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ABSTRACT

We establish novel existence criteria for solutions to a class of third-order impulsive nonlinear dynamic equa-
tions on time scales, subject to homogeneous boundary conditions. Although first and second-order impulsive
dynamic equations are well studied, the analysis of third-order problems remains comparatively underdevel-
oped. To address this gap, we employ very recent advancements in fixed point theory, utilizing innovative
concepts involving expansive mappings and operator addition. This approach enables us to first prove the
existence of at least one solution and subsequently demonstrate the presence of at least two distinct solutions. A
significant advantage of our methodology is that it does not impose restrictions on boundedness on the nonlinear
components of the equation, a requirement common in most existing studies. The applicability and practical
relevance of our theoretical results are validated through an illustrative example.
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1 Introduction

A cornerstone in the unification of continuous and discrete analysis is the theory of dynamic equations
on time scales, pioneered by Stefan Hilger in his seminal 1988 work. This powerful framework provides
a robust methodology for modeling phenomena that inherently blend continuous and discrete dynamics,
finding profound applications across biology, physics, and engineering. By offering a unified formalism that
seamlessly generalizes standard differential and difference equations, the time scales calculus has facilitated
significant advances in the analysis of complex dynamic systems.

Concurrently, the theory of impulsive differential equations has garnered considerable attention for its
capacity to model systems experiencing sudden, discontinuous changes at isolated points in time. Such
models are indispensable in fields like epidemiology, neural networks, and control theory, where external
interventions or triggering events cause abrupt state transitions. The integration of impulsive effects with
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the time scales calculus has further enriched this modeling paradigm, enabling a more nuanced description
of systems that evolve both continuously and through instantaneous jumps.

Despite these developments, the study of higher-order impulsive dynamic equations on time scales
remains relatively nascent. While first and second-order problems have been extensively explored, the
qualitative theory of third-order equations with impulse effects is markedly less developed. In particular,
establishing existence criteria for solutions to third-order boundary value problems (BVPs) on time scales
with nonlinearities and impulses presents a challenging and sparsely populated area of research.

A survey of the literature reveals numerous contributions to third-order dynamic equations on time
scales, encompassing neutral equations [20}[21]], problems involving the p-Laplacian [13], classical dynamic
equations [23|, 25, 26], and even partial dynamic equations [10]. In contrast, the body of work dedicated
to their impulsive counterparts is exceedingly limited. Among the few relevant studies, the authors of
[14, [15] established the existence of positive solutions for third-order impulsive BVPs with p-Laplacian.
Meanwhile, [11, [18] employed Schauder’s fixed point theorem to prove existence for certain classes of
impulsive problems, with [11] addressing a multi-point BVP. Some recent work on the existence of solutions
and the general theory of dynamic equations on time scales can be found in the edited book [2]], and in
papers [12, 22} 24]].

The conspicuous gap in the literature regarding higher-order impulsive dynamics, coupled with the broad
applicability of such models, motivates the present work. Previous studies on multi-point boundary value
problems such as the third-order impulsive dynamic equation investigated in [11] and the periodic boundary
conditions examined by Li and Li [18] have primarily established existence results through the classical
Schauder fixed point theorem. Although effective, these two papers impose significantly more restrictive
conditions on the nonlinear functions. In this paper, we advance the existing research in two significant
directions. First, we substantially relax the hypotheses on the right-hand side functions, thereby embedding
earlier frameworks as particular instances of our more general setting. Second, and more fundamentally, we
utilize more recent and sophisticated mathematical tools instead of conventional fixed-point methodologies.
Specifically, we employ the theory of expansive mappings on cones, which is a more modern approach
that allows us to handle weaker conditions and provides new insights into the structure of solutions. By
leveraging this novel approach under milder conditions, we derive new existence results that are both more
general and widely applicable than those currently available. Our findings not only extend existing theory,
but also offer a fresh perspective and a more versatile tool for analyzing complex systems governed by
higher-order impulsive dynamics.

Before presenting our main problem, we list the essential definitions and concepts of time scale calculus.
The theory of time scales begins by defining T as an arbitrary nonempty closed subset of R. Central to the
calculus on T are the forward and backward jump operators, defined by o (¢) = inf{s € T : s > £} and
p(&) =sup{s € T : s < &}, respectively. These are used to define the composition f7 = f o o.

