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 A Unƌfƌed Approach for Out-of-Plane Forced Vƌbratƌon of 
Axƌally Functƌonally Graded Cƌrcular Rods 
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Abstract
Out-of-plane forced vibration of axially inhomogeneous curved rods is examined by the Complementary 
Functions Method (CFM) in the Laplace domain.  e material properties, Young’s modulus and density, of 
the circular rods are graded in the axial direction according to a power law distribution while the Poisson’s ratio 
is supposed to be constant.  e eff ectiveness and accuracy of the proposed method are conë rmed by comparing 
its numerical results with those obtained by ANSYS. Application of this unië ed approach provides accurate 
results of transient response for axially functionally graded (AFG) circular rods with diff erent variations of 
material properties along the rod axis.

Keywords: Axially functionally graded circular rods; Laplace Transform; Complementary Functions Method 
(CFM); Forced Vibration.

Ɂ. INTRODUCTION

Cçrcular rods are wçdely used çn practçcal applçcatçons of cçvçl, mechançcal and aerospace engçneerçng. In addçtçon, cur-
ved rods constructed by usçng axçally functçonally graded materçals (AFG) are commonly used çn modern engçneerçng 
çndustrçes such as nuclear engçneerçng and reactors. Because of theçr extensçve usage there are many research studçes on 
the predçctçng and determçnçng the statçc and dynamçc response of AFG curved rods. 

Elçshakoff  and Guede [1] studçed the vçbratçon and bucklçng of sçmply supported AFG beams.  Aydogdu and Taskçn 
[2] çnvestçgated the free vçbratçon of sçmply supported FG beam.  e semç-çnverse method çs applçed to the vçbratçon 
and the bucklçng of the axçally graded sçmply supported beam by Aydogdu [3].  e statçc and dynamçc behavçors of FG 
beams çs çnvestçgated by Lç [4] wçth the açd of 4th order governçng partçal dçff erentçal equatçon. Sçna et al. [5] applçed 
a new beam theory for free vçbratçon response of FG beams. Şimşek and Kocatürk [6] analyzed the free vçbratçon and 
the dynamçc response of a FG sçmply-supported beam subjected to a concentrated movçng harmonçc load. Huang and 
Lç [7] presented a new approach for free vçbratçon of FG beam wçth non-unçform cross sectçon. Fçlçpçch and Pçovan [8] 
deduced a technçcal theory for the dynamçc behavçor of thçck FGM curved beams. Malekzadeh et. al. [9] presented the 
out-of-plane free vçbratçon response of FGM cçrcular curved beams çn thermal envçronment. Free vçbratçon of FG spatçal 
curved beams çs examçned by Yousefç and  Rastgoo [10].

 e free vçbratçon of FGM beam of non-unçform cross-sectçon çs consçdered by Atmane et. al. [11]. Vçbratçons of  AFG 
beams of non-unçform cross-sectçon are çnvestçgated by Heçn and Feklçstova [12] wçth usçng the Euler–Bernoullç theory 
and Haar matrçces. Pçovan et. al. [13] examçned the çn-plane and out-of-plane dynamçcs and bucklçng of FG cçrcular 
curved beams.  e free vçbratçon and stabçlçty of AFG tapered Euler–Bernoullç beams are examçned by Shahba and 
Rajasekaran [14]. Bambçll et. al. [15] examçned the vçbratçons of stepped AFG beams on the basçs of the Tçmoshenko 
beam theory. Free vçbratçon of AFG beams çs examçned by Lç et. al. [16] for exponentçally graded beams, characterçstçc 
equatçons are derçved çn closed form. Huang et. al. [17] presented a new approach to çnvestçgate the vçbratçon behavçors 
of AFG Tçmoshenko beams of  non-unçform cross-sectçon. 

