subject to

v A=0,v=>0and 1 =0

where
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W= AX'X + k)74,
q= AB(k) —c,
(k) = (X'X + kI)X'y. (5.12.)

A*and v* are nonnegative complementary solutions of the problem and by replacing
A* in the equation (5.11), the ICRR estimator is obtained as:

Bic(k) = (X'X+ kD) X'y + (XX + kD)T*'A'A*
= B(k) + (X'X + kI)7TA'2". (5.13.)

A* becomes zero when the parameters of the model are not restricted and thus
B;- (k) is reduced to (k) (5.12) which is the RE of Hoerl and Kennard (1970a).

All the elements of A* in the complementary solution becomes positive
(A" >» 0) when the parameters are constrained by equalities and so it implies v* = 0
and

= —(AX'X + k)AN (4B (k) — ©). (5.14.)

Thus, by the equations (5.13) and (5.14), B;-(k) in the equation (5.13) becomes
equal to equality constrained RE of Grof3 (2003) as

Bi(k) = B(k) + (X'X + kDA (AX'X + kI)*A) Y(c — A B(k)).

5.3. Inequality Constrained Two Stage Least Squares Estimator

Liew (1976a) considered the model which has been simplified by deleting all

observation subscripts
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where y; and B; are parameter vectors of the jth structural equation; yj is jth
dependent variable; Y; is jointly dependent variables included in the j* equation; X;

is predetermined variables included in the jt* equation. The condensed form of the

equation (5.15) is

Yj
where Z; = [V; Xj]and §; = [[3]
y)

y=2Z5+¢ (5.17.)

is the whole model which is formed by all r equations where

[V1
y = . ],
| YVr
74 0]
7 = ZZ |,
0 er
_61
5| ]
_67"
ey
e ]
_ST'

X is defined as X = (I ® X) where  is the Kronecker product and X is a
matrix of predetermined variables of the model. By premultiplying X' to the equation

(5.17), the model becomes

Xy=X75+X's, (5.18.)
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where E(X'e) = 0and V(X'e) = X @ nZx'x. For a two stage parameter estimation,
2 is cancelled out in equations since 2 is a diagonal matrix and a cancelled form of
X, or identity matrix I, is used. Zx'x can be estimated consistently by n™*(X'X).
Consequently, V(X'e) =1 ® (X'X). To introduce the two stage least squares
estimator with inequality restrictions on parameters, the primal-dual relation is given
by Liew (1976a) similar to the way of Dorn (1962) and Mangasarian (1962)

primal:

minz _ (1) (py - X28)( @ (X)) DXy - X26)

2
subject to
AS =2 c (or A6 —v =c),

where A is an [; by [, matrix, ¢ is an [, component vector, v iS a nonnegative [,

component surplus vector and & is an [, component vector which is unrestricted in

sign,
dual:

maxQ (1) ((Ry) U ® (XX HFy 87K ® (XX))X'Z8) + ¢
subject to

AL+ Z'XAQ X'X) DXy =2'XUAQ (X'X)"HX'Z8, 1=0, (5.19)

where A4 is an [; component dual vector and § is a solution to the primal problem.
Solution can be obtained by reducing the primal dual relation to the fundamental
problem of Dantzig-Cottle (1967, 1974) and calculating with Lemke (1962) or
Dantzig-Cottle (1967, 1974) algorithms as:
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v=WAl+q
or
1w} =g
subject to
vA=0,v>=0and1=>0
where
W=AZ'X(IQ® (X'X) HX'2)4
q=Aé—c,
§=Z'XUQ X'X)™MHX' ) WZ'XUQ X'X)DX'y). (5.20.)

A" and v* are the complementary solutions of the fundamental problem. By
replacing A* in the equation (5.19), Liew (1976a) obtained the two stage least squares

estimator when § is constrained by inequalities, §;., as follows

Si-=8+Z'XUQ X'X)™HX'2) 14’2,

If the parameters are unconstrained, 1* becomes zero and &; reduces to §
(5.20) which is Jorgenson's two stage least squares estimator vector (Jorgenson,
1962). Besides this, when the parameters are constrained by equalities, all the
elements of the A* in the complementary solution become positive. When 1* > 0, it

implies v* = 0, thus:

1 =—(AZ'XU Q (X'X)™HX'Z2) AN 1(Ab - ¢)

87



5. INEQUALITY RESTRICTIONS IN SIMULTANEOUS EQUATIONS MODEL
Selma TOKER

and the &, turns out to be equality constrained two stage least squares estimator as

Si- =8+ Z'XUQ X'X)™H)X'2) A
X (AZ'X(I Q@ (X'X)™HX'Z)*A) (c — A)).

A three stage least squares estimation differs from the two stage least squares

estimation for the assumption of V(X'e), namely for V(X's) = (F @ nXx'x), S is
put into place of X', where S;; = %ei’ej and e; is the difference between the actual y;

vector and a two stage predicted vector y;. Liew (1976a) introduced the inequality

constrained three stage least squares estimator as follows:
=8+ (ZX(ESTTQ X' X)HX' ) TA N,
where
§=C'XETQ X'X) DX ) NZ'XSTR® X'X)HX'y) (5.21.)

is Jorgenson's three stage least squares estimator vector. If A* = 0, namely the model
is unconstrained, & reduces to & (5.21). Moreover, if all the elements of A* are
positive, that is the model is equality constrained, &, reduces to equality constrained

three stage least squares estimators:

S =8+ (Z'X(STQ (X' X)) HX'2) !
X A'(AZ'X(STQ (X'X)™HX'Z)*A) (c — Ab).