A point ¢ € T is considered as

* right-dense when o (¢) = ¢ and £ is not the maximum element of T;

* left-dense when p(¢) = ¢ and £ is not the minimum element of T.

Note that condition & # max T is required for £ to be a right-dense point. This ensures that the A-derivative
is well-defined, as a maximum element lacks a right-side neighborhood within the time scale for the limiting
process. Similarly, the condition & # min T for left-density ensures the existence of a left neighborhood,
allowing for a consistent definition of backward operators and limits.

Moreover, a function f is called rd-continuous if it is continuous at every right-dense point and possesses
finite left-sided limits at all left-dense points. The derivative of f on a time scale is symbolized by . For
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a complete treatment of these concepts, we refer to the standard texts [1, 4} 5]].
To achieve our goal, we will investigate the following BVP:

7™ (&) + f(£,1(6)) = 0, £elo,

(€D = (&) = Li(n(E)), "
(€D -1 E) = Li(n&). je{l,....m},

n(0) = n(&) = n¥(0) = 0,

where {(7+) = lim,—+ {(¢); T is a time scale with the forward jump operator o and the delta differentiation
operator A; 0, € T; & > 0, J = [0, €] := TN [0,&] and

O:§0<§1 < ---<§m<§m+1 :.f*
such that the impulse moments &;, j € {1,...m} are right-dense, Jo = J\{¢; }’}’:1, and

B1) f € C([0,é&]T X R) satisfies the condition

IFEMI<p@) +q@l', (&m) e[0,&]r xR

for some non-negative functions p,q € C([0, &.]r) for which p,q < B on [0, &.]T, and for some
[ >0,

(B2) I;,L; € C(R),
(| < cjln, Lyl <djinl”, je{l,...,m}, neR,
where ¢}, d;, y;, B; are nonnegative constants, j € {1,...,m}.

This manuscript is structured in the following manner: The next section introduces the preliminaries that
involve the necessary tools of time scale calculus, recent fixed point theorems, and an integral representation
of the BVP (I). In Sections 3 and 4, we state and prove our main results regarding the existence of at least
one and at least two solutions, respectively. In Section 5, we give an example to illustrate our main results.

2 Preliminary Results

We begin by establishing our setting: Let 8 denote a Banach space over the real numbers. To facilitate the
subsequent discussion, we first revisit several fundamental concepts from nonlinear functional analysis.

Definition 1 ([7]). A mapping T : S ¢ B — B is termed compact provided that its image, T (S), is a subset
of some compact set in B. If T is both continuous and transforms every bounded subset of its domain into
a set with compact closure, then it is called completely continuous.

Our main existence argument will be grounded on a fixed point principle. For a proof of the following
result, the reader is referred to [8, [16].

Theorem 1. Let E be a subset of a Banach space B such that E is closed and convex. Let also S be an open
subset of E containing the origin. Assume the operators T and F satisfy:
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o T(&) =& forall € € S and some € > 1,

e The mapping I — F : S — B is continuous, compact, and

* The equation & = A(I — F)(&) admits no solutions & € dS for any scalar A € (0,1/¢).
Then, the operator equation T (£*) + F(£*) = &* possesses at least one solution &* € S.

Definition 2 ([3]]). Let B) and B, be two Banach spaces. A mapping T : B1 — B, is expansive if one can
find a constant L > 1 such that

I7(£1) = T (&)ll8, = LlI&1 - &8,
holds for every pair of points &1, &, € By.
Finally, we recall the definition of a cone.
Definition 3 ([[17]). Let C C B be a closed, convex set. Then, C is a cone if
1. my € C foranym > 0and anyy € C,
2. y,—y € Cimpliesy = 0.

Denote C* = C\{0}. The following fixed point theorem will be instrumental in establishing the existence
of a minimum of two nonnegative global classical solutions to the BVP (I). Its proof can be found in [6]
and [[19].