Sarkar and Gangulç [18] studçed the free vçbratçon of AFG Tçmoshenko beams of unçform cross-sectçon and havçng 
fçxed–fçxed boundary condçtçon. Dynamçcs of curved AFG tapered beams are studçed by Lç and Zhang [19] based on a 
new dynamçc model by usçng the B-splçne method (BSM). Pradhan and Chakraverty [20] examçned the free vçbratçon of 
FG beams subjected to dçff erent of boundary condçtçons. Wang et. al. [21] determçned that the mçd-plane formulatçon 
çs perfectly fçne for the analysçs of FGM beams. 
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Çalım [22] examined the free vibration and forced vçbratçon of AFG Tçmoshenko beams on two-parameter vçscoelastçc 
foundatçon by usçng the CFM, çn the Laplace domaçn.  e forced vçbratçon behavçor of AFG Tçmoshenko beams of 
varyçng cross-sectçon çs studçed by Çalım [23] through the unçfçed approach of the CFM and Laplace transform. Aslan 
et. al. [24] çnvestçgated the transçent response of homogeneous, çsotropçc and elastçc stepped cçrcular rods under varçous 
out-of-plane dynamçc loads çn the Laplace domaçn by the CFM. Temel et. al. [25] examçned the forced vçbratçon of 
planar arches wçth the CFM çn the Laplace domaçn.

When the lçterature çs revçewed, çt can be clearly seen that most of the research papers are addressed to the free vçbratçon 
of AFG beam. However, to the best of the author’s knowledge the avaçlable lçterature for the forced vçbratçon of the AFG 
cçrcular rods çs stçll very lçmçted. 

 e açm of thçs study çs to gçve a unçfçed approach for the dynamçc response of AFG curved rods.  e materçal propertçes 
of the rods are consçdered to change contçnuously çn the axçal dçrectçon based on a sçmple power law. We examçned the 
forced vçbratçon of AFG cçrcular rods made of Al and ZrO2 subjected to tçme-dependent loads.  e çnì uences of the ma-
terçal gradçent parameter on the transçent response are remarked.  e theoretçcal formulatçons and governçng equatçon of 
motçon are obtaçned based on Tçmoshenko’s beam theory çn the tçme domaçn. Laplace transform çs then applçed, and the 
derçved equatçons are solve by the CFM.  ereafter the dçff erentçal equatçons are solved numerçcally by the fçfth-order 
Runge –Kutta (RK5) method. An eff ectçve çnverse Laplace transform method çs çt çmplemented to retransfer the results 
to the tçme domaçn. To determçne the transçent response of AFG cçrcular rods by the presented procedure a computer 
program çs coded çn FORTRAN. In order to demonstrate the valçdçty and accuracy of the current procedure, some of 
present results are compared wçth the results of ANSYS and the accuracy and of the present method çs observed.

ɂ. MATERIAL AND METHOD

2.1 FunctȜonally Graded MaterȜal
Assume an elastçc AFG cçrcular rod wçth a unçform cçrcular cross-sectçon.  e Young’s modulus, and mass densçty of the 
rod çs consçdered to vary contçnuously only çn the axçal dçrectçon along the curvature of the arch (ϕ) as follows, whçle the 
Poçsson’s ratço çs accepted to be constant.  
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In above equatçons  Eal and Ezr are the Young’s modulus of alumçnum and zçrconça and  al and zr , are the mass den-
sçty values of alumçnum and zçrconça.   e materçal propertçes are assumed to be alumçnum at the ϕ = 0 and zçrconça 
at ϕ=ϕ0. n çs a constant  descrçbçng the varçatçon of materçal propertçes along the axçal dçrectçon of the arch, and (n = 0) 
corresponds to an çsotropçc homogeneous materçal.

2.2 GovernȜng EquatȜons
 e tçme and locatçon depended partçal dçff erentçal equatçons of AFG cçrcular rods subjected to dynamçc loads arches 
gçven as follows: 
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Here, E )( , ρ )( , h,A, tI , In, αb, r,  pb, mt and mn çndçcate the modulus of elastçcçty, mass densçty, radçus of the cross-se-
ctçon, cross-sectçon area, torsçonal moment of çnertça, bendçng moment of çnertça, shear correctçon  factor, radçus of 
curvature and dçstrçbuted vertçcal load, dçstrçbuted moment of torsçon and bendçng of the rod respectçvely.

 e unknown column matrçx, {Y(ϕ,t)}, for the transçent response of AFG cçrcular rods çs gçven as:
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 e Laplace transform of a tçme-dependent functçon f(t) çs the functçon )"(" sF .
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where “s” çs the Laplace varçable also known as operator varçable çn the Laplace domaçn.  e Laplace transform of fçrst 
and second derçvatçves wçth respect to tçme are as follows:
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Applyçng the Laplace transform to equatçons (2-7), converts these partçal dçff erentçal equatçons to varçable-coeff çcçent 
ordçnary dçff erentçal equatçons.  ereby, the governçng ordçnary dçff erentçal equatçons of the dynamçc behavçor of out-
of-plane loaded AFG cçrcular rods can be obtaçned çn the Laplace domaçn as follows:

AG

T
rÙr

d

Ud bb
n

b

)(


 
(13)

t

t
n

t

IG

M
rÙ

d

d

)(




 
(14)

n

n
t

n

IE

M
rÙ

d

d

)(




 
(15)

bb
b

prUArs
d

Td
 )(2

 
(16)

tntt

t
mrMÙIrs

d

Md
 )(2

 
(17)

nbtnn

n
mrTrMÙIrs

d

Md
 )(2

 
(18)

Where the terms shown by  )(

  çndçcates the Laplace transform of the quantçtçes.
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In thçs study the çntçal condçtçons for t = 0 are consçdered to be zero, whçch are the second and thçrd terms on the rç-
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ght-hand sçde of the Eq. (19). Here ϕ çs çndependent varçable and s çndçcates the parameter of the Laplace transform. In 
the numerçcal solutçon of the çnçtçal-value problem based on the CFM the fçfth-order Runge–Kutta (RK5) algorçthm çs 
used whçch çs one of the most eff çcçent numerçcal methods (see Aslan et. al. [24]).

 e results, obtaçned çn the Laplace domaçn, are transformed to the tçme domaçn wçth the help of modçfçed Durbçn’s 
numerçcal çnverse Laplace transform method (Durbçn [26], Temel et. al. [27]).

Ƀ. NUMERICAL EXAMPLES AND DISCUSSION 
To determçne the forced vçbratçon behavçor of the AFG cçrcular rods, a computer program çs coded çn FORTRAN.  e 
transçent response results of the presented method are compared wçth results of ANSYS to verçfy the valçdçty of suggested 
procedure. Comparçsons are shown çn the graphçcs. In thçs problem the eff ect of shear deformatçon çs taken çnto account.

A fçxed-ended AFG cçrcular rod, demonstrated çn fçgure 1.a, çs now assumed under an out of plane poçnt load applçed to 
çts crown poçnt. Materçal propertçes mass densçty values of alumçnum and zçrconça, ρal=2700x10-6  kg/cm3, ρzr=5700x10-6  
kg/cm3 Poçsson’s ratço, ν = 0.3, and Young’s modulus of alumçnum and zçrconça, Eal=7.0x105  kgf/cm2 and Ezr=2.0x106  kgf/
cm2 . One type of tçme depended poçnt load, shown çn fçgure 1.b, wçth the amplçtude p0 = 1 kgf çs çmplemented to the 
crown poçnt of the rod.  e equatçons (13-18) gçven çn canonçcal form are solved numerçcally çn the Laplace domaçn by 
the CFM. Here the torsçonal, ì exural rçgçdçty and cross sectçon of the rod are;
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 e boundary condçtçons of the symmetrçc poçnt and the fçxed-end are gçven as follows:
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               Cross-sectçon             (a)               (b)
Fçgure 1: (a) Fçx-ended AFG cçrcular rod; (b) Tçme-dependent step load;

Shear correctçon factor αb = 1.11, radçus of the cçrcular rod r = 100 cm and ϕ
0
 = π/4.

To examçne the dynamçc response of the AFudy has been done to determçne the suff çcçent number of fçnçte elements 
and axçal layers for havçng a

 
approxçmate contçnuous varçatçon of the materçal propertçes. To obtaçn the accurate forced 

vçbratçon behavçor, the AFG rod çs dçvçded çnto 30, 90 and 270 elements and comparçsons are gçven çn fçgures 2 – 3.  e 
materçal gradçent çndex çs assumed to be n =2. 
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Fçgure 2: Vertçcal dçsplacement (Ub) of the mçdpoçnt of the AFG cçrcular rod under a poçnt step load.

Fçgure 3: Moment of bendçng (Mn) at the rod fçxed-end under a poçnt step load.

It çs mançfest çn the fçgures 2 and 3 the AFG rod must be meshed çnto 270 or more fçnçte elements to acquçre accurate 
result çn ANSYS. For thçs reason, 270 fçnçte elements wçll be used to mesh the AFG arch thereçnafter çn ANSYS.