5.4. Inequality Constrained Two Stage Ridge Regression Estimator
On the purpose of eliminating the deficiencies of multicollinearity, we apply

inequality restrictions to the ridge regression and offer an alternative estimator to the

ICLS estimator. Consider the model in the equations (5.15-5.18) to introduce two
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stage ridge regression estimation with inequality restrictions on parameters. The

primal-dual relation is as follows:
primal

minz _ (1

s 7= (5) (XY -X28)U @ AX) ™K'y — X'28) + k(66 - &)

subject to
AS =c (orAd—v =rc)

where § is an [, component vector which is unrestricted in sign, d is a constant and
A, c and v are an [, by [, matrix, an [, component vector and a nonnegative [,
component surplus vector, respectively and

dual:

max Q _

A () (XU @ KX) DXy - 82X @ (X'X)™)X'Z6 — k6'S — kd)

+c'a
subject to
AA+ZXAQ X' X)™MHX'y=Z'XUQ X'X)™DX'Z+ kDS, 1=>0
where A is an [; component dual vector and § is a solution to the primal problem. In
a similar manner of finding the two stage least squares estimator with inequality

restrictions previously, the two stage ridge regression estimator when § is

constrained by inequalities is

8i-(k) =8(k) + (Z'XU Q@ (X'X)™MHX'Z + kI) AN,
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where
S()=Z'XUQ X'X)™MHX'Z+kDY(ZX(UIQ X'X)™HX'y)

is the two stage ridge regression estimator vector (see Vinod and Ullah, 1981, p.
276). 8;. (k) reduces to §(k), if the parameters are not restricted. Besides this, when
the parameters are constrained by equalities, we propose an equality constrained two

stage ridge regression estimator, 5. (k), as

Sa(k) =8+ (Z'XUQ X'X)™MHX'Z+ k)™
XAAZ'XU Q@ (X' X)™DHX'Z + k) AN (c — A (k).

The assumption of V(X'e) for the three stage ridge regression estimation is

different from the two stage ridge regression estimation, namely X is replaced by S
forV(X'e) = (X ® nZx'x), where S;; = %e{ ej and e; is the difference between the

actual y; vector and a two stage predicted vector ;. The inequality constrained three

stage ridge regression estimator is as follows:
Si(k)=6k)+ (Z'X(S* Q@ (X'X)™MHX'Z + kI)*A'A",
where
S5(k)=Z'XSTQ X' X)) VX' Z+EDYZ'X(ST QR (X'X)™HX'y)
is the three stage ridge regression estimator (see Vinod and Ullah 1981, p. 287). If
A* = 0, namely model is unconstrained, 8;: (k) reduces to §(k). If all the elements

of A* are positive, namely model is equality unconstrained, we define §:*(k)as

equality constrained three stage ridge regression estimator:
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(k) =8k) + (Z'X(STQ (X' X)™MHX'Z + kD)™
xAAZ’X(STQ (X'X)™HX'Z + kI)TTA) X (c — A5 (k).
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6. CONCLUSIONS

Biased estimation is an approach to estimate the structural coefficients in the
presence of multicollinearity. Vinod and Ullah (1981) examined ridge type and Stein
type estimators in the estimation of coefficients in a simultaneous equations model.
We take into consideration that some improved estimation for the coefficients in a
structural equation can be applied at the first and/or second stage of the TSLS. One
of the improved estimator is the LE which is named corresponding to the stages
where it is implemented. Two different choices of the biasing parameter of the LE
are derived. One of the biasing prameter is defined so as to minimize the mse of the
LE. The other one is determined to provide the sufficient condition that the LE
outperforms the TSLS estimator in the sense of the MSE. Furthermore, the mean
square errors of the mentioned estimators are expressed in order to compare their
performances. The comparison of the RE and the LE are carried out and the intervals
of k and d are given where the LE or the RE outperforms the other. Numerical
example based on widely analysed data set Klein (1950) is illustrated. The estimated
biasing parameters and the mses are given according to the outcomes of the data
analysis. It is demonstrated that the theoretical results are supported by the numerical
example. Researchers who are intended to use the LE can infer that the two stage LE
performs better than the TSLS estimator.

To maintain the structural consistency in a linear regression model and in a
system of simultaneous equations, the use of prior and sample estimation is required.
That's the reason why the inequality constrained estimation is proposed. ICLS
estimator and two stage and three stage least squares estimators under inequality
restrictions are suggested by Liew (1976a) and Liew (1976b.). We extend the results
of Liew (1976a, 1976b) and propose ICRR estimator and inequality constrained two
stage and three stage ridge regression estimators. The use of these estimators are
motivated from the fact that biased estimation is preferable to the OLS estimation
under multicollinearity. Many other biased estimators can be drawn on in a similar

manner to utilize the inequality restrictions.
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