Theorem 2. Let C be a cone in a Banach space B, and let Q be a subset of C. Consider three open bounded
subsets S1, S2, 83 C C satisfying

§1 C Ss, §2 cS3, and 0€S].
Assume the operators T : Q — B and F : S3 — B meet the following criteria:
1. T is expansive.
2. F is completely continuous.
3. F(S3) c (I -T)Q).
4. The intersections (S2 \ S1) N Q and (S3 \ S2) N Q are nonempty.
Furthermore, suppose there exists an element &y € C* such that

(a) Forall A > 0and forall ¢ € 0S| N (Q + A&)), we have
FE# (L - T)(& - Ao).
(b) There is some € > 0 provided that for all A > 1 + €, for all ¢ € 05, with A& € Q, we have
F&# (I -T)(A8).
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(c) Forall A > 0 and forall ¢ € 0S5 N (Q + A&y), we have
F&#+ (L —T)(E—A8o).
Then, the operator T + F possesses at least two non-zero fixed points &1, &, € C such that
£1€885NQand & € (S3\52)NQ

or

E1€(S2\S)NQand & € (S3\52) NQ.

We define the function space X as:
X = {90 : J — R | ¢ is rd-continuous on Jy, and flir? (&), lim (&) exist with (&) = gp(f,-)} 2)
§-8; E-&7

endowed with the norm
llell = sup [p(&)].
el

Definition 4. By a solution of system (1), we mean a function n(&) such that n and n® belong to the space
X defined above and n(§) satisfies

* the dynamic equation: nA3 &)+ f(EnE)=0forallé e J\{&1,....6n}s
« the jump conditions: n(£}) = n(€7) = L€, > (€D =& = Ly(n(€));

* the boundary conditions: n(0) = n(&.) = nA2 (0) =0.

In [9], it is proved that a function n € X is a solution of the BVP (I) if and only if it satisfies the integral
equation

&s s m
06 = [ e [ rnonac)ass Y wiene). ee.el
0 0 J=1
where
E2E0(s), 0<s<é
G(&,s) =
EFRE Ess<é
EELE)) - 556 Li(n(E)), 0<E<é
W;(&,n(€)) = o
—ELGn(E)) - SELEL (n(€))), £ <E <&
Note that

0 < G(fv S) < 0-(5*)’ f, s € [O’ 6*]T
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Using (B2), we have
W (&, n(ENI < M(cj+&dj), jed{l,...,m},
where M := max;eq12._my {I1(EN, In(€)1P}.

Remark 1. The use of the forward jump operator o (£¥) in the upper bound, rather than &, is necessary
to ensure that the inequality remains valid at right-scattered points. By accounting for the time scale’s
graininess, this approach maintains a uniform bound across all points, including discrete ones.

The next two sections consist of the main results of this paper.

3 Existence of at Least One Solution
The first main result reads as follows.
Theorem 3. Assume that (B1) and (B2) hold. Then, the problem (1)) has at least one solution in X.

Proof. For n € X, define the operator

&x s m
7in(e) =0~ [ 6o [ reatenaras= Y wiene). <0
0 0 Jj=1

Note that any 7 € X that is a solution of the equation

Fin(§) =0, &€ [0,&]T,
is a solution to the BVP (I]). Define
By =B+ (c(£))*(B+B*)+ max {BY,BPi} i(cj +&.d)).
je{1,2,..m} P
Lemma 1. Suppose that (B1) and (B2) hold. Then, for any n € X for which ||n|| < B, one has
|Fin(§)| < Bi, £ €[0,&]r.

Proof. Note that

p(€) + @@l

|f(€n(é)| <
< B+B"*', ¢e[0,&]r.

Then

&y s m
Fin@l = 'n(é’)— / G(f,S)( / f(nn(r))Ar)As—ij@,n(f,-))
0 0 /=1
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I s m
e+ [ G(f,s>( / |f<r,n(r))|Ar)As+Z|W,~<§,n(§j))|
0 0 Jj=1

<
m
< B+ (c(£) B+B™)+ max {BY,BY} Y (c;+£d))
je{1,2,..m} =
= Bj.
This completes the proof of Lemmal|l] O
In addition, suppose that
B3) Ac(é)Br < B.
For n € X, define the operator
&
7an(@) = 4 [ Fin(o)as €€ (0.6 ()
0

Note that if n € X is a solution of the equation

Fan(§) =c, &£€[0,&]r

for some constant ¢, then 7 is a solution of BVP (I)). In fact, if we differentiate both sides of (3]) with respect
to &, we find

Fin(§) =0, &€ [0,&]r.
Lemma 2. Suppose that (B1)-(B3) hold. If n € X satisfies ||n|| < B, then

|F2nll < Ao (&.)B1 < B.