Temel et. al. [25] çndçcated the eff çcçency and exactness of the unçfçed approach of the Laplace transform and the CFM 
by showçng that results of the presented method for a coarse tçme çncrement along wçth fewer Laplace transform para-
meters overlap the results of ANSYS whçch are obtaçned wçth fçner tçme çncrements. Because çn the dynamçc analysçs the 
accuracy of conventçonal numerçcal step-by-step tçme çntegratçon methods depends on the approprçate selectçon of the 
optçmum tçme çncrement.  us a small tçme çncrement çs needed to obtaçn eff çcçent results. In thçs research, 64 and 512 
of tçme sub-steps are used by the presented approach and ANSYS respectçvely. By usçng the presented method, hçghly 
accurate results can be obtaçned, even wçth a coarse tçme çncrement sçze.

Transçent response of structural dçsplacements, forces and moments of the AFG rod subjected to a poçnt step loads are 
shown çn fçgures 4 – 6.  e materçal gradçent çndex çs consçdered to be n =2.

It can be clearly seen çn fçgures 4 – 6 that the tçme-dependent vertçcal deformatçon, structural forces and moment results 
of AFG cçrcular rods, obtaçned for a few tçme sub steps by the combçnatçon of Laplace transform and the CFM are çn a 
good agreement wçth the results of conventçonal step-by-step tçme çntegratçon method (ANSYS) for a great number of 
tçme sub steps.
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Fçgure 4: Comparçson of the vertçcal dçsplacement of the mçdpoçnt of the AFG rod.

Fçgure 5: Comparçson of the bendçng moment (Mn) at the rod mçdpoçnt under a poçnt step load.

Fçgure 6: Comparçson of the shear force (Tb) at the rod fçxed-end under a poçnt step load.

 e forced vçbratçon of the AFG cçrcular rods çs now examçned for varçous types of axçally varçed materçals.  e materçal 
of the rod çs supposed as alumçnum at the mçdpoçnt and zçrconça at the fçxed end of the rod whçle the materçal propertçes 
vary contçnuously çn the axçal dçrectçon wçth respect to a power-law form. Transçent response çs evaluated several values 
of the materçal gradçent çndex “n” to present a parametrçc study. Comparçsons are çllustrated çn fçgures 7 – 9.
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Fçgure 7: Comparçson of the vertçcal dçsplacement of the mçdpoçnt of the AFG rod.

Fçgure 8: Comparçson of the bendçng moment (Mn) at the rod mçdpoçnt under a poçnt step load.

Fçgure 9: Comparçson of the bendçng moment (Mn) at the rod fçxed-end under a poçnt step load.

It can be seen obvçously çn fçgures 7 and 8 that dçsplacement and bendçng moment of the mçdpoçnt of the rod are çnver-
sely proportçonal to the materçal gradçent çndex, when as the “n” becomes larger the amplçtudes of vertçcal dçsplacement 
and bendçng moment of the rod mçdpoçnt become smaller. Whçle çn the fçxed support of the rod there çs the exact the 
opposçte sçtuatçon as the materçal gradçent çndex çncreases the magnçtude of the bendçng moment çncreases as well, whçch 
can be clearly seen çn fçgure 9.

Ʉ. CONCLUSION
 çs research açms to examçne the transçent response of AFG cçrcular under dynamçc loads. For thçs purpose the unçfçed 
method of Laplace transform and the CFM çs employed.   e eff ect of shear deformatçon çs consçdered. RK5 algorçthm 
çs used for the numerçcal solutçon of the çnçtçal value problems.

 e governçng equatçons of the related problem are fçrst obtaçned çn the tçme domaçn. Laplace transform çs then applçed 
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and the set of sçmultaneous lçnear algebraçc equatçons are solved by the CFM çn the Laplace domaçn for a set of Laplace 
parameters. Solutçons are retransformed to the tçme domaçn by an eff çcçent çnverse numerçcal Laplace transform method. 
To valçdate the presented procedure, a computer program çs coded çn FORTRAN. Results of the presented method are 
compared wçth those obtaçned from ANSYS

It çs found that present method gçves eff çcçent and accurate results even wçth fewer Laplace parameter and coarse tçme 
step sçze whçle a fçner tçme çncrement çs requçred to solve the AFG cçrcular rods by conventçonal step by step tçme çnteg-
ratçon method.

 Gçven comparçson evçnced that change of the materçal gradçent çndex has remarkable çnì uence on the response of AFG 
cçrcular rods çn case of forced vçbratçon. Results of the presented method can be used as benchmark for future researches.
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