Proof. Applying Lemmal(I] we find

&
e = |a [ Finens

0
&

< a [ i7nelas
0

< AO’(f*)Bl

< B, ‘f € [Oaf*]T

This completes the proof of Lemma|2] m]

Below, with X, we represent the collection of all equicontinuous families in X concerning the norm || - ||.
Set Y=X and
S = {u €Y :lul<B andif |ul >

| S

B
, then u(0)>§}.
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Define the operators 7~ and ¥ in the following manner

eu(),

Tu(&)

Fu(&) u(&) — eu(&) — eFu(s)

foruesS, e>0and &€ 0,¢é]r. Fixu e S. Then, we get

(L = F)ull leu + eFoull

€lull + €l F2ull

<
< €B; + €AB;.

Therefore, ¥ : S — X is a continuous operator and (I — ¥)(S) lies within a compact subset of Y.
Below, assume that u € JS satisfies the equation

u=AI - F)u,

or u is a solution to the following equation
u = Ae (u + Fu)

for some A € (O, %) Observe that Fu(0) = 0. Since ||u|| = B > g, we conclude that u(0) > %, and
u(0) = Aeu(0).

Therefore Ae = 1. This is a contradiction. Consequently

{ue@S:u:/ll(I—T)u}:(Z)

for any 4; € (0, é) Now, employing Theorem we conclude that the operator 7 + # has a fixed point
u* €Y. Thus,

u' (&) = Tu (&) +Fu'(§)
= eu (&) —u (&) +eu’ (§) —eFu’(§), &€ [0,&]r.
Hence,
0= 7:2”*('5)’ ‘f € [0’ ‘f*]T
From this, we find that u* is a solution to problem (T]) and the proof of Theorem [3]is completed. O

4 Existence of at Least Two Solutions

In this section, applying the new techniques presented in Section 2] we prove the following result.

Theorem 4. Assume that (B1) and (B2) hold. We may therefore conclude that there exist at least two
distinct nonnegative solutions to (1)) in the function space X.
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Proof. Let X denote the Banach space defined by (2)), and suppose ry, ¢, and R; are positive constants
subject to the constraints £ < Ry, Rj > %(rl + ¢) and

4
ri<{f{<R; <B, AB]O'(f*) < g

Denote N
C={ueX:u>0 on [0&]r}.

Let C be the set of all equicontinuous families in C. Forv € X and ¢ € 0, &, ], define the operators 77
and 73 in the following manner

@) = (1+mev(@ -exs,
Fv(e) = —ePv(E) ~mev(£) — e

10°
Observe that any fixed point v € X of the operator 77 + 3 is a solution to the BVP (I). Define

S] = Crl I{VECZ ||V||<I”1},
S = Ce={veC:|pl<t}
S3 = Cg ={veC:|v| <R},
Q = C.

1. Fix v, vy € Q. Then, we obtain
17ivi = Tiva|l = (1 + me)[[vi — v2|.

Therefore, the operator 77 : Q — X is an expansive operator with a constant L = 1 + me > 1.

2. Take v € Cg, arbitrarily. Then, we arrive at

IV

IA

t
ellav]) + me|vll + e

l
< €|lAo(&)By+mRy + o)

A

Consequently, #3(Cg, ) is uniformly bounded. Now, using that 73 : Cg, — X is a continuous operator,
we obtain that 73(Cg,) is equicontinuous. Therefore 73 : Cg, — X is completely continuous.

3. Fixv, € C_Rl and denote

1 t
vao=vi+—Fvi+ —.
m Sm
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Observe that F>vq + g > 0on [0,&,]r. Then, v, > 0on [0, &, ] and v, € Q, and

3 e € 4
EMyy = —emvy — €V 610 610
or
-7 + ¢
—Ti)va = —emvy+e€e—
1)Vv2 2 10

F3vi.

Thus, we obtain 73(Cg,) € (I — 77)(Q).

. Suppose thatforany vg € C* = C\{0}, thereare A > Oandv € dC, N(Q+1Avg) orv € ICg, N(Q2+1Av()
such that
Fzv = (L =T (v — Avo).

Hence, we find the following

{ {
—€Fov —mev — EE = —me(v — Avg) + EE
or
¢
—%Hv = Amvg + 5
Therefore,

£ £
=1 + = > =.
[|F2v || H mvy 5 > 5

This is a contradiction.

. Take €1 = % and assume that there are v{ € dCy and 4] > 1 + €; for which we have the following
Fvi = (L = T1)(A1v1).

In addition, we find

—€FHv| — mevy — 61—0 = —Aimev; + 61—0
or p
7:2\/1 + g = (/l] - l)mvl.
Hence,
4 4
25 > ||Favi + 3= (A1 = Dm|lvi|| = (A4, = D)mt

and

i +1>4

5m I

This is a contradiction.
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Consequently, all conditions of Theorem [3| hold and we conclude that the problem (I)) has at least two
solutions u; and u». For these solutions, we have

lurll = € < [luzll < Ry

or
r1 < il <€ < luzll < Ry.

5 An Example

Let T =| ][2/,2j + 1], where each interval [2j,2j + 1], j € {0,...3}, is real-valued. Let also &, = 7,

3
J=0
B=1m=3,p&) =15 +&+1),q() =34.€€[0,7,ci=1l,ca=c3=2,d1 =dr =1,d3 = 2,

yi=2,72=1,v3=0,61=1,6,=0,83 =1/2,and

1 1 1 1
= — = — R = — A= =4
n=1p 7y K=y 05 =4
and
=0, & =2, &£=4, & =6,
and ] )
2 4
= — 1 — 0,7 R.
f(&n) 1000(6 +&+ )+1077, £€0,7], ne
Then

pé) <1, qé <1, ABo(&)= 110 <1, ri<{<R;<B.

Thus, (B1), (B2), and (B3) hold. Consider the following BVP

7Y () + 1 (E2+E+ D + 5@ = 0, £ e\{&.6,86),

n(&h) —n(&) = %

n(&3) —n(é&) = 2sinn,

n(éy) —n(&s) = 2,

(€D = nt(ér) = T @
n* (&) - n*(&) = 1,

n*(é3) - nt (&) = 21,

n(0) = 1(7) =" (0) = 0.

Thus, for BVP (@)), Theorem [3|and Theorem {4 hold.
Figure|[I]illustrate the plots of two distinct solutions over the specified time scale. It is observed that the
solutions remain non-negative and satisfy the given boundary conditions.
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The first solution The second solution

35|
5 30t
[ [
[ 25+
A1 .
Z 3l i
S ?lSL
L [
2| 101
gl / 5t ————
[ [
0 L L 0_——‘—'—. L
2 3 4 5 6 7 2 3 4 5
3 1

Figure 1: Illustrations for solutions of Equation (4).

6 Conclusion

This study has successfully addressed a significant gap in the qualitative theory of dynamic equations on
time scales by establishing novel existence criteria for solutions to a class of third-order impulsive nonlinear
boundary value problems. The primary challenge in analyzing such problems lies in the interplay between the
higher-order dynamics, the impulsive effects causing discontinuous state jumps, and the complex structure
of general time domains.

Our approach was grounded in advanced fixed point theory, specifically leveraging the properties of
expansive mappings and the decomposition of operators. This methodology provided a powerful and
flexible framework to overcome the limitations of traditional techniques. The main results of this paper,
Theorems @ and E], conclusively demonstrate the existence of at least one and, under further conditions, at
least two distinct solutions to the BVP (I). A paramount advantage of our approach is that it circumvents the
need for any boundedness or sublinear growth conditions on the nonlinear term f or the impulsive functions
I; and L}, arestrictive requirement that is commonplace in much of the existing literature. This significantly
broadens the class of problems to which our theory can be applied, as evidenced by the illustrative example
provided in Section 5.

In summary, this work makes several key contributions:

* It extends the current literature on impulsive dynamic equations by focusing on the underdeveloped
area of third-order problems.

* It introduces a novel application of recent fixed point theorems involving operator addition and
expansive maps to this class of BVPs.

* It derives existence results under weaker and more general assumptions, particularly by eliminating
boundedness constraints.

* It provides a concrete example that validates the applicability of our theoretical findings.

As a result, the findings presented herein provide a new perspective for analyzing complex systems
with mixed continuous-discrete evolution and sudden perturbations. Natural extensions of this work include
investigating the existence of positive solutions, exploring the case of infinite time intervals or infinite impul-
sive points, and analyzing the stability properties of the solutions. Furthermore, applying this methodology
to more specific applied models in physics, biology, or engineering represents a fertile ground for future
study.